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Foreword 



The analysis and prediction of nonlinear behavior in electronic circuits has long been a topic 
of concern for analog circuit designers. The recent explosion of interest in portable electronics 
such as cellular telephones, cordless telephones and other applications has served to reinforce 
the importance of these issues. The need now often arises to predict and optimize the distortion 
performance of diverse electronic circuit configurations operating in the gigahertz frequency 
range, where nonlinear reactive effects often dominate. However, there have historically been 
few sources available from which design engineers could obtain information on analysis tech- 
niques suitable for tackling these important problems. 

I am sure that the analog circuit design community will thus welcome this work by Dr. 
Wambacq and Professor Sansen as a major contribution to the analog circuit design literature 
in the area of distortion analysis of electronic circuits. I am personally looking forward to hav- 
ing a copy readily available for reference when designing integrated circuits for communication 
systems. 



Robert G. Meyer 
Professor 

Electrical Engineering and Computer Sciences 
University of California 
Berkeley , California 
1998 



Preface 



In the world of electronics nowadays very advanced systems can be integrated on one chip. This 
is mainly possible by the ability to build complex functions with digital VLSI. However, not ev- 
ery functionality can be achieved using digital electronics. For example, some applications might 
require signal processing at a high frequency that is too high to process with digital circuitry. In 
that case, the signals must be processed with analog circuitry which can be integrated completely 
or partially. 

Other applications require an interface between the digital electronics and the outside world, 
which behaves in an analog way. As a result, such interface functions are implemented with 
analog electronics, which again can be integrated. 

The above considerations indicate that analog integrated circuits are required, not only as :* 
integrated circuits on their own, but also as part of large mixed-signal integrated circuits. In 
such mixed-signal systems more and more functions are implemented in a digital way. The j 
specifications of the circuitry that remains to be designed in the analog domain are often very l 
tough. As a result, circuit designers not only need to concentrate on the first-order characteristics 
of analog circuits, which can already be very complicated and which are most often attributed to 
the behavior of the linearized circuit. In addition, characteristics such as nonlinear behavior may 
become very critical. 

In addition to mixed-signal applications that demand tough specifications for the analog 
blocks, there are some applications where the suppression of nonlinear behavior is of utmost 
importance. Examples are audio applications and telecommunication applications. In the latter 
applications, nonlinear behavior of the circuits induces intermodulation products, which together 
with the noise, increase the amount of “unwanted signals”, thereby lowering the performance. 

In the last few years, an increased interest is seen in the integration of analog high-frequency 
front-ends for telecommunication applications, both in CMOS and in BiCMOS. These technolo- 
gies are quickly scaling to smaller dimensions, such that they can be used at ever increasing 
frequencies. In this way, these silicon technologies form a cheap alternative for GaAs. CMOS 
technologies are cheaper than BiCMOS technologies, but the bipolar (npn) transistors of the ; 
BiCMOS technologies are in general superior at high frequencies than the MOS transistors, j 
Integrated silicon RF front ends are found in literature for wireless communications [Long 95], j 
used for example in the GSM standard [Seven 91 , Stet 95], the DECT standard [Daw 97], and the ; 
Japanese standard for the personal handy-phone system (PHS) [Sato 96], further in GPS (Global 
Positioning System) receivers [Herm 91], wireless local area networks (WLAN) [Madi 96, Har 96], 
in applications in the ISM bands (Industrial-Scientific-Medical) around 900MHz [Hull 96], j 
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2AGHz [Mey 97] or 5.7 GHz [Voi 97], in the North American Digital Cellular (NADC) hand- 
set [Kara 96], and so on. 

In analog RF front-ends for communication circuits, specifications that are related to nonlin- 
ear circuit behavior are very important. For example, if a receiver front-end is not very linear, 
then large incoming signals from the antenna will induce much extra distortion. Such large in- 
coming signal may be a wanted signal but it can also be a strong unwanted signal at an adjacent 
frequency. The increased efforts of the analog design community in the silicon integration of 
analog high-frequency RF front-ends has been one of the motivations to write this book. 

Not only the nonlinear behavior of the RF part of a communication circuit is important to 
control. In many communication circuits analog integrated filters are used, for example to per- 
form the anti-aliasing filtering function right before an analog-digital converter in a receiver. The 
nonlinear distortion of these filters can degrade the overall performance of a transceiver. Very of- 
ten g m -C filters are used in transceivers [Gopi 90, Chang 97], since they can achieve high speeds. 
This high speed is achieved at the expense of a reduced nonlinearity. In essence, a g m -C cell is 
an open-loop transconductor. We shall see in this book that the conversion of a voltage into a 
current, which is realized by a transconductor, is difficult to realize with a high linearity without 
an overall feedback with a large loop gain. Hence, nonlinear distortion is an important aspect in 
the design of an active analog integrated filter. 

In many applications of analog circuits one is only interested in the circuits’ steady-state be- 
havior in response to a sinusoidal excitation or a combination of such excitations. Indeed, many 
circuit aspects are easier to characterize in the steady state. This is partially due to the fact that an 
extremely large class of analog circuits can be approximated very well by a linear system. Since 
sinusoidal functions are eigenfunctions of linear systems, the latter ones can be easily character- 
ized in terms of responses to sinusoidal excitations. Examples of quantities that characterize a 
circuit in steady state are transfer characteristics like gain or impedances. These characteristics 
are also best measured when a circuit is in steady state. Gain and impedances are mainly due to 
the behavior of the linearized circuit. However, most analog integrated circuits behave weakly 
nonlinearly. This means that, when a sinusoidal signal or a combination of sinusoids is applied 
to a circuit, the output spectrum does not only contain signals with the same frequency of the 
input signals, as one would expect of a linear system: in addition, the output spectrum contains 
small components — usually unwanted — at frequencies other than the input signal frequencies. 
If one sinusoidal signal is applied at the input, then these unwanted signals occur at multiples of 
one of the input frequencies. In this case they are termed as harmonics. In the case of an excita- 
tion with more than one sinusoidal signal, unwanted components occur at frequencies which are 
linear combinations of the input frequencies. These components are denoted as intermodulation 
products. 

The weakly nonlinear behavior of analog integrated circuits is caused by the slight curvature 
of the characteristics of the devices of the circuit around the operating point. This behavior 
contrasts with strongly nonlinear behavior, where devices such as transistors switch between 
an on-state and an off-state. Nonlinear behavior, both weakly and strongly nonlinear, are not 
always unwanted. For example, oscillators and mixers explicitly rely on nonlinearities for a 
suitable operation. This book is concentrated on weakly nonlinear behavior only. In this way, 
the majority of continuous-time analog integrated building blocks is covered. 
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The harmonics or intermodulation products characterize the amount of nonlinearity of a given 
circuit. Since sinusoidal signals and sums of sinusoids are frequently used as inputs, a sinusoidal 
steady-state analysis of weakly nonlinear circuits is certainly not restrictive. Such analysis is 
carried out in the frequency domain. 

The familiarity of circuit engineers with linear systems has given rise to many useful insights 
and design rules for circuits that can be approximated as linear. A circuit engineer is able to 
derive closed-form expressions for characteristics of a linearized circuit, which he can interpret 
and use afterwards during the synthesis of the circuit. If the circuit or its simplified schematic is 
too large to analyze with hand calculations, he can resort to a symbolic analyzer for linear(ized) 
circuits, but he still remains able to some extent to reason about the linear circuit’s behavior even 
without explicitly having expressions for the characteristics. 

On the other hand, the analysis and synthesis of circuits in which nonlinearities play a role, 
is difficult. Indeed, for such circuits just a few design rules exist in the analog design world. This 
has several reasons First, circuit designers are trained to reason only about linear systems, but not 
about nonlinear ones. Secondly, it is not easy to analyze nonlinear effects by hand calculations. 
The most studious designers use Taylor series, but this approach is only feasible in small circuits 
at low frequencies, with a very small number of nonlinearities. Usually, nonlinear effects are 
analyzed with tedious time-domain simulations (so-called transient simulations), followed by 
a Fourier analysis. Other approaches such as the harmonic balance techniques, although very 
useful, are not (yet) universally used. With both approaches the simulation results are numbers. 
These numbers can be plotted onto a graph, which can give valuable information, but they do 
not indicate the fundamental circuit parameters that determine the observed performance. As a 
result, circuit designers often do not know in which way a circuit can be improved in order to 
meet the specifications related to nonlinear behavior. 

The above problem could be relieved if it were possible to indicate to circuit designers which 
circuit elements or which effects are mainly responsible for the observed nonlinear behavior. 
Such insight will be offered in this book for several building blocks of analog integrated circuits. 
In addition some general concepts of nonlinear behavior of analog integrated circuits will be 
studied as well. 

This book is intended as a guide to learn designers of analog integrated circuits to reason 
about nonlinear phenomena in weakly nonlinear, continuous-time analog ICs. The required 
background to read this book is an understanding of analog integrated circuit design. A prior 
knowledge about theory of nonlinear systems, such as the theory of Volterra series, is not re- 
quired. The background of Volterra series that is required to understand some essential concepts, 
is contained in this book. 

When browsing through this book, the reader will notice the large number of formulas in 
this book. When one wants to reason about nonlinear phenomena, then a minimum amount of 
mathematics is required. It is virtually impossible to write a comprehensible text on nonlinear 
effects without mathematics. However, no special advanced mathematical techniques are used 
in this book. Also, the mathematics are explained as clearly as possible, they are interpreted and 
illustrated with examples, and tedious derivatives are moved to appendices at the end of the book. 

This book is devoted to the analysis in the frequency domain of weakly nonlinear circuits. 
The circuits that are addressed are building blocks of analog integrated circuits, both in bipolar 
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and CMOS technologies. The emphasis is on getting insight, both in the nonlinearities in the 
transistors themselves, as in the nonlinear behavior of transistor circuits. 

The outline of the text is as follows: 

- Chapter 1 presents an overview of the approach that is followed in this book. Further, some 
assumptions are made about the nonlinear circuits that will be analyzed in this book, and 
the scope of the book will be outlined. 

- In the analog design community, many definitions and keywords are used to characterize 
the nonlinear behavior of analog circuits in the frequency domain. This basic terminology 
is described in Chapter 2. 

- In order to analyze the nonlinear behavior of a circuit, we need to describe the different 
nonlinearities in the circuit under consideration with a sufficient accuracy. To this pur- 
pose, we will make use of power series expansions of the model equations that describe 
a nonlinear device. It will turn out that a device such as a transistor consists of several 
basic nonlinear elements, such as nonlinear conductances, transconductances and capac- 
itors. Each of these elements can be described with a power series. The coefficients of 
these power series are proportional to the derivatives of the model equations that describe 
these basic nonlinear elements. These power series coefficients, further in the text referred 
to as nonlinearity coefficients determine the nonlinear behavior behavior of a circuit. In 
Chapter 3, these power series are presented together with some simple examples. 

- A very useful technique to describe the nonlinear behavior of weakly nonlinear circuits 
is the Volterra series approach, which is covered in Chapter 4. With Volterra series, it 
is possible to take into account frequency effects into the calculations of harmonics and 
intermodulation products. This is absolutely necessary if one wants to study circuits with 
capacitors, both linear and nonlinear. Further, we will use Volterra series to study some 
general concepts in nonlinear circuits: the use of feedback, both linear and nonlinear, the 
exploitation of symmetry for the suppression of even-order or odd-order harmonics, the 
effect of cascading nonlinear circuits, and pre- and post-distortion will be studied. 

- Calculation methods for harmonics and intermodulation products are discussed in Chap- 
ter 5. The emphasis is on methods that allow to generate closed-form expressions for 
harmonics or intermodulation products. Numerical methods will be discussed briefly. 

For the generation of closed-form expressions a calculation method can be used that makes 
use of Volterra series. This method is explained with an example. Derivations can be 
found in literature [Buss 74, Chua 79b]. Further, an alternative method is developed in this 
chapter that yields the same results without making use of Volterra series. 

With both methods the circuit is analyzed in the frequency domain. In fact, we perform an 
AC analysis on a circuit in which the nonlinear elements are not only represented by their 
linearized equivalent: in addition, the second- and third-order nonlinear behavior are taken 
into account as well. 
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Despite the availability of different methods to obtain closed-form expressions for har- 
monics or intermodulation products, the use of these methods for hand calculations is too 
tedious, even for very small circuits. With a symbolic network analysis program, however, 
it is possible to automate these hand calculations and to obtain a closed-form expression. 
Symbolic network analysis programs can compute a closed-form expression for the AC be- 
havior of a linearized circuit as a function of the symbolic small-signal parameters of the 
circuit and of the complex frequency variable. Modern symbolic analysis programs, such 
as the program ISAAC [Giel 89, Giel 91], can even generate approximate symbolic ex- 
pressions. The approximation is made because the exact expression is usually too lengthy, 
such that it cannot be easily interpreted. An approximation based upon numerical values 
for the circuit parameters can retain the few dominant terms of an expression, such that 
the resulting expression becomes interpretable. In Chapter 5 an extension of the program 
ISAAC is described for the generation of approximate, interpretable expressions for non- 
linear distortion. 

- The nonlinearity coefficients of the different nonlinearities in a bipolar transistor and a 
MOS transistor are discussed in Chapters 6 and 7, respectively. Whereas for the bipolar 
transistor the Gummel-Poon model is still widely used or it forms the basis of more recent 
models [Me And 95], the situation for a MOS transistor is more complicated. Due to the 
rapid scaling of a MOS transistor, effects that were recognized as second-order effects in 
older technologies, become dominant in modern devices. If these effects are not included 
in a transistor model or if they are badly modeled, then this may lead to very large errors on 
the harmonics or intermodulation products. The reason is that the nonlinearity coefficients 
are proportional to higher-order derivatives. The error on these derivatives tends to increase 
dramatically when the model equation is inaccurate. In Chapter 7 some shortcomings of 
widely used transistor models will be discussed. Further, a model for the drain current 
will be presented that will be used to derive closed-form expressions for the nonlinearity 
coefficients. 

- Apart from the examples that have been used throughout the individual chapters, some 

more applications are described in Chapter 8. Distortion will be analyzed for the follow- 
ing circuits: a single-transistor amplifier, both a bipolar and a MOS version, a bipolar 
and a MOS differential pair, a source follower, an emitter follower, a bipolar transistor 
with emitter degeneration, a common-base bipolar and a common-gate MOS transistor, a 
bipolar and a MOS current mirror, a Miller-compensated operational amplifier, a bipolar 
double-balanced mixer, and a CMOS upconverter. Hereby, use will be made of the 

extension of the program ISAAC to generate closed-form expressions for distortion. 

- Instead of computing the nonlinearity coefficients, it is also possible to measure these 
coefficients. A measurement procedure and measurement results on bipolar transistors are 
given in Chapter 9. 

Finally the authors would like to thank the following persons for their discussions and com- 
ments: Peter Kinget from Lucent Technologies, Murray Hill, Yannis Tsividis from the Univer- 
sity of Columbia, New York, Stephane Donnay, Hugo De Man and Luc Dupas from IMEC, 
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Leuven, Georges Gielen, Walter Daems and Joos Vandewalle from the ESAT Laboratories of 
the Catholic University of Leuven, Petr Dobrovolny from the University of Brno, Czech Re- 
public, Guang-Ming Yin and Frederic Stubbe from Rockwell Semiconductor Systems, Newport 
Beach, California, Frank Op ’t Eynde from Alcatel Microelectronics, Brussels, Paco Fernandez 
from IMSE-CNM, Seville, Spain, Jan Vanthienen, and, last but not least, Kaat Francois for her 
support and patience. 
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List of symbols and abbreviations 



The SPICE model parameters are not included. They can be found in [Hspi 96, Anto 88]. 

multiplication symbol in symbolic expres- 
sions. Normally omitted, only used for clar- 
ity. 

x multiplication symbol in numbers, for exam- 

ple l.SxlCT 11 . 

a * the complex conjugate of the complex num- 

ber a. 



Pf 



1 

Eox 



£Si 



X 

A* 

<t> 

9 



arg(z) 

bjt 

c 



a 



transistor “beta”: maximum value of ratio be- 
tween the collector current and the base cur- 
rent of a bipolar transistor. 

body-effect coefficient of a MOS transistor. 

3.4531xlO _11 F/m, dielectric permittivity of 
Si0 2 . 

1.0359xlO _10 F/m, dielectric permittivity of 
Si0 2 . 

channel-length modulation factor (MOS tran- 
sistor). 

surface mobility (MOS transistor). 

surface inversion potential (MOS transistor). 

mobility-reduction coefficient (MOS transis- 
tor). 

phase of the complex number z. 
bipolar junction transistor, 
symbol for a capacitor. 

base-collector capacitance (bipolar transis- 
tor). 



base-emitter capacitance (bipolar transistor). 
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C cs 

C db 

C gb 

C sd 

C gs 

c sb 

c' ox 

c ox 

CMRR 

det(s) 



E c 

E eff 



ru- 1 

g.G 

GBW 

9m 

9 mb 
9o 

9 n 

H n 

hd 2 , hd z 

Hn(jVlJW2, ■ ■ ■ , JWn) 



(^”l j ^ 2 1 * ■ ■ j 7“n) 



collector-substrate capacitance (bipolar tran- 
sistor). 

bulk-drain capacitance (MOS transistor). 

gate-bulk capacitance (MOS transistor). ; 

| 

gate-drain capacitance (MOS transistor). ■ 

gate-source capacitance (MOS transistor). * 

bulk-source capacitance (MOS transistor), -j 

MOS gate oxide capacitance per unit area. I 

total MOS gate oxide capacitance. j 

common-mode rejection ratio. | 

determinant of the admittance matrix of a liij 
ear network as a function of the complex f$e* 
quency variable s. j 

critical electric field (MOS transistor). ) 

average normal electric field that is expert 
enced by carriers in the inversion layer (MOS 
transistor). 

two notations for the derivative of / with re 
spect to x. 

symbols that are used for conductances. 



gain-bandwidth product. j 

transistor transconductance (MOS and bipcj 
lar transistor). j 

-a 

bulk transconductance (MOS transistor), j 

transistor output conductance (MOS 
bipolar transistor). 

incremental base-emitter conductance (bi| 
lar transistor). 

nth-order Volterra operator. 

second- and third-order harmonic distortion 

n-dimensional Fourier transform of the nt 
order Volterra kernel, also denoted as nf 
order transfer function. 

nth-order Volterra kernel (time-domain : 
sentation). 
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iour 


total current through a component (time do- 
main). 


I OUT 


DC component of the current through a com- 
ponent. 


out 


AC component of the current through a com- 
ponent (time domain). Hence %qut — Iout + 

^OUt‘ 


lout 


phasor of the current through a component in 
the steady state (sinusoidal excitation). 


IB* *6) Ib* h 


total value (time domain), AC value, DC 
value and phasor respectively of the base cur- 
rent of a bipolar transistor. 


i C * ^c* -^C> h 


total value (time domain), AC value, DC 
value and phasor respectively of the collector 
current of a bipolar transistor. 


i'D* id* ?d* h 


total value (time domain), AC value, DC 
value and phasor respectively of the drain cur- 
rent of a MOS transistor in the triode region. 


iDSAT * idsat * I DSAT , Idsat 


total value (time domain), AC value, DC 
value and phasor respectively of the drain cur- 
rent of a MOS transistor in saturation. 


Ikf 


forward knee current (bipolar transistor). 


im 27 jm 3 


second- and third-order intermodulation dis- 
tortion. 


IMFDR 


intermodulation-free dynamic range. 


IP 2 h* IP 3 h 


second- and third-order intercept point for 
harmonics. 


IP 2 i* IP U 


second- and third-order intercept point for in- 
termodulation products. 


Is 


saturation current (bipolar transistor). 


IsE 


base-emitter leakage saturation current (bipo- 
lar transistor). 


3 




k 


1.38062x10“ 23 J/K, Boltzmann's constant. 
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^7lx 







m j9i&(m-j)g 2 



K< 



rn jgi^92H m -3- k )9z 



L 



nth-order nonlinearity coefficient in thi 
power series expansion of the function th 
describes the nonlinear relationship bet wee: 
the current and the controlling voltage for ei 
ther a nonlinear conductance, transconducj 
tance or capacitor. The symbol x represent) 
the linearized equivalent of the nonlinear el© 
ment ^ 

normalized nonlinearity coefficient: K nx di 
vided by x. ] 

mth-order nonlinearity coefficient in the twcj 
dimensional power series expansion of th| 
function that describes the nonlinear relatioi 
ship between the current and the con 
ling voltages u and v for a two-dimensio 
transconductance. The symbols and g 2 
resent the coefficients in the power series 
the first-order terms in u and v, respective!; 
If the nonlinear relationship is expressed 



i = /(u, v), then 






is given by :j 



d m f{u,v) 1_ 1 

duidv m ~i j\ (m — j)\ 

If j or (m - j) are equal to one, then they an 
usually omitted, like in K 2gibg2 . 

mth-order nonlinearity coefficient in thi 
three-dimensional power series expansion o 
the function that describes the nonlinear re 
lationship between the current and the con 
trolling voltages u,v and w for a threa 
dimensional transconductance. The symbol 
g lt g 2 and g$ represent the coefficients in th 
power series of the first-order terms in tij 
and w , respectively. If the nonlinear relf 
tionship is expressed as i = f{u,v 7 w), thi 

i S 9I ^ 2(m -i-^3 is g ivenby: ; 

d m f(u } v^w) 1 1 1 , 

dvJ dv k dw m -i~ k j\ k\ (m — j — k)\ ; 

Note that, if j , k or (m - j — k) are equi 
to one, then they are usually omitted, like j 

K *9\&9-2&93 

effective channel length of a MOS transistoi 
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N a 


acceptor concentration in the bulk region of a 
MOS transistor. 


Ur 


base-emitter emission coefficient (bipolar 
transistor). 


Uf 


forward emission coefficient (bipolar transis- 
tor). 


rii 


intrinsic carrier concentration 

(1.45xl0 10 cm" 3 at room temperature). 


P~ldB> P-MB 


IdB or 3dB compression point. 


Q 


1.6022 C, elementary charge. 


Qb 


majority charge in the neutral base region 
(bipolar transistor). 


Qbq 


majority charge in the neutral base region at 

bbc = 0^- 


Q f i( x ) 


inversion layer charge per unit area at the po- 
sition x in the channel of a MOS transistor 
(0<x< L). 


r , R 


symbols that are used for resistances; r = 1/g 
and R = 1/G. 


Pb , t'b 


DC and AC base resistance (bipolar transis- 
tor). 


PBexi T Bex 


DC and AC extrinsic base resistance (bipo- 
lar transistor). In SPICE this is denoted by 
RBM. 


Pbu r Bi 


DC and AC intrinsic base resistance (bipolar 
transistor). 


RF 


radio frequency. 


To 


transistor output resistance (bipolar and MOS 
transistor). 


t-k 


incremental base-emitter resistance (bipolar 
transistor). 


s 


complex frequency variable (Laplace trans- 
form variable). 


T 


absolute temperature (in degrees Kelvin). 


TF output 


transfer function from a current source i\ to 
the output of interest, which can be a node 
voltage or a current through a circuit element. 
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THD 


total harmonic distortion. 


t ox 


gate-oxide thickness (MOS transistor). 


Vaf 


(forward) Early voltage (bipolar transistor). 


VCONTR 


total value of a voltage that controls a nonli 
ear circuit element (time domain). j 


VCONTR 


DC component of the voltage that controls 
nonlinear circuit element. ■ 


Vcontr 


AC component (time domain) of the voltaJ 
that controls a nonlinear circuit element (tin! 
domain). Hence v C ontr = Vcontr + ^conj 


V contr ,m.n 


phasor of the component at the frequendj 
\muji +nuj 2 1 of the voltage that controls a no a 
linear circuit element (two sinusoidal exciti 
tions with frequencies o>i and o> 2 ). 1 


v pq 


AC component (time domain) of the diffeii 
ence between the voltage at node p and J 

Vpq — Vp Vg . 


Vpq,m,n 


phasor of the component at the frequency 
\mcji + nu) 2 \ of the difference between thj 
voltage at node p and q : V pq ^n = V Pt m,n H 

Vq,m,U' S 


vdsat 


drain-source saturation voltage (MOS transit 
tor). ! 


Vsat 


thermal velocity of carriers, also denoted a! 
saturation velocity. 1 


V T o 


zero-bias gate-source extrapolated threshold 
voltage of a MOS transistor. j 


V t 


gate-source extrapolated threshold voltage Qd 
a MOS transistor. | 


v t 


the thermal voltage kT/q (25.86 mV at rool 
temperature). 1 


w 


effective channel width of a MOS transistor, j 




pulsation (= 2 7r * frequency) {rad /sec). J 
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Chapter 1 
Introduction 



In this book we will present the reader some insight into the nonlinear behavior of the basic 
building blocks of analog integrated circuits. 

The study of the nonlinear behavior of basic building blocks will lead to insights that are ap- 
plicable to larger circuits as well. In addition, we will study several general concepts of nonlinear 
circuits. 

In order to study nonlinear behavior we need some analytical basis that will enable us to 
generate expressions for the nonlinear behavior, from which we can obtain some insight. The 
starting point for such basis will be the theory of Volterra series [Sche 80], although we will use 
a different technique as well, that closely resembles the Volterra series approach. 

Volterra series can also be used to study general concepts of (weakly) nonlinear circuits. 
Volterra series describe nonlinear systems in a way that is similar to the approximation of an 
analytical function with a Taylor series: small excursions around an operating point can be de- 
scribed with very few terms of a Volterra series. The larger the excursions, the more terms of 
this series need to be taken into account for an accurate description. When the excursions are 
too large, then the series diverges. This corresponds to a signal that extends the region of con- 
vergence of the series. When we limit the signal amplitudes within the region of convergence of 
the Volterra series, then we can use this technique to analyze nonlinear circuits. Roughly speak- 
ing, this limitation corresponds to weakly nonlinear behavior. The circuits that are analyzed in 
this book are assumed to be driven by signals that are small enough such that the Volterra series 
converges. 

In addition we assume that the nonlinear effects caused by circuits that behave in a weakly 
nonlinear way, is caused by second- and third-order nonlinear behavior only. In this way, we 
make simplifications, but instead we will be able, as will be shown in this book, to identify dom- 
inant nonlinearities. Roughly speaking, accuracy is exchanged for interpretability and insight. 
The fact that dominant nonlinearities can be identified, is due to the fact that with the Volterra 
series approach the nonlinear response can be seen as a sum of contributions from the different 
nonlinearities in the circuit. These contributions can be visualized and the dominant ones can be 
identified. In addition, the nonlinear responses are computed with the Volterra series approach 
by repeatedly solving sets of linear equations. 

With this in mind, it is possible to obtain closed-form expressions for the nonlinear behav- 
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ior. These closed-form expressions only take into account the dominant nonlinearities. For 
circuits of practical size, these expressions cannot be easily computed by hand. Instead, one 
can resort to symbolic network analysis programs. These programs, which have matured in the 
last decade, are able to automatically generate approximate closed-form expressions of the AC 
behavior of linearized circuits. Since with the Volterra series an approximation of the nonlin- 
ear behavior can be obtained by repeatedly solving linear equations, existing symbolic network 
analysis programs can be extended to compute approximate, interpretable symbolic expressions 
of a circuit’s nonlinear behavior. Such extension has been made with the symbolic simulator 
ISAAC [Giel 89, Giel 91] and is described in detail in [Wamb 96]. This extension is also dis- 
cussed briefly in this book. However, more attention is paid in this book to the results obtained 
with this approach. Compact, interpretable expressions for nonlinear behavior that are virtually 
impossible to obtain by hand, can now be obtained in seconds or minutes. In this way, the de- 
signer can spend his time in the interpretation of the expressions, rather than on concentrating to 
the generation of the expressions. 

In addition to their use for generating interpretable data for nonlinear circuit behavior, Volterra 
series can also be very useful to study nonlinear circuits in general. For example, the use of feed- 
back, both linear and nonlinear, the exploitation of symmetry for the suppression of even-order 
or odd-order harmonics, can be studied with Volterra series. Such concepts are studied in this 
book for general circuits, after which they are applied to some specific circuits. In weakly non- 
linear circuits, the distortion levels are small. As a result, a careful modeling of the devices will 
be required. Whereas the behavior of a linearized circuit is a function of the small-signal param- 
eters of the devices, which are nothing else but first-order derivatives of the model equations of 
the devices, it will be seen in this book that the harmonics and the intermodulation products are 
determined by higher-order derivatives of the model equations. Since errors on model parame- 
ters and inaccuracies in the model equations themselves tend to increase with the order of the 
derivatives — computing derivatives is a numerically unstable process — it is clear once again 
that a careful modeling of the devices is very important. 

Just as circuit designers need to reason about the behavior of a linearized circuit in terms 
of small -signal parameters, one will have to reason about distortion in terms of those higher- 
order derivatives. These derivatives are difficult to compute accurately. Accurate values can 
be obtained for example by device simulations. Alternatively, the higher-order derivatives can 
also be measured in some situations, as will be shown in this book. However, data obtained 
either with device simulations or with accurate measurements do not indicate which physical 
effects are behind those data. However, this information is very valuable, since it can yield 
physical insight. This information can be obtained when an expression is available for a given 
derivative. However, expressions for higher-order derivatives can be very complicated, especially 
when complicated models are used. Fortunately, the lengthy expressions for the higher-order 
derivatives often contain a few terms that are dominant over the rest of the terms. When these 
dominant terms can be identified, one can obtain insight in the physical effects that determine a 
derivative. This will be shown in this book. 

The values for the higher-order derivatives, either supplied by device simulations, measure- 
ments, or by computations from model equations, can be used in the Volterra series approach 
to obtain interpretable data for harmonics or intermodulation products. This approach will be 
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used in order to obtain insight in the nonlinear operation of some fundamental analog building 
blocks, that are part of complete analog integrated functions, such as filters, transceiver front- 
ends In this book, only the nonlinear behavior of those basic building blocks will be stud- 
ied Distortion of larger circuits, consisting of several building blocks, can be used in specialized 
papers [Groen 94, Tsiv 94], 

Since the Volterra series approach only generates approximate values for the harmonics or 
intermodulation products, as already mentioned above, it is useful to compare the numerical 
data obtained with this approach to other techniques that are more accurate while they offer 
less insight. Some numerical simulation methods, such as numerical integration, the harmonic 
balance technique and the shooting technique, are briefly discussed in this book. 



Example We now illustrate the need to control the nonlinear behavior of an analog RF front- 
end. Figure 1.1 depicts a simplified architecture of a receiver front-end. It has to be noticed 
that several alternative architectures are possible. The front-end depicted here is only chosen for 
illustration purposes. 




LO 



IF 



Figure 1.1: A part of a receiver front-end. 

The antenna receives a complete spectrum of signals, among which the wanted signal. The 
goal of a receiver front-end is to select a wanted signal from the complete spectrum of signals 
that enter the antenna. Simply stated, this is obtained by rejecting the unwanted signals using 
filtering, in combination with an amplification of the wanted signal. A first bandpass filter, right 
after the antenna, already blocks a large part of the unwanted spectrum. The center frequency of 
this filter is in the middle of the frequency band that has been attributed to the application under 
consideration. After this bandpass filter, the signals are fed into a low-noise amplifier. Then 
the signals are downconverted to an intermediate frequency fir . which may be zero, by mixing 
those signals with a local oscillator signal at a frequency fio ■ This frequency is controlled by a 
frequency synthesizer. The value of f LO is chosen such that the difference with the frequency of 
the wanted RF signal, denoted as f RF , is equal to f IF that is usually sufficiently lower than f RF 
ar| d f L0 . After the first mixer stage a bandpass filter is placed with a center frequency of fir . If 
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f IF ^ 0 then the wanted signal, which is a spectrum around f IF is further downconverted (nd 
shown on the figure). j 

A mixer is also sensitive for unwanted signals at the frequency f RF — 2 fj F : these signal 
are also downconverted by the local oscillator to the frequency f IF . In order to get rid to sonl 
extent of the signals at the frequency f RF — 2 f IF , which is denoted as the image frequency 
another bandpass filter is placed between the low-noise amplifier and the mixer. This filter i 
often denoted as an image-reject filter. When the RF signal is immediately downconverted t 
the baseband, then this filter is not needed. Instead, however, other problems arise, which ar 
discussed for example in [Crols 95b, Abid 95]. j 

Assume now that the front-end of Figure 1.1 is a part of a receiver for mobile telephony 
In the GSM standard for mobile telephony the wanted signal is a channel with a 200 kHz band 
width. The different channels are situated in the frequency band between 935 MHz and 960 MH\ 
for mobile reception and in the band from 890 MHz to 915 MHz for mobile transmission. Thj 
spacing between adjacent channels is 200 kHz. It is possible that the power of the wanted sign^ 
is several orders of magnitude smaller than the power of adjacent signals. These adjacent signal] 
are not rejected by one of the two filters shown in Figure 1 . 1 , and hence they are processed by th < 
low-noise amplifier and the mixer in much the same way as the wanted signal. These two blocki 
are not perfectly linear. It will be explained in this book that due to the nonlinear behavior ol 
these blocks, two strong unwanted signals that are adjacent to the wanted signal, give rise to afl 
intermodulation product that can have the same frequency as the wanted signal. This intermodf 
ulation product can be larger than the wanted signal. It is clear that in this situation the detection) 
of the wanted signal by the rest of the front-end and the baseband circuitry will be hampered b)| 
the presence of this intermodulation product. 



1.1 Scope of this book 

The distortion that is studied in this book is harmonic or intermodulation distortion that is caused 
by the weakly nonlinear behavior of the circuit devices. This type of distortion is general^ 
referred to as nonlinear distortion. Other types of distortion exist as well. In fact, distortion H 
nothing else but a deviation of the output signal from a wanted waveform. j 

Distortion can also arise in a linear circuit. Then we speak about linear distortion. This kin<| 
of distortion is illustrated in the next example. It is not further considered. 



Example The occurrence of linear distortion is illustrated with the opamp circuit of Figure 1 .2j 
This circuit acts as an inverting amplifier with a voltage gain A v of —R 2 /Ri. The frequence 
response of this amplifier is shown in Figure 1.3. The frequency response of the operational ana 
plifier has been represented by the transfer function A v (f) with a dominant pole at the frequency 
/ 0 . The gain-bandwidth product of the operational amplifier is given by GBW = A v (0)fo. M 
a result, the frequency response of the overall amplifier configuration has a low-frequency valtt| 
of —R 2 /Ri and a pole at a frequency fi that is a factor \Ri/R 2 \ lower than the gain-ban dwidtl) 
product GBW of the operational amplifier. 
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Figure 1.2: An inverting amplifier 




Figure 1.3: Absolute value of the frequency response of the inverting amplifier. 

Assume now that a square wave signal is applied with a frequency /2 that is somewhat smaller 
than / x . The response of the amplifier to this waveform is distorted as shown in Figure 1.4: the 
output waveform clearly deviates from a square wave. We assumed all circuit elements to be 
linear such that the distortion cannot be caused by nonlinear behavior. The observed distortion 
can be explained as follows. From the theory of Fourier series we know that a periodic waveform 
can be considered as a sum of sine waves at the harmonic frequencies of j\. Since the frequency 
response of the inverting amplifier of Figure 1 .2 is not flat, the different harmonics are not ampli- 
fied in the same way. As a result, the sum of the amplified harmonics does no longer correspond 
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Figure 1.4: Response of the amplifier of Figure 1.2 to a square wave at frequency f 2 (see Fig 
ure 1.3). | 

I 

i 

to a square wave. I 

Strongly nonlinear behavior is not addressed in this book neither. In general, it is not possible 
to obtain closed-form expressions of circuits that behave in a strongly nonlinear way. Fortunately 
the vast majority of analog integrated circuits behave in a weakly nonlinear way with the signa 
levels for which these circuits have been designed. 

The exclusion of strongly nonlinear behavior implies that distortion induced by slew rate ii 
not considered in this book. The slew rate of an amplifier indicates the maximum change of th< 
output voltage per time unit. When a sinusoidal signal is applied to a circuit with a given slev 
rate, then the frequency of this signal may be so high that the amplifier cannot follow the fas 
changes of the signal, and the amplifier starts to slew, which means that the output signal wil 
change at a constant speed. In this way, the response of an amplifier to a sinusoidal signal wil 
resemble to a triangle signal [Solo 74]. This is only a simplified representation of an effect tha 
can give rise to complicated waveforms in practical amplifiers. 

Another type of this distortion that is not considered in this book is crossover distortion. Thi 
type of distortion occurs for example in class B output stages [Gray 93], 
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2.1 Introduction 

For many analog integrated circuits the performance with respect to their nonlinear behavior 
is often expressed in terms of parameters that are measured in the frequency domain. These 
parameters are defined in this chapter. 

The definitions in this chapter are explained by looking at the output of a general nonlin- 
ear analog circuit. This circuit is excited with one or more sources of the form AiCos(u)it) 
(i = 1,2,...)* This circuit may be any continuous-time analog circuit that ideally operates in a 
linear way. For circuits like a mixer, which are essentially nonlinear, some extra definitions are 
provided. In this introductory chapter the definitions will be clarified without taking into account 
frequency. In Chapter 4 it will be explained how these definitions can be reformulated in terms 
of Volterra series. This will allow to take into account frequency effects. 

In this book we will analyze responses of circuits that are excited by one or two sinusoidal 
signals. In the next sections it will be explained that due to the nonlinear behavior of the circuit, 
the output response will contain components at the frequencies mu i + nu 2 . The amplitude of 
response at this frequency will be written as follows: 

amplitude of response at mu L + nu 2 = \Vk,m,n\ (2.1) 

where u x and u 2 are the (radial) frequencies of the sinusoidal excitations and m and n are inte- 
gers. The phasor of the component of a node voltage, say at node k , at the frequency mu\ 4- nu 2 
is denoted in this book by 14 : 7 n ,n- This is a complex number. 



2.2 Single-frequency excitation 

We will first describe qualitatively the frequency spectrum at the output of the test circuit when 
it is excited with one sinusoidal source at a frequency ui. When the amplitude Ai of the input 
signal is small enough, then the output spectrum of the circuit only contains one frequency com- 
ponent above the noise floor, namely the response corresponding to the circuit’s linear behavior. 
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This is a signal at the same frequency of the input signal, called the fundamental frequency iJhm 
amplitude of this signal changes proportionally with the input amplitude. | 

When the input amplitude is increased, the output spectrum contains signals at the frequen-J 
cies 2cui and 3ui . These signals, called the second and third harmonics , originate from secondm 
and third-order nonlinear circuit behavior , i 

respectively, as we shall see below. Harmonics higher than the third, caused by higher-orde^ 
behavior, come above the noise floor at even higher input amplitudes. It is seen that the amplitude 
of the nth harmonic increases with the nth power of the input amplitude: an increase of the input 
amplitude with 6dB yields an increase of the second harmonic at the output with 12dB, the thirc 
harmonic increases with 18dB and so on. At higher input amplitudes this is not true anymore^ 
Then it is observed that the third-order nonlinear behavior also gives rise to a component at the* 
fundamental frequency which increases with the third power of the input amplitude. As a result^ 
the fundamental response can increase faster than linear, which for an amplifier means that thqj 
gain slightly increases. In this case one speaks about gain expansion If, on the other hand, the^ 
increase is less than linear because the sign of the third-order contribution is opposite to the sigrf 
of the linear response, then again compression is observed at the output. Similarly, fourth-orde| 
behavior gives a contribution to the second harmonic and so on. This situation is depicted m 
Figure 2.1. Signals caused by nonlinear behavior of order higher than five are not shown in thi^ 
figure. Also it must be noted that a component at 0Hz is found at the output. As we shall computef 
below, this DC shift is caused by second-order, fourth-order, or in general, even-order nonlinear 
behavior. 
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Figure 2.1: The different harmonics at the output of an analog circuit excited by a sinusoidal 
signal at frequency Ui. The numbers between brackets indicate the order of nonlinear behavior 
by which the signal is determined. 

When the amplitude is increased even more, then the signal level in the circuit cannot increase 
anymore since the signal swing is limited by the power supplies or by cutoff or saturation of some 
active element in the circuit. In this situation the signal levels at the different harmonics do no! 
increase much anymore. 

The linear response is usually the wanted response while a harmonic is unwanted. Therefore 5 
it is common to denote the harmonics as distortion , nonlinear distortion or harmonic distortion 
The second-order harmonic distortion or briefly the second harmonic distortion HD 2 and the 
third harmonic distortion HD% are defined as the ratio of the second and third harmonic, V ou t, 2 ,c 
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and V 0 ut, 3,0 respectively, to the fundamental response V^i^: 

|^oui,2,0 1 

|^mt,l,0 I 

j 0 j 

| Vout, 1,0 1 

For higher order, of course, the definitions are similar. Also, the extension to an output current 
instead of a voltage is straightforward. The harmonic distortion figures are dimensionless. They 
are often expressed in percent or in dB for a given input amplitude. The harmonic distortion 
figures are often used to characterize the general nonlinear behavior of the circuit even if this 
circuit is not excited by one single tone. The reason is that HD 2 and HD 3 can be computed and 
measured rather easily compared to other quantitative measures that are described below. 

The nonlinear behavior as discussed above in a qualitative way can be clarified mathemati- 
cally with a simple example. Assume that the relationship between the input signal x(t) (which is 
either a current or a voltage) of a circuit and the output y(t) is given by the following relationship 

y{t) = K x ■ x{t) + K 2 - ( x(t )) 2 + K 3 ■ (x(t)) 3 + . . . (2.4) 



HD 2 = 
HD 3 = 



When the input-output relationship is given explicitly by an analytic relationship 



y{t) = 



(2.5) 



then the coefficients K\, K 2 , K 3 , . . . can be identified with the coefficients of a Taylor series' of 
/: 



K 1 = 



dx 



K 2 = 
K 3 = 



1 

2 dx 2 

l fl 

6 dx 3 



(2.6) 

(2-7) 

(2.8) 



The coefficient K\ describes the behavior of the linearized circuit. This behavior is often referred 
to first-order behavior and the coefficient K\ . The coefficients A 2) . . . are called second- 

order and third-order nonlinearity coefficients of the circuit, respectively or, in general, higher- 
order nonlinearity coefficients. The coefficients K‘> and K>, determine the second- and third- 
order nonlinear circuit behavior. 

A computation of the higher-order coefficients K 2 and K 3 is not straightforward. It is one of 
the goals of this book to explain how these coefficients can be computed. In this section we con- 
sider these coefficients as known figures. Further, it is assumed in this section for simplicity that 
there is no delay between the output and the input. In other words, the circuit under consideration 
has no memory: it contains no capacitors or inductors or the frequencies of interest are so low 

*It is assumed that the series of equation (2.4) converges to 
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that capacitors and inductors do not play a role yet. Such circuits are referred to as memorylesm 
circuits . Circuits in which capacitors and/or inductors play a role are denoted as circuits withm 
memory. For memoryless circuits the coefficients K 1} K 2 , AT 3 , ... are independent of frequency J 
In this book we will compute the response of nonlinear circuits both with and without memory. J 
Returning to our simple example, we assume that the input signal x(t) has the form 



x(t) = Ai COS [u)\t + CKi) 




Substituting this expression into equation (2.4) yields the output y(t): 



y(t) —A\K\ cos (t jj\t + ai) + A\K 2 + — cos -t- 2ai)^ 
+ A\K 3 ^ cos (ivit + a i) + j cos (3cuii + 3ai)^ 




Some useful trigonometric relationships to compute such responses are given in Appendix A. , 
It is seen that the second-order coefficient K 2 gives rise to a signal at 2ui and at 0 Hz. Botht 
signals are proportional to K 2 and to the square of the input amplitude Ai. Therefore, theses’ 
signals are denoted as second-order signals. The third-order coefficient K 3 gives rise to a signal 
at the frequency 3 cji and at the fundamental frequency These signals, which are proportional] 
to K s and to the third power of the input amplitude, are referred to as third-order signals. 

Assume that I< 3 has the same sign as K x . In that case the third-order signal at the fundaj 
mental frequency has the same sign as the first-order signal. In other words, the amplitude of 
the fundamental signal has increased due to third-order behavior. This situation corresponds tpj 
expansion . If K x and K s have an opposite sign then we have compression . ] 

Consider now the phase of the different harmonics. Compare the situation in which the phase| 
ai in equation (2.9) is zero, to the situation with ai is 180 degrees. In the second situation the| 
input signal is the opposite of the input signal with a x = 0. From equation (2.10) it can be seen| 
that a change of the sign of the input signal will change the sign of the fundamental and the third| 
harmonic, but not of the second harmonic. This is exploited in a balanced circuit, to which two| 
input signals of opposite phase but equal amplitude are applied. A differential output signal in| 
a perfectly balanced circuit does not contain a second harmonic. This is also true for the otherj 
even-order harmonics. In Section 2.3 this issue is further explained. J 

In equation (2.10) we have restricted our calculations to order three. However, the calcula| 
tions can be easily extended in order to include behavior of order higher than three. Then on^ 
would observe that fourth-order behavior will give rise to a signal at the fourth harmonic, at thej 
second harmonic and at 0 Hz. Fifth-order behavior will give rise to a signal at 5wi, 3uji and u)u 
and so on. This corresponds to the spectrum shown in Figure 2. 1 . ! 

The circuits that we analyze in this book are nonlinear circuits that are excited by input 
signals with a fairly small amplitude. In this way, we can assume that the response at a har- 
monic frequency nu)\ is only determined by nth-order nonlinear behavior. We will clarify this 
with the following example. From equation (2.10) we recall that the response at the fundamen- 
tal frequency is determined not only by first-order behavior, but also by third-order and higher 
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odd-order behavior. Throughout this book, we will assume that the third-order signal at the fun- 
damental frequency that is proportional to A\K 3 is much smaller than the first-order signal that 
is proportional to A x Ki. Under this assumption the phasor of the response at the frequency nui 
can be written as 



Kut.n.O = VnA\K n (2.11) 

in which p n is a rational number. The response at nuj\ is then given by 

response at nuj 1 = |V^ t)n)0 | cos(nu^ + nai) (2.12) 

It is seen that in this case the nth harmonic is proportional to the nth power of the input amplitude. 

Further it is assumed that the input signals are so small that the energy of the output signal 
is mainly concentrated in the lowest-order harmonics. In this way, the amplitude of the second 
harmonic is much higher than the amplitude of the fourth harmonic, which in turn is much higher 
than the amplitude of the sixth harmonic, and so on. In other words, the array of amplitudes of 
the even-order harmonics is decreasing. Similarly, the array of amplitudes of the odd-order 
harmonics is decreasing as well. These assumptions correspond to weakly nonlinear behavior. 
Sometimes these assumptions or conditions are also referred to as low-distortion conditions. In 
Chapter 4 the notion of weakly nonlinear behavior will be defined more rigorously in terms of 
Volterra series. A circuit that is excited by a signal that is sufficiently small such that the above 
conditions are satisfied, is often referred to as a weakly nonlinear circuit. Strictly speaking, 
weakly nonlinear behavior does not only depend on the circuit but also on the amplitude of the 
input signal. Nevertheless, the notion of weakly nonlinear circuit is often used for circuits that 
operate in a weakly nonlinear way at the signal levels for which it has been designed. 

Weakly nonlinear behavior is the counterpart of strongly nonlinear behavior. Whereas 
weakly nonlinear behavior is typically due to the curvature of the characteristics of a transistor 
in a given operating region, strongly nonlinear behavior corresponds to the switching of a tran- 
sistor between an “on -state” (e.g. the saturation region for a bipolar transistor) and an “off- state” 
(cut-off). Strongly nonlinear behavior occurs for example in the output stage of an amplifier that 
is excited by a too large signal. Other examples of strongly nonlinear behavior are slew-rate be- 
havior [Solo 74], the behavior of a comparator and class-AB operation of an amplifier [Lak 94]. 

Returning now to our example, we now compute the second and third harmonic distortion 
figures under the assumption that the circuit behaves in a weakly nonlinear way. From the re- 
sponse of the circuit, given in equation (2.10) we find, using the definitions of equations (2.2) 
and (2.3), 



HD 2 




Kt. 

K x 



Ks 

Kx 



(2.13) 



HD 3 = \A\ 



(2.14) 
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In earlier years [Nar 67, Poon 72, Chis 73, Kuo 73, Nar 73], harmonic distortion was often deij 
fined in terms of a given output power. The input amplitude is then chosen such that the fundd 
mental waveform at the output dissipates a certain power, for example 1 m W, in a load resistances 
Although this concept might be appropriate for communication systems, the above definitions arj 
more general and certainly more appropriate for circuits loaded with a high impedance which 
possibly reactive. 

Whereas Figure 2.1 shows the different harmonics for a given amplitude level, Figure 2J$ 
depicts the first three harmonics at the output as a function of the input amplitude level. 




Figure 2.2: Level of the harmonics at the output of a nonlinear circuit as a function of the input 
amplitude . 

The horizontal and vertical scales in this figure are logarithmic. In communication circuits 
it is common to express signal (voltage) levels in dBm. With these units the signal levels are 
expressed in terms of power dissipated in a 500 resistor. A level of 0 dBm corresponds to 8 
dissipation of 1 mW in a 500 resistor. This is equivalent to a sinusoidal voltage with an effective 
value of \/10~ 3 x 50 = 223.6m V, or to an amplitude of 316m V . A power dissipation of P Watt 
then yields a value of 101og 10 (P/10~ 3 )d7?m. 

Another useful “logarithmic” unit for voltage levels is dBVrms. The value of a voltage it 
dBVrms is found by taking 20 times the logarithm with base ten of the RMS value of the signal 
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Compression point Returning to Figure 2.2, it is seen that from a certain input level, the 
fundamental response does not increase proportionally with the input level anymore. Instead, the 
gain has decreased a little bit. A quantitative measure for this gain compression is the IdB or 3dB 
compression point , which are denoted as P-idB and P-mb> respectively. These figures indicate 
the input level for which the fundamental response is 1 or 3 dB lower than the extrapolation of 
the response at lower amplitudes which is caused by linear behavior only. 

The second harmonic slightly above the noise floor in Figure 2.2 is due to second-order non- 
linear behavior and hence increases with the square of the input amplitude. At higher input levels 
the second harmonic is also influenced by higher-order behavior. This can give compression or 
expansion of the second harmonic, depending on the sign of the second-order term and that of 
the higher-order terms that influence the value of the second harmonic. In Figure 2.2 it is seen 
that the second harmonic exhibits compression. 



Intercept points When the input amplitude is sufficiently small, our test circuit under consid- 
eration behaves in a weakly nonlinear way. Then the fundamental response increases linearly 
with the input amplitude and the amplitude of the second harmonic at the output increases with 
the square of the input amplitude. Since the second harmonic due to second-order behavior 
increases faster with the input level than the fundamental response due to linear behavior, the ex- 
trapolation of both curves must intersect. The input level that corresponds to this intersection is 
called the second-order intercept point IP 2h • The subscript h is used here to denote “harmonic”, 
in order to distinguish with the intercept point defined for intermodulation distortion, as will be 
discussed in Section 2.4. It is easy to see that this level corresponds to the input amplitude for 
which HD 2 according to equation (2.13) is equal to one. The higher this intercept point, the 
better of course the second harmonic is suppressed. Similarly, a third-order intercept point IP ^ 
is defined. Sometimes a distinction is made between the intercept point at the input, which is the 
same as the intercept point as defined above, and the output intercept point. The latter is given 
by the output level that corresponds to the input intercept point. 

Under low-distortion conditions and at low frequencies the intercept points IP 2 h and IP 3fl 
can be computed as a function of the coefficients K u K 2 and K 3 from the general input-output 
relationship given in equation (2.4). Since IP 2h and IP% h are defined as the input amplitudes at 
which HD 2 and HD 3 respectively are equal to one, we find, using equation (2.13) and (2.14), 



IP 2k = 
IPzh = 




(2.15) 

(2.16) 



Dynamic range Figure 2.2 indicates yet another parameter, namely the input dynamic range 
0r > briefly, dynamic range. This is the range of the input amplitude range over which the cir- 
cuit can be used without a too large signal degradation. The lower limit is determined by the 
ln P u t referred noise while the upper limit is usually taken equal to the IdB or 3 dB compression 
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point. The (input) dynamic range is the ratio of those two limits, usually expressed in dB. The| 
corresponding range of the output signals is called the output dynamic range. 

2 

Total harmonic distortion Many applications require amplifiers with a high linearity. Ex-J 
amples of such applications are high resolution data acquisition systems and high-fidelity audiol 
equipment. For such amplifiers it is important that a sinusoidal input signal yields a sinusoidal 
output signal of high spectral purity. In this case the higher harmonics all together represent ad 
unwanted distortion signal. To this purpose, the total harmonic distortion is used to indicate] 
how closely the output waveform resembles to a pure sine wave. This can be measured by the! 
amount of energy in the harmonics relative to the energy in the fundamental. In this way, thel 
total harmonic distortion THD is defined as the sum of the RMS values of the higher harmonics! 
relative to the fundamental component: 



oo 

£ IWoi 2 

71=2 

|^(w£,l,0 P 

which, under low-distortion conditions, reduces to 



nm 1 

n = 2 X 1 7 

The value of the total harmonic distortion is often specified in dB or in %. Equation (2.18); 
reveals that under low-distortion conditions the total harmonic distortion increases as the input; 
amplitude increases. $ 

Whereas total harmonic distortion is very often not the most relevant parameter to charac- 
terize the nonlinear behavior of a circuit in the application for which the circuit is designed, the 
total harmonic distortion of circuits is very often specified. This is then considered as a measure 
of “how nonlinear a circuit is at a given input amplitude” and is often used to compare different 
circuits for a given application. 

Examples of THD The general definition of total harmonic distortion given in equation (2. 17) 
is illustrated with the computation of THD for the square wave shown in Figure 2.3. This 
signal could correspond to the output of a circuit that is driven by a large sinusoidal input signal 
such that the output stage switches between the positive and the negative power supply. This 
corresponds to strongly nonlinear way. In order to compute THD , we start from the Fourier 
series of this square- wave signal: 



THD = 



\ 



(2.17)* 



(2.18) 
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Figure 2.3: A square-wave signal. 



The amplitudes of the different harmonics in this equation can be substituted in the definition of 
THD fromequation (2.17). This yields 



TED = 

It is seen that in this example THD is independent of the input amplitude. It is a very high 
value compared to the total harmonic distortion of so-called low-distortion circuits. For example, 
in [Smit 94] an operational amplifier is reported that produces harmonic distortion that is 95 dB 
lower than the wanted signal, when the amplifier drives a lOOf) load and the input voltage has a 
peak-to-peak value of IV. 

As another example, we compute THD for the triangular waveform of Figure 2.4. 



v — - 






48.3% = -6.3 dB 



(2.20) 




Figure 2.4: A triangular waveform. 



The Fourier series of the triangular waveform is given by 
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Substituting the amplitudes of the different harmonics into equation (2.17) yields 



TED = 



y" . 




« 12 . 1 % = -18.3dB 




which is seen to be about 12 dB (about a factor four) smaller than the total harmonic distortiS 
of a square-wave signal. 



2.3 Even-order and odd-order distortion only 

It has already been mentioned above that no even harmonics appear at the output of a balanoj 
circuit when this is driven by two input signals of equal amplitude and opposite phase. Tj 
absence of even-order harmonics can also be observed in the output waveform as indicated | 
the following theorem. 

THEOREM 2.1. If for a signal f(t) without DC component and with a period T = 10 / (27r), t 
following condition holds 

m = -nt+^) (2-fr 

then no even-order harmonics of u appear in / (t). 

This theorem can be proven easily by computing the coefficients of the Fourier series of /I 
and taking into account equation (2.23). § 

We have already seen two waveforms for which equation (2.23) holds, namely the squ| 
waveform of Figure 2.3 and the triangle waveform of Figure 2.4. The Fourier series of these 
waveforms, equations (2. 19) and ( 2 . 21 ), respectively, indeed do not contain any even harmoni^ 
A similar theorem holds for the absence of odd-order harmonics: 

THEOREM 2.2. If for a signal f(t) without DC component and with a period T 
following condition holds 

/(*)=/(*+!> 




then no odd-order harmonics of u appear in f(t). 

An example of such waveform is given by the absolute value of sin(urt). The Fourier serf 
for this waveform is given by 

f(t) = | sin(f)| = ^ ~ ^3 cos(2£) - cos(4i) - 2- cos( 6 i)) (li 

and it is indeed seen that no odd-order harmonics are present. Notice that there is no comport 
at the fundamental frequency neither (this is also an odd-order component). 
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2.4 Two-frequency excitation 

In much the same way as in the previous section, the test circuit under consideration is now 
excited with two sinusoids A x cos(u)it) and A 2 cos (cj 2 t), both applied at the same input port. 
When Ai and A 2 are sufficiently low, then the output spectrum contains two signals above the 
noise floor at the fundamental frequencies u x and u 2 , due to the circuit’s linear behavior. Since 
in a linear circuit the superposition principle is valid, the two excitations do not produce any 
interfering signal. However, when A x and A 2 become larger, then, apart from the harmonics of 
oji and u ) 2 , interfering signals grow above the noise floor at the frequencies + u; 2 , \u>i — co 2 \, 
2cji + co 2 , \2coi — u 2 \, uji + 2 u 2 and | — d x + 2cu 2 |. The signals at \u) X d= c^ 2 1 are caused by second- 
order nonlinear behavior and are called second-order intermodulation products . They increase 
with the first power of both A x and A 2 . The other signals originate from third-order nonlinear 
behavior and are denoted as third-order intermodulation products. The signals at \2u)i =b uj 2 \ 
increase with the square of A x and with the first power of A 2 . The signals at \coi ± 2a; 2 | increase 
proportionally to A x and with the square of A 2 . 

Just as in the case of the single-tone excitation, at higher input amplitudes the dependence of 
the intermodulation products on the input amplitudes can deviate from the dependence described 
in the previous paragraph. For example, when A x is high, then the second-order intermodulation 
product at the frequency |cji ± uj 2 \ no longer increases proportionally with A\. This again results 
in compression or expansion just as we had in the case of the single-tone excitation. 

The different frequency components that can be observed at the output of the test circuit that is 
driven by two sinusoidal signals, are shown in Figure 2.5. It is assumed that the input signals are 
small enough such that the circuit behaves in a weakly nonlinear way. In order not to overload the 
figure, components caused by nonlinear behavior of order higher than three has not been shown. 
The frequencies \2u) X — u 2 \ and \tui — 2 oj 2 \, where third-order intermodulation products occur, can 
be quite close to the fundamental frequencies, which are usually the frequencies of interest. As a 
result, the intermodulation products can cause severe interference. This is a problem especially 
in communication circuits. 





ti 




Figure 2.5: The different frequencies at the output of a weakly nonlinear analog circuit excited 
by hvo sinusoidal signals at frequencies uj\ and lj 2 . The numbers between brackets indicate the 
0r der of nonlinearity by which the signal is determined . 
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In order to determine which frequency components are generated by nth-order nonlinear 
behavior, the following rule of thumb can be followed. Assume that k different frequencies 
u u cj 2 ,.’.. ,u) k are applied to the nonlinear circuit. Consider the array of frequencies 

UJi, — tdi, — 1 • • • J k 

\ 

When from this array n frequencies are selected whereby a frequency may be chosen more than- 
once, then the sum of these selected frequencies yields a frequency which can have a compo-, 
nent caused by nth-order behavior. For example, assume that two sinusoidal input signals are 
applied to a circuit with frequencies w, and u) 2 . In order to know which frequency compo- 
nents are generated by third-order nonlinear behavior, we select three frequencies from the array 
0J U -Wi, oj 2 , -oj 2 . Doing so, we find that third-order nonlinear behavior gives rise to signals 

at the following frequencies: 

±u>i, ±w 2 , ±3w 1( ±3o) 2 , ±wi ± 2 u) 2 , ±2 uji ± uj 2 



The responses at negative frequencies are the complex conjugate of the responses at the corre- 
sponding positive frequencies, such that the sum of the two signals is real. 

For analog circuits such as amplifiers, the intermodulation products are usually unwanted 
Therefore, they are denoted as intermodulation distortion. In communication circuits, these un- 
wanted products are often denoted as spurious responses [Wein 80]. When the input amplitudes^ 
A\ and A 2 are taken equal, the second-order intermodulation distortion IM 2 and the third-order | 
intermodulation distortion IM 3 are defined as the ratio of a second- or third-order intermodular 
tion product to the fundamental response. When no frequency effects are taken into account and] 
when low-distortion conditions apply, then it will be shown below that the response at u x + w*] 
is equal to the response at |o>! - w 2 |. Also, the response at 2o>i + uj 2 is the same as the responses^ 
at \2wi - wa|, 2 o) 2 + wi and |2 w 2 - o^. Then IM 2 and IM 3 are given by 



IM 2 



Vout, 1,±1 
Kut.1,0 



(2.26) 



IM 3 



Vout,2,±l 


low frequencies 


Vout,l,±2 


Vout,l,0 




1,0 



(2.27)* 



The above definitions can be clarified by considering again the test circuit with the input-; 
output relationship given by equation (2.4). When the input signal x(t) consists of two signal^ 
of equal amplitude and with a different frequency uii and tu 2 . 



x{t) = A cos(wif) + Acos(w 2 t) 



then the different responses are shown in Figure 2.6. It is assumed that the amplitude A is 
sufficiently low such that the circuit behaves in a weakly nonlinear way. The frequencies an^ 
o) 2 have been given the value 2 ttx 10M// Z and 2 ttx11 MHz. It is seen that harmonics of and 
o) 2 are present at the output as well as intermodulation products. The amplitudes of the differen 
harmonics and intermodulation products can be computed using the formulas of Appendix A. 
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Figure 2.6: The different frequency components at the output of a weakly nonlinear circuit with 
the input-output relationship given by (2.4) to a combination of two sinusoidal signals with the 
same amplitude A. The frequency of the two input signals is 10 MHz and 11 MHz. 



is seen that indeed the response at u) \ -\-u) 2 is equal to the response at \u)\ — uj 2 |. Also, the response 
at 2uj 1 + uj 2 is the same as the responses at \2u)i — u; 2 |, 2 u) 2 4- and \2u) 2 — cui|. 



From Figure 2.6 we can compute the second- and third-order intermodulation products for 
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our general weakly nonlinear test circuit by applying the definitions of equations (2.26) and (2.27): 



IM 2 

im 3 



K2 

K x 



A 



3 

4 



K 3 
K ! 



A 2 



(2.29) 

(2.30) 



Comparing these values with the harmonic distortion figures of equation (2.13) and (2.14), we 
find 



IM 2 = 2 HD 2 (2-31) 

7M 3 = ZHDi (2-32) 



This is an important relationship that is valid under low-distortion conditions and at low frequen- 
cies. At high input levels these relations are violated. For example, when the input amplitude 
is sufficiently high, then the response at the fundamental frequency also contains a third-order 
component (see Figure 2.6) 

9 

fundamental response = K X V + (2.33) 

and the ratio of the signal at |2u;i ± u> 2 | or I 2^2 ± uj\\ with this fundamental response will not 
be given by equation (2.32) anymore. In addition, contributions of order higher than three will 

violate this relationship. 

At high frequencies, when capacitors or inductors play a role, the relationships equation (2.31) 
and (2.32) are not satisfied neither. An explanation for this is will be given in Chapter 4 with the 
use of Volterra series. 

The relationships (2.31) and (2.32) can be very useful when harmonics under low-distortion 
conditions and at low frequencies have to be measured. When harmonics are very low they can 
be very close to the noise floor such that they cannot be measured accurately. If two input signals 
with the same input amplitude are applied but with a different frequency, then a measurement of 
the second- and third-order intermodulation products will yield signals that are respectively 6dB 
and 9.54 dB higher than the harmonics that were measured initially. 



Compression and intercept points Just as for a single-frequency excitation, we can introduce 
compression points and intercept points for intermodulation when a circuit is excited with more 
than one frequency. Figure 2.7 depicts the wanted response of our test circuit together with one 
of the third-order intermodulation products. The wanted response is the fundamental response at 
the frequency The intermodulation product we are considering is the signal at \2u>i - w 2 |- 

When the amplitude of the input signal at is swept starting from a very low level, then it is 
seen that the output signal at cui is first lost in the noise, then it increases linearly with the input 
amplitude, and finally it exhibits compression. 

The IdB and 3dB compression points are again defined as the input levels for which the fun- 
damental response is 1 and 3 dB lower than the extrapolation of the response at lower amplitudes 
which is caused by linear behavior only. 



2.4 Two-frequency excitation 
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Figure 2.7: Illustration ofl-dB compression point , IP& and IMF DRz for third-order intermod- 
ulation products. 



Next, we consider the response at \2wi — u 2 \. At low input amplitudes this response is below 
the noise floor. Close to the noise floor it increases with the square of the input amplitude. The 
third-order intercept point IP 3i is the input amplitude for which the asymptotes for the response 
at \2lji —u 2 1 and the fundamental cross. The index i of IP zi is added in order to make a distinction 
with IPzh, the third-order intercept point for harmonics. 

When a second-order intermodulation product is considered, then a second-order different 
intercept point IP 2i can be defined in a similar way as IPzi- 

We will now compute expressions for IP 2i and IPzi for our test circuit at low frequencies. 
At low frequencies the intermodulation products of the same order have the same level, such that 
only one IP 2i and IP zi can be defined. 

The intercept points are found by determining the input amplitude for which the second- or 
third-order intermodulation distortion figures are equal to one. Doing so, we find from equa- 
tion (2.26) 



IP2i = 



K x 

K 2 



( 2 . 34 ) 
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and for IP 3i we use equation (2.27) to obtain 



IP* = 2 




(23 5) 



A simple relationship is found between the intercept points for harmonic and intermodulaticoi* 
distortion. Combining equations (2.15) and (2.34) it is found 



IP* = 



IPjK 

2 



(2.3.6) 



Similarly, we find with equations (2.16) and (2.35) 



IP 3ft 

" V3 



(2.3*7) 



On a logarithmic scale the ratio of 1 /\/3 between the two intercept points is found as a difference 
of -4. 77 dB. 



Intermodulation-free dynamic range Figure 2.7 shows yet another parameter: the inker* 
modulation-free dynamic range IMFDR 3 . This is the ratio of the largest and the smallest signalt 
level the circuit under consideration can handle, where the intermodulation products are to :re-j 
main below the noise level. The smallest signal level the circuit can handle is usually also takenj 
equal to the noise level. The parameter IMFDR 3 is read from the a;-axis (at the input side) injl 
Figure 2.7, but it can also be read from the y - axis (at the output side) as indicated. The reason isl 
that the slope of the curve that represents the response at the fundamental frequency is 45 degrees! 
on a double logarithmic -scale. 

Desensitization We consider the following experiment: the input signal A x cos(uJit) is *h$| 
input signal while A 2 cos(u; 2 ^) is considered as an unwanted signal that is also applied to the| 
input. In a communication circuit the latter signal can be a disturbing signal that is so close to th0| 
wanted signal such that any bandpass filtering before our test circuit cannot reject the disturbing j 
signal. Assume now that the amplitude A 2 is increased gradually. In a linear circuit the amplitude j 
of the wanted response at w 1 would be unaffected by the presence of the second signal. However^ 
this is no longer true in a nonlinear circuit. Indeed, when A 2 exceeds a critical level, then thej 
response at ui decreases. The reason is that the strong unwanted signal drives the input stage! 
of the circuit into strongly nonlinear behavior, resulting in a lower gain for the wanted signal, j 
This effect is called desensitization. Desensitization is important in communication systems^ 
where a small signal of interest (corresponding to A\) is influenced by a strong unwanted signal j 
(corresponding to A 2 ). \ 

■i 

.'i 

i 

Example The need for low intermodulation distortion in communication circuits can be illus- 
trated with the following example. Assume that the receiver front-end of Figure 1.1 has to 
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receive a signal that is modulated in some way with a carrier at frequency = 100.1 MHz. Sup- 
pose further that the strength of this signal is low, whereas two strong adjacent signals are present 
at f 2 = 100.2 MHz and at / 3 = 100.3 MHz. The signals at f 2 and / 3 are so close to the wanted 
signal that they cannot be removed by a bandpass filter around 100. 1 MHz. Instead, the unwanted 
signals will be removed at lower frequencies further in the receiver circuitry. Due to third-order 
intermodulation distortion in the front-end, the two strong signals give rise to a intermodulation 
product at 2 f 2 - h = 100. 1 MHz which is exactly the frequency of our wanted signal. If third- 
order intermodulation distortion in our front-end is very high, then the intermodulation product 
might have a signal strength that is comparable to our wanted signal. This of course complicates 
the detection (demodulation) of the wanted signal. ■ 



2.5 Mixer definitions 

A mixer performs a frequency translation either from a high-frequency input signal to a low- 
frequency signal or vice versa. A mixer has two inputs: a signal input and a local oscillator 
input. Very often, these inputs are applied at different input ports. A frequency translation 
to low frequencies is performed by applying to the mixer a high-frequency signal and a high- 
frequency local oscillator signal. The output signal of interest is at the frequency that is equal 
to the difference of the input signal frequency and the local oscillator frequency. This kind of 
frequency translation is used in receiver circuits. It is referred to as downconversion . 

In the case of a frequency translation to high frequencies, the input signal is at low frequen- 
cies, while the frequency of the local oscillator is again high. The output signal of interest is at 
the frequency which is the sum or difference of the two frequencies. This frequency translation 
is used in transmitter circuits. It is referred to as upconversion. 

A deep study of different mixer configurations is beyond the scope of this book. An excellent 
survey can be found for example in [Gilb 96]. At this point it is only important to mention that 
mixer configurations can be classified in two categories. In the first category, the local oscillator 
signal is very large such that the mixer behaves in a strongly nonlinear way with respect to the 
local oscillator signal. The transistors in this circuit are switched on and off at a rate determined 
by the local oscillator signal. Roughly speaking, this gives rise to a square-wave signal. This 
square wave is modulated by the input signal, and the resulting waveform contains a frequency 
component at the sum or difference frequency. This category is denoted as the class of switching 
mixers. 

In a second class of mixers, the amplitude of the two input signals is kept fairly low, such 
that the mixer behaves in a weakly nonlinear way. The output signal at the sum or difference 
frequency is caused by second-order nonlinear behavior of the mixer. Indeed, in Figure 2.6 it is 
seen that second-order nonlinear behavior of a circuit that is excited by two signals of a different 
frequency, gives rise to a response at the sum or difference frequency. However, the situation is 
more complicated here, since the input signal and the local oscillator signal are usually applied 
at different input ports. This category of mixers is referred to as weakly nonlinear mixers. 

In the literature both switching mixers [Mey 94, Sato 96, Madi 96] and weakly nonlinear 
mixers [Crols 95a, King 97, Borre 97] are found nowadays. In this book only weakly nonlinear 
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mixers will be addressed. An analytic treatment of switching mixers is only possible by making 
simplifications [Mey 86], 

The wanted signal at the output of a mixer is the second-order intermodulation product at 
the sum or difference frequency, while both the linear response and intermodulation products of 
order higher than two are unwanted. Assume that the input signal of a mixer is a sine wave. 
The conversion gain of a mixer is the ratio of the amplitude of the wanted second-order inter- 
modulation product at the output to the amplitude of the input signal. For a switching mixer the 
conversion gain is proportional to the amplitude of the local oscillator signal. 

Other mixer definitions such as compression point and third-order intercept point are identical 
to the definitions presented in Section 2.4. 

2.6 Cross modulation 

Cross modulation is the nonlinear effect whereby modulation from one carrier is transferred to 
another. Assume that the input x(t) to a nonlinear circuit is an amplitude-modulated signal at uj\ 
together with an unmodulated carrier with frequency co 2 : 



transferred to the carrier at a ; 2 . 

The effect of cross -modulation can be understood by computing the response of the test 
circuit with the input-output relationship of equation (2.4), to the amplitude-modulated signal of 
equation (2.38). The response can be computed using simple algebra. Among the different terms 
of the response, the following two are interest: 

response to AM-signal = . . . + AK X cos(uj 2 t) + 6A 3 K 3 cos 2 (ujit)mi cos cos (u) 2 t) + . - 



x(t) = A (1 -h mi cosu; m £) cosu^ + Acostu 2 t 



(2.38) 



In this equation m x is the modulation index and A is the amplitude of both signals. If the cir- 
cuit has a cubic nonlinearity, then a distorted version of the modulation of the signal at u)\ is 



(2.39] 



With the trigonometric relationships of Appendix A we find 




(2.40) 



In this way, an amplitude-modulated signal is found in the response: 



response to AM-signal = . . . + AK X (1 + m 2 cos u) m t) cos (co 2 t) + . . . (2.41) 



in which the modulation index m 2 is given by 



3K S mi A 2 

kT 



(2,42) 



m 2 = 



2.7 Summary 
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The cross-modulation factor CM is the ratio of the two modulation indices m 2 and 



m 2 3 K$A 2 

mi 



(2.43) 



There is a simple relationship between the cross modulation factor and third-order intermodula- 
tion distortion. Indeed, combining equations (2.30) and (2.43) yields 



CM 

ImI 



(2.44) 



At low frequencies, the modulated signal at u 2 is amplitude-modulated. At high frequencies, 
however, both amplitude and phase modulation can occur at co 2 [Mey 72]. In order to provide 
quantitative measures for cross modulation at high frequencies, a knowledge of Volterra series is 
required. Therefore this topic will be resumed in Chapter 4. 



2.7 Summary 

In this chapter, several performance parameters have been defined that are used to quantify the 
nonlinear behavior of a circuit. Most definitions are valid both for weakly and strongly nonlinear 
behavior. When the scope of the defined parameters is limited to weakly nonlinear circuits, then 
at low frequencies these parameters can be expressed in terms of first-order, second-order and 
third-order coefficients that describe the input-output relationship of the circuit. In Chapters 4 
and 5 it will be explained how these coefficients can be computed when an explicit expression for 
the input-output relationship cannot be computed. Also, the above definitions will be extended 
such that the influence of frequency can be taken into account. 



Chapter 3 



Description of nonlinearities in analog 
integrated circuits 



3.1 Introduction 

Prior to the analysis of nonlinear behavior of analog circuits, it is necessary to describe the 
nonlinear devices that are present in analog integrated circuits. The devices most commonly 
used in silicon analog integrated circuits are transistors, resistors, capacitors and diodes. In the 
last few years self inductances and mutual inductances have been integrated as well [Ngu 90, 
Ash 96, Long 95, Long 95]. Their nonlinear behavior is not considered in this book. 

In circuit analysis the devices mentioned above are described using an equivalent circuit. 
This equivalent circuit can be as simple as one circuit element (e.g. one resistor), or it consist of 
several circuit elements (e.g. a transistor). The elements of such equivalent circuit are nonlinear 
in general. The following circuit elements are used in numerical simulation of analog integrated 
circuits as a part of the equivalent circuit of a device: 

• a nonlinear conductance: the current through this element is an algebraic function of the 
voltage over the element; 

• a nonlinear transconductance: the current through this element is an algebraic function of 
a voltage other than the voltage over the element. 

• a nonlinear resistance: the voltage over this element is an algebraic function of the current 
through this element; 

• a nonlinear transresistance: the voltage over this element is an algebraic function of a 
current different from the current through this element; 

• a multidimensional nonlinear conductance or transconductance: the current through this 
element is a function of more than one voltage; 

• a multidimensional nonlinear resistance or transresistance: the voltage across this element 
is a function of more than one current; 
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• a nonlinear capacitance: the charge on this element is an algebraic function of the voltage 
across the element; 

• a nonlinear transcapacitance: the charge on this element is an algebraic function of a volt- 
age other than the voltage across the element; 

These circuit elements are referred to as basic nonlinearities , since they are the building elements 
for nonlinear equivalent circuits of devices such as transistors, diodes, integrated resistors, — 
Nonlinear voltage-controlled voltage sources and current-controlled current sources are seldom 
used in equivalent circuits of devices in analog integrated circuits. 

In this book a nonlinear circuit is analyzed by studying excursions around a quiescent point. 
This means that every basic nonlinearity undergoes such excursion. A small excursion around 
the quiescent point of a basic nonlinearity can be described as a power series of the algebraic 
function that describes the basic nonlinearity. When those excursions are small enough, then this 
power series can be broken down after the first few terms. For very small excursions one can 
even do with the first term of every power series: since this term describes the linear behavior of 
a circuit element, this case corresponds to a linearization of the circuit. 

In Chapters 4 and 5 it will become clear that a power series description of basic nonlinearities 
is elegant when harmonics and intermodulation products are studied that are caused by weakly 
nonlinear behavior. 

A power series description of a basic nonlinearity contains the derivatives of the output quan- 
tity (current or voltage) with respect to the controlling quantities. These derivatives are evaluated 
in the quiescent point. An accurate description of a nonlinear device in terms of power series 
requires that the different derivatives that are considered 1 be accurate. These derivatives are a 
function of the controlling quantities and of the model parameters that describe the nonlinear 
device. It is clear that a poor model for a nonlinear element — either due to inaccurate model 
equations or to an inaccurate parameter extraction — can give rise to dramatic errors on the 
derivatives. This is illustrated in Figure 3.1. 

This figure shows a possible situation where the measured quantity is approximated by a 
model using a least-squares criterion. Although the error on the quantity itself might be small, 
it is clear that the derivative of the fitted curve seriously differs from the real derivative. This 
problem has been noticed by many researchers in analog design, especially with respect to the 
modelling of MOS transistors [Tsiv 88, Tsiv 93b, Enz 95, Groen 94, Tsiv 81]. 

The majority of performance parameters of an analog integrated circuit is related to the small- 
signal behavior of the circuit. Since the small-signal parameters are first-order derivatives, it is 
clear that an accurate analysis requires accurate first-order derivatives. Although many MOS 
models provide reasonable values for the drain current, they can give inaccurate values for some 
small-signal parameters. Especially the value of the output conductance is often erroneous. For 
distortion analysis this problem is even more severe: here, derivatives are required of order higher 
than one, and the deviation between a model and the real behavior tends to increase with the order 
of the derivative. 

Usually, one does not consider nonlinear effects of order higher than three or four, hence derivatives of order 
higher than four do not need to be considered. In most cases one even limits to order three. 
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Figure 3.1: Fit of a model equation with a least-squares approximation (solid line) to measuify- 
ment results ( dashed line). 



Deviations between a model and the reality due to a poor parameter extraction can be mini- 
mized if in the parameter extraction procedure not only the deviation of the current is minimized 
but also the deviation on the derivatives, as suggested in [Tsiv 88]. This of course requires that 
the derivatives can be measured. In [Groen 94] the derivatives are computed by taking differences 
of the measured current. However, it is possible to directly measure the derivatives as described 
in [Iked 72] for the first-order derivatives and in Chapter 9 for higher-order derivatives. 

Of course, efforts in the parameter extraction phase are not useful if the model itself is not 
adequate. Inaccuracies in the models can have several reasons. First, a model is always a simplifi- 
cation of the real situation. Models are kept relatively simple for several reasons: a simple model 
can be quickly evaluated in numerical circuit simulation, such that the computation times remain 
acceptable. Secondly, a simple model yields insight in the behavior of the device. Transistors, 
for example, are usually modeled in such a way that the current flows into one direction and 
that the electric fields in the transistors are one-dimensional. Due to the scaling of the devices, 
this assumption is more and more violated, and two-dimensional or three-dimensional effects be- 
come important. Also, equivalent circuits of devices are composed of lumped elements, whereas 
in reality a device is composed of distributed elements such as RC-transmission lines. An ac- 
curate simulation can only be performed by three-dimensional computer simulations. Since this 
is not efficient, much effort has been done in the world of device modeling to make acceptable 
simplifications by using empirical or semi-empirical approaches. In these approaches the two- 
or three-dimensional effects are broken down into simple, separate effects examined one at a 
time. Some simplifying assumptions are then made, which are sometimes difficult to justify, 
and relatively simple relationships are derived. The danger exists that oversimplification yields 
model equations that again describe the output quantity of the device (either a current or a volt- 
age) relatively accurate, while the inaccuracies on the derivatives are unacceptable. This danger 
is especially present in the modelling of MOS transistors, as will be discussed in Chapter 7. For- 
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tunately, only the lowest-order derivatives are required in the analyses carried out in this book 
and with some corrections on widely used models, insight can still be obtained in combination 
with a good agreement between calculations and measurements. This will also be illustrated in 
Chapters 9 and 8. 

Devices with different operating regions are sometimes modeled with different model equa- 
tions. Examples are the different model equations for the weak and strong inversion region for 
a MOS transistor that are used in many transistor models. The models are usually constructed 
in such a way that there is no “jump” in the output quantity (in this case the drain current) when 
switching from one model equation to another. Unfortunately, the derivatives often exhibit a dis- 
continuity at the transition point. This can cause problems in the computation of the DC solution 
of a circuit or in time-domain simulations, and it will also give rise to erroneous values of the 
small-signal parameters in the vicinity of the transition point. Higher-order derivatives, of course 
suffer from the same problem. This problem is not solved in this book. It is circumvented by 
assuming that the bias point of a device is far enough from the transition point and that the signal 
swings are small enough such that the device remains in the same operating region. Of course, 
this problem does not occur for devices that are described with one model equation, such as the 
bipolar transistor. For MOS transistors, recent research efforts have resulted in the modelling of 
the MOS current with one equation as well [BSIM 95, Foty 96]. 

With the power series approach the DC solution is split from the AC part. Since it has already 
been pointed out that many device models do a decent job for the computation of the DC solution 
whereas they are inaccurate for the derivatives, one can use such model for the DC solution and 
a separate model for the AC solution. This has also been suggested in [Tsiv 83, Tsiv 88]. 

This chapter is organized as follows: in Section 3.2 the basic nonlinearities are described 
in terms of power series. These basic nonlinearities are the composing elements of equivalent 
circuits of devices such as diodes and transistors. Next, the nonlinearity of integrated resistors 
and capacitors is discussed in Section 3.2.2 and 3.2.3, respectively. The basic nonlinearities can 
be used to build transistor models, as will be mentioned in Section 3.5. Nevertheless, a detailed 
discussion of the different nonlinearities in bipolar and MOS transistors is quite involved. This is 
discussed in separate chapters, namely Chapters 6 and 7. The diode is not discussed as a separate 
device: its nonlinear behavior can be extracted from Chapter 6. 

3.2 Power series description of basic nonlinearities 

In the introduction an enumeration has been given of the different nonlinear circuit elements 
that can make part of the equivalent circuit of a device. For most applications, one can do with 
a more restrictive set of circuit elements: a nonlinear resistance, a nonlinear conductance, a 
nonlinear transconductance, a nonlinear capacitance, and a nonlinear current source depending 
upon several controlling voltages, often indicated as a multidimensional transconductance 2 . They 
are depicted in Figure 3.2. These nonlinearities are denoted as the basic nonlinearities. Their 
general description in terms of power series is given below. These basic nonlinearities are the 

2 Although the term transconductance is used, one of the controlling voltages can be the voltage over the element 
itself. 
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v = f(i) 







i = f(v) 



(a) (b) 





Figure 3.2: The basic nonlinearities used for the analysis of the weakly nonlinear behavior of 
analog integrated circuits: (a) a nonlinear resistance, (b)a nonlinear conductance, (c) a nonlin ^ 
ear transconductance, (d) a multidimensional transconductance and (e) a nonlinear capacitance . 



building blocks of nonlinear models of devices such as transistors, as described in the subsequent 
sections. 

Multidimensional transconductances are seldom used in distortion calculations found in lit- 
erature on computations of distortion in analog integrated circuits. The reason is that most com- 
putations found in literature are simplified that much such that only one AC voltage that controls 
a multidimensional transconductance, differs from zero. For more complicated computations, 
however, one must allow that all controlling voltages of a multidimensional transconductance 
are different from zero. This can only be described accurately with multidimensional transcon- 
ductances. It will be seen in Sections 3.2.4 and 3.2.5 that in the power series description of 
multidimensional transconductances terms arise that are due to the simultaneous presence of two 
or three controlling voltages (in AC). These terms, in fact cross-terms, do not occur in purely 
linear circuits, and they cannot be obtained by describing a multidimensional transconductance 
as the sum of one-dimensional (trans)conductances. 

A description of nonlinear transcapacitances is omitted in this book. Their description is 
similar to the description of nonlinear capacitances. Transcapacitances are used for example in 
the high-frequency modelling of MOS transistors [Tsiv 88]. 

In the modelling of devices that occur in analog integrated circuits, the nonlinear elements 
without memory (no capacitor or inductor) are most often described as voltage-controlled ele- 
ments. Current-controlled elements occur quite seldom. An example is a nonlinear resistance 
that suffers from current crowding, such as the base resistance of a bipolar transistor. In most 
cases, however, it is possible to constmct a power series in terms of voltages for a circuit element 
that is originally described as a resistance. Conversion formulas are given in Section 3.2.2. 
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3.2.1 Nonlinear conductance and transconductance 



por a nonlinear conductance or transconductance, the current through the element, iour(t), is 
a nonlinear function fi of the controlling voltage v C 0NTR(t)- For a conductance this is the 
voltage over the element itself, whereas for a transconductance this is a voltage elsewhere in the 
circuit. This function can be expanded into a power series around the quiescent point I out = 

fl{VcONTR)- 



iour{t) = f(vcONTR{t)) = f(VcONTR + ^contr(f)) 



oo 1 

-KVcontr ) + 



d k f(v(t)) 



k = 1 



k\ dv k 



• V 



k 

contr 



(t) 



(3.1) 



V^VcONTR 



In this equation iour{t) is the total value of the current, which is the sum of the DC and the AC 
current. The voltage v contr (t) is the AC voltage that controls the conductance. The second term 
in equation (3.1) is a power series representing the AC part of the current. 

When the analysis of a circuit that contains a nonlinear conductance is limited to first-, 
second- and third-order nonlinear behavior, then the power series in equation (3.1) can be broken 
down after the third term. 

Defining the following coefficients 



9 1 = 





df(v) 



dv 



V = V C ONTR 



1 d 2 f(v) 



2! dv 2 
1 &f(v) 
3! dv 3 



v=V C ONTR 



V=VcONTR 



(3-2) 

(3.3) 

(3.4) 



in which we omitted the time dependence for simplicity, and in general 



Kngi ~ n\ 



1 d n f(v) 



dv n 



V-VcONTR 



leads to the expression of the AC current through the conductance 

Q\ ' V contr (^) “b ^conir(^) ~b ’^conir(^) “b - * ■ 



(3-5) 



(3.6) 



In this expression, g x is the small-signal (trans)conductance of the linearized element. The coef- 
ficients in the second and third term, K 2gi and K igi are respectively the second - and third-order 
nonlinearity coefficients that describe the nonlinear element. Similarly, the small-signal con- 
ductance is often referred to as the first-order coefficient. The subscript for K 2 and K$ is the 
symbol that represents the linearized element, in this case g x . This convention will be followed 
for the other basic nonlinearities as well. 
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Sometimes it is interesting to normalize the second- and third-order nonlinearity coefficients 
with respect to the first-order coefficient. In that case, 

K'2 91 =K 2g J gi (3.7) 

is the second-order normalized nonlinearity coefficient , and 

K 3 9l = K »j9i (3.8) 

is the third-order normalized nonlinearity coefficient . Normalized nonlinearity coefficients are 
interesting to consider since, according to equation (2. 1 3) and (2. 14) they are proportional to the 
harmonic distortion of the current through the nonlinear conductance as a result of a sinusoidal 
controlling voltage. 

The units of the coefficients g u K 2gi and K 3gi are A/ V, A/V 2 and A/V 3 , respectively. The 
units for the normalized nonlinearity coefficients K ^ and K r 3 are V" -1 and V~ 2 , respectively. ; 

It is important to note that the polarity of the nonlinear conductance must be taken into* 
account. For a linear conductance it is the same which of both terminals is the positive node. If 
in Figure 3.2 for a linear element node i is chosen as the positive node, then the relation between 
the current and the controlling voltage is exactly the same as if node j were the positive node. 
On the other hand, if for a nonlinear conductance node i is chosen as the positive node, then the 
current flows from node i to j, and the current is described as a function i Y of v t - v 3 . For node 
j chosen as the positive node, the current flows from node j to i and is represented by a function 
i 2 of Vj - Vi. Generally, the (nonlinear) relationship between i 2 and vj - Vi is not the same as the 
relation between ii and - v ;) . For example, consider a transconductance that is described by 
the relationship 



h = ex P (vi - Vj) (3.9) 

If the polarity is reversed, then the transconductance is described as 

i 2 = — exp {—(vj — V{)) (3.10) 

^ exp (vj — v^ (3.11) 

Developing the functions of both equations (3.10) and (3.11) into a power series, reveals that the 
terms of the odd powers are equal while the ones of the even powers are opposite. If, however, 
the function that describes the nonlinearity is an odd function, then no even powers are present 
in the power series expansion and the polarity can be reversed without altering the functional 
relationship. 

3.2.1. 1 Example: collector current of a BJT 

A simplified model of the collector current ic of a bipolar transistor is given by 

i c = / s exp(^) 

Vt 



(3.12) 
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in which J 5 , v B e and V t are the transistor saturation current, the base-emitter voltage and the 
thermal voltage, respectively. This is a nonlinear transconductance: the current which flows 
between collector and emitter is controlled by the base-emitter voltage difference. 

The first derivative of the collector current with respect to the base-emitter voltage is the tran- 
sistor transconductance g m . Hence, the nonlinearity coefficients that describe the nonlinearity of 
the collector current are denoted by K 2grn and K 3gm . Using the definitions of equations (3.2) 
through (3.4) in conjunction with equation (3.12) yields 



9 m ~v t 

. • h: 9m 

2 9m - ^2 - 2V t 

is _ lc_ _ 9m 
3g m “ 3! V t 3 ~ GV t 2 



(3.13) 

(3.14) 

(3.15) 



and in general 



T s _ 9m 

nsm ~ n ! V" ~ n\ vr l 

The normalized nonlinearity coefficients are then given by 

K' = 

n 9m n \ yn 1 

For a quiescent current of 1mA and with V t = 0.0258U, one obtains g m — 0.03&7A/V, 
K 2gTn = 0.751 A/V" 2 and K 3gm = 9.7QA/V 3 . The second- and third-order normalized non- 
linearity coefficients are found to be K' 2gm = 19.4V -1 and K f 3 (Jm = 250.6V -2 . ■ 



(3.16) 



(3.17) 



3.2.1. 2 Example: base current of a BJT 

The base current of a bipolar transistor is an example of a one-dimensional conductance. The 
first-order model of the base current is given by 



*B = 7 T-ex p(^) (3.18) 

Pf Vt 

in which f3 F , the transistor beta [Lak 94] is considered as a constant. Comparing this simple 
fltodel to the simple model of the collector current (equation (3. 1 2)) it is seen that the two currents 
differ by a constant. Hence, the shape of the two nonlinearities is identical. 

The first-order derivative of the base current with respect to the base-emitter voltage is the 
inverse of the small-signal resistance 7V, denoted as g n . In this way, the nonlinearity coefficients 
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are 



and in general 



1b 



ppVt 

K — — = 

y t 2 ~ 2V t 

_ 9m 

= 2 fi F V t 

K , = = JP- 

9 ’ 6V' ( 3 6V; 2 

$Vn 

= 6/? F V t 2 




■Tb _ (h 
n\V t n ~ n\V t n ~ l 



9m 

rijpvr 1 



(3.19) 

(3.20) 

(3.21) | 

(3.22) 5 

'V 

(3.23) j 

;5 

(3.24) 

(3.25) , 

(3.26) 



■ 

More advanced descriptions of the collector and base current of a bipolar transistor will be 
presented in Section 3.5. 



3.2.2 Nonlinear resistance 

A nonlinear resistance is a current-controlled element: the voltage over this element is a nonlinear 
function / of the current through the element. This function can again be expanded into a power 
series around the quiescent point: Vqut = /{Icontr)'- 



Vourit) — f {icONTR{t)) — f (J CONTR + Wfr(O) 

=/( w™) + £ l, (3.27) 

k=l ' i—lcONTR 

The second term in equation (3.27) is a power series representing the AC part of the voltage over 
the element. Since this voltage is the output quantity, it has the subscript “out”, whereas the 
controlling quantity is the current, which has a subscript “contr”. 

When the analysis of a circuit that contains a nonlinear resistance is limited to first-, second- 
and third-order nonlinear behavior, then the power series in equation (3.27) can be broken down 
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after the third term. Defining the following coefficients 

df{i) 



n = 



di 



i—icONTR 



^2 ri = 
K, ri = 



1 

2 ! 

1 

3 ! 



W) 

di 2 



W) 

a* 3 



^JcCWTit 



i=IcONTR 



( 3 . 28 ) 

( 3 . 29 ) 

( 3 . 30 ) 



and in general 



( 3 . 31 ) 

i=lGONTR 

leads to the expression of the AC voltage 

V 0U tM = r V i CO ntr{t) + ^2 n ** lontr (0 + #3 ri '^contr^) + ' * * ( 3 * 32 ) 

In this expression, 2 contr (t) denotes the AC value of the controlling current. For a resistance, 
this is the current over the element, while for a transresistance, this is an AC current elsewhere 
in the circuit. The coefficient of the first term in the power series above, r x , is the small-signal 
(trans)resistance of the linearized element. The coefficients in the second and third term, K 2ti 
and A' :Vi are respectively the second- and third-order nonlinearity coefficients that describe 
the nonlinear resistance. Similarly, the small-signal (trans)resistance is often referred to as the 
first-order nonlinearity coefficient. The units of the coefficients rj, K 2 and are U, Vl/A and 
f 2/A 2 , respectively. 

Sometimes it is interesting to normalize the second- and third-order nonlinearity coefficients 
with respect to the first-order coefficient. In that case, K 2n = K 2r Jri is the second-order nor- 
malized nonlinearity coefficient, and K' s g§ /\ 3ri /r x the third-order normalized nonlinearity 
coefficient . The units for the second- and third-order normalized nonlinearity coefficients are 
A' 1 and A -2 , respectively. 



_ _1_ 8*f(v) 
Knr 1 “ n! ‘ 



di n 



3.2.2.1 Conversion formulas between a voltage-controlled description and a current-controlled 
description 

Many practical circuit elements can be described both as voltage-controlled and as current- 
controlled elements. Usually, the physical origin of a nonlinearity gives rise to one of the two 
options: for example, the value of the base resistance changes with the base current due to current 
crowding. This appeals for a description of the base resistance as a current-controlled element. 
Nevertheless, in many situations, a description in terms of a controlling voltage is mathemat- 
ically correct as well, and will lead to the same results. Indeed, if, for example, a nonlinear 
conductance is described as 



i = f(v) 



( 3 . 33 ) 
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then the element can be described as well as 



V = f (*) (3.34) 

if at least the inverse function / -1 exists. In practice, one of the two descriptions (3.33) or (3.34) ’ 
is an explicit relationship derived from physical considerations. The other relationship, on the j 
other hand, cannot always be written explicitly. Nevertheless, as will be shown below, it is 
possible under certain conditions to find the derivatives even without having to determine that 
relationship explicitly. These derivatives can then be used in the power series description of the 
nonlinear element. The determination of the first-order derivative can be performed using the? 
following theorem. In this theorem we denote the derivative of a function with a prime. 

THEOREM 3.1. Let the function / be a continuous function over an interval [x, y] such that 
the function value for every element inside this interval is unique. If / can be differentiated in 
/ _1 (a) fora e [x, y] and /' (/ : (a)) / 0, then / 1 can be differentiated in a and — I 

(r ‘ ),(o, -7( FW) (333 » 



This theorem establishes a relationship between the derivative of the inverse function and th^j 
derivative of the function itself. This theorem will be useful for the derivation of the power series 
coefficients of the inverse function. 

If the conditions stated in Theorem 3.1 are not only fulfilled for / but also for /' and /" 
which is the second derivative, then one can easily find 






(3. 



(rT(o) = 



i 



-fir 1 (a)) +3 



f if~ i { a )) 



(3 



'A 

.37] 



(/'(/“ Ma ))) 4 

These expressions can now be used to compute the nonlinearity coefficients of a voltage-; 
controlled description from the nonlinearity coefficients of a current-controlled description. As-; 
sume that a current-controlled description is given by 



V = r ac ■ i + K 2rr _ ■ i 2 + K 3r „ ■ i 3 + . . . 



3r ac 



while the equivalent voltage-controlled description is given by 

i — 9ac * v + g ac • ^ + ^ 3 g ac * « 3 + - * . 

then, using Theorem 3.1 and equations (3.36) and (3.37), one obtains 

1 

9ac — 






r ac 

K, 






^ „4 1 K’^rac + ^ 






(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 
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and, conversely, 



r* n.r — 



Qac 



I<2r 
^ 3 r a c. 



K 2 



Qac 



K, r _ = 




-K^_ + 2 



fa J‘ 



Qac 



9a 



(3.43) 

(3.44) 

(3.45) 



These conversion formulas will be used for example in Chapter 6 for computations which involve 
the nonlinearity of the base resistance. 



3.2.2.2 Difference between DC and AC resistance 

For a nonlinear resistance it is interesting to note that the DC value is different from the AC 
value. This is illustrated for a nonlinear resistor in Figure 3.3, which shows the voltage over a 
nonlinear resistor as a function of the current through the resistor. The DC and the AC resistance 




Figure 3.3: Voltage as a function of current for a nonlinear resistor. The DC and AC resistances 
are given by the indicated slopes. 

indicated on the figure as well. The DC resistance is the ratio of the voltage over the resistor 
ed the current that flows through the element. When this voltage is evaluated as a function 
°f current, then the slope — or derivative — of this curve is the AC resistance. The second- 
ed third-order derivatives of this curve are equal to 2\K 2rAC and 3\I <^ rAC , respectively. It is 
lr nportant to note that for a linear resistor there is no difference between the AC and DC value. 
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Indeed, for a linear resistor, the curve that represents the voltage as a function of current is a 
straight line. Hence, the ratio of the voltage and the current is the same as the slope of this curve. 

In a similar way as for resistances, a difference can be made between the DC value and the 
AC value of a nonlinear conductance. 



3.2.3 Nonlinear capacitance 



Capacitors in analog integrated circuits can be parasitic or they can be wanted components. In th^ 
first case, they occur for example in the equivalent circuit of a transistor. Integrated capacitors^ 
on the other hand, are wanted components. Both kinds exhibit nonlinear behavior. ’ 

For a nonlinear capacitor the charge is considered as the controlled quantity, and the voltag<j 
over the capacitor is the controlling quantity. The nonlinear relationship between the charge! 
qour and the voltage vcontr over the capacitor is given by 



Qourit) = f(vcoNTn{t)) — f [Vcontr + v contr {t)) 



oo ! 

= / {Vcontr) + ^ 77 



d k f(v{t)) 



k = 1 



A;! dv k 



vk cont r(t) 



v— V contr 



(3.46} 



The power series in equation (3.46) represents the AC part of the charge upon the capacitor. 
Defining the first, second- and third-order nonlinearity coefficients as 



Ci 





df(v) 



dv 



1 

2 ! 

1 

3! 



u = Vcontr 

d 2 f(v) 



dv 2 

&Hv) 

dv 3 



V=VcONTR 



v— V contr 



(3.47) 

(3.48) 

(3.49) 



the AC part of the capacitor charge is written as 



q 0 ut = c v v contr {t) + k 2 Ci - v 2 contr (t) + k 3C] -vl onlr (<) + . . . 



(3.50) 



The first-order coefficient C\ represents the small-signal value of the linearized element. The 
units for C\, K 2Ci and K^ Ci are respectively F, F/V and F/V 2 . 

Sometimes it is interesting to normalize the second- and third-order nonlinearity coefficients 
with respect to the first-order coefficient. In that case, K' 2 = F 2Ci fC\ is the second-order nor 

malized nonlinearity coefficient , and K$ c = K$ c JC\ the third-order normalized coefficient 
of the nonlinear capacitor. The units for the second- and third-order normalized nonlinearit)| 
coefficients are V~ l and V~ 2 , respectively. I 

The AC current i ou t(t) through a capacitor is found by taking the time-derivative of the AC; 
charge upon the capacitor: ] 

iout(t) = J t (c v v C 0 nlr {t) + K 2Ci + K, Ci -vl ntr {t) + . . .) (3.51); 
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3.2.3.1 Example: diffusion capacitance 

As an example, consider the simplified model of the diffusion capacitance between the base and 
emitter of a bipolar transistor. The nonlinear relationship between the capacitor charge Q D and 
the voltage v B e over the element is given by [Getr 76, Anto 88 , Lak 94]: 



Qd — t f %c — r F I s exp( 



VBE} 

Vt } 



(3.52) 



in which r F is the transit time, i c is the collector current, I s is the saturation current of the 
transistor and V t is the thermal voltage. Noting the first derivative of the charge with respect to 
the controlling voltage as C D , one obtains the following nonlinearity coefficients: 



C D = 



K n „ - 



T F IC 

Vt 

r F Ic 



r F (Jm 

r F g m 



nc » n\V t n n\V t 



Tl—l 



(3.53) 

(3.54) 



For a collector current of lm.4 and a forward transit time of 50ps, the following values are 
obtained at T=300K: C„ = IMpF, K 2Cd = 37.6pF/V and K 3Cd = 485 pF/V 2 . I 



3.2.4 Two-dimensional transconductance 

A two-dimensional transconductance is an element the current of which is controlled by two 
different voltages. In other words, the current iouT{t ) i s a function / of two voltages ucontr 
and vcontr , which can be expressed in terms of AC values using a two-dimensional power series 
expansion around the quiescent point I 0 ut = /( Ucontr , Vcontr)- 



i'OUT (f ) =f(uCONTR{t), v CONTh{t)) — f {UcONTR t~ U con tr{t) i VcONTR + V C ontr{t)) 
—f {Ucontr, Vcontr) + 



OO 771 



EE 

771— 1 71 — 0 



a m /(w, v) 
<9u n <9^ m_n 



U — U CONTR 
v = Vcontr 



u 



n 
contr 



■(*) 



n\ 



O) 

(m — n ) ! 



(3.55) 



The AC part of the current corresponds to the second term of equation (3.55), which is a two- 
dimensional power series. This series can be split into three series i 2 and 23 , each correspond- 
ing to a part of the total AC current. The first two series, i x and % 2 contain powers of one single 
voltage and so they are similar to the series described in Section 3.2.1: 



(3.56) 



and 



^2 — Ql' Vcontr 4“ ^ 2 g 2 contr T AT; 



3p 2 ’ ^ contr 



+ 



(3.57) 
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The time dependence of u contr and v contr has been omitted for simplicity. The third series, i 3 , 
contains nothing but cross-terms, which are terms that contain a nonzero power of both u contr 
and v contr . 

^3 = K 2 51&52 * Ucontr ■ Ucontr + ^h 9l hg 2 ' U contr * v contr + K 3g ^ 2g ^ * U contr • V 2 contr + . . . 

(3.58) 

The meaning of the subscripts in the nonlinearity coefficients defined above is as follows. Sup-| 
pose that the first-order derivative of the total current with respect to u and v are respectively gi 
and g 2 . Then a coefficient like ^rnj gi&l ^ m _^ g2 with m and j positive integers and m > j means ■ 

d m f(u,v) 1 1 

m j9Mm-j)92 dvjdv m -i j\ {m - j)\ V ; 

If j or (m — j) are equal to one, then they are usually omitted as a subscript, like in K 2g ^ g ^ 
Note that the derivatives are evaluated for u = Ucontr an d v = Vcontr- Just as with the above 
basic nonlinearities, one can again consider normalized nonlinearity coefficients by taking the 
appropriate ratios. 



3.2.4. 1 Example: two-dimensional collector current 

In order to clarify the above definitions, consider the simple equation for the collector current of 
a bipolar transistor including the Early effect: 




in which Vaf denotes the Early voltage for the forward active mode of operation and vqe is the 
collector-emitter voltage. Clearly, the collector current is a function of two controlling voltages. 
The first derivatives with respect to the controlling voltages vbe and vce ar ^ the transconduc- 
tance g m and the output conductance g 0 , respectively. Using these symbols, the AC value of the 
collector current can be written as the sum of a series containing powers of v be only, a series 
depending only on v ce and a series with nothing but cross-terms: 

ic —9m-Ube + K 2 g m -vl e 4 * K 3gm *vl e + . . . + Qo'Vce + 9o ' V ce + ^ 3 g 0 ’ V l e 

+ K ^yo ■ V <* ■ V <* + Khtmbg. ■ < ■ Vce + K 3gM -V be -V 2 ce + . . . (3.61) 

in which the time dependence has been omitted for clarity. The meaning of the coefficients in 
this power series is as discussed above and in Section 3.2.1. The definition of the coefficients is 
repeated for clarity in Table 3.1. 

The nonlinearity coefficients K 2gm and K 3gm have already been discussed earlier in the ex- 
ample of the one-dimensional collector current (see Section 3.2.1). The coefficient g Q is the 
output conductance and is given by I c /Vaf • The coefficients K 2go and K 3go are zero: since the 
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9m 


di c 

OvbE 


K 3 flo 


1 d 3 i c 

6 dv% E 


K2 !Jm 


1 d 2 i c 


k 2 s 

fjm&Qo 


d' 2 i c 


2 dv 2 BE 


d'O b E dvc E 




1 d 3 i c 


Ko 


1 dH c 


6 dv BE 


2 dv 2 BE dv C E 


9o 


die 


*9m<k2g 0 


1 d 3 i c 


dv C E 


2 dv T1E dv 2 CE 


^ ho 


1 d 2 i c 

2 dv% E 







Table 3.1: Definition of the nonlinearity coefficients of the collector current of a bipolar transis- 
tor 



simple model for the collector current assumes a linear dependence on the collector-emitter volt- 
age difference, the higher-order derivatives of ic with respect to vce are zero. The coefficients 
of the cross-terms in equation (3.61) are given by 



— - J,n 
2 <Jm&9o y AF 

K = 

hg m k 9o 2 V t V AF 

(Jo ^ 



(3.62) 

(3.63) 

(3.64) 



For an Early voltage Vaf of 50V and a collector current of 1mA, one finds g 0 = 2x10 5 A/V, 
= r.75x 10 -M/V 2 and = 0.015A/V 3 . 

A more advanced model of the collector current than the one from equation (3.60) will be 
discussed in Chapter 6. ■ 



3.2.5 Three-dimensional transconductance 

A three-dimensional transconductance is a current source that is controlled by three voltages. In 
other words, the current is a function / of three voltages u(t), v(t) and w(t). Using a power 
Se ries expansion around the quiescent value, the total value of the current can be split into a 
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quiescent part I out — f ( Ucontr , Vcontri Wcontr) and an AC part. This AC part is given by 



iourit) = f{ucONTR(t)z v CONTR(t),WcONTR{t)) 

= f {Ucontr + u C ontr{t), Vcontr + v CO ntr(t ), Wcontr + w contr (t)) 
= / Vcojvtt?, VTccwttO + 

d*7(^ v, w) U l contr (t) V J coniT {t) U) k ~nfr 3 (*) 
“““ du'dvidwk-'-i i\ j\ (k — i — j)\ 

k—l i=0 j-Q L v J ’ 




In this series the derivatives are evaluated for u = Ucontr , v = Vcovr# and w = 

The AC current can be split into distinct parts: first, there are three power series that only contaii 
powers of one single voltage. These series correspond to a one-dimensional nonlinear conduct 
tance as discussed in Section 3.2.1. Next, there are three power series containing only cross-terms 
in exactly two voltages, similar to the two-dimensional series described in Section 3.2.4. Finally 
there is a power series that only contains cross-terms in three voltages at the same time. Whet 
only nonlinear effects up to the third order are considered, then from this last series only the firsi 
term of this series is taken into account. This series implies the introduction of the following 
nonlinearity coefficients : 



K m 



'jgi^kg2&£{m-j-k)gs 



d m f(u,v,w) 11 1 

duWv k dw m ~^~ k j\ k\ (m — j — k)\ 




When the positive integers j, k or (m ~ j - k) are equal to one, then they are omitted in thi 
notation, like in K-i „ „ . 



3.2.5.1 Example: drain current of a MOS transistor 

The meaning of the newly defined coefficients is illustrated with a simple model for the drain 
current of an n-MOS transistor in saturation. Taking into account bulk effect and Early effect j 
the drain current is given by 

1 d — ~ {vgs — Vt) 2 (1 + A vds) (3.67) 

with 

Vt = Vto + 7 (^y/ v sB + <j> — y/^j (3.68) 

and j 

W ! 

P = K P — (3.69)] 

L i 

1 

The parameters A, 7 and (f) are the channel-length modulation factor, the body-effect coefficient! 
and the surface inversion potential, respectively. These parameters will be discussed further inj 
Chapter 7. 



1 
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The first derivatives of the current with respect to the controlling voltages v GS , v SB and v DS 
are the small-signal parameters g my gm b and g Q . The symbols of these parameters will serve as 
the subscript of the different nonlinearity coefficients of order two and three. Using the notations 
introduced in equations (3.5), (3.59) and (3.66), the AC value of the drain current is given by 

id = 9m-Vgs + K 2gm -v 2 gs + K 3gm -v^ + . ■ ■ 

+ K 2 9o ^ds + K ho ' v ls + ■ ■ • 

~ gmb ‘ v sb — g mb * V sb ~~ g mb ‘ v sb • 

+ K h^ v >‘- v * + K ^»^<' v ‘ b + K3 ».^- v »< + ' ‘ ' (3 ‘ 70) 

+ K 2 Sm itg 0 ' V 9*' V d* + K 32 gmkgo -V^-Vd, + K- igmh2go -V gs -Vl + ... 

+ K2 U,n^ 9 o' Vsb ' Vds + K3 2g mb kg 0 ' V sb' V ds + gmbk2 g 0 ‘ V >b' V ds + ' ' ‘ 

+ K hj m !k gmb Ugo + ■■■ 

In this equation, the first three lines correspond to series that describe the dependence of the AC 
drain current on one single AC voltage. The following three lines represent the variation of the 
current when two voltages change at the same time. Hereby we make use of the nonlinearity 
coefficients that have been defined to describe two-dimensional conductances. The last line in 
equation (3.70) describes the variation of the current with the three controlling voltages at the 
same time. 

It is seen that the terms that depend on v sb only, are preceded by a minus sign. The reason is 
that the bulk transconductance g mb is usually represented as a controlled source flowing from the 
source to the drain, which is opposite to the direction of the source g m v gs . This yields a positive 
value for g mb . Hence, g mb is the first-order derivative times -1. For consistency, the coefficients 
K 2gmb and K Zgmb are adjusted in the same way. 

Equation (3™70) reveals that a description of the second- and third-order nonlinearity of the 
three-dimensional drain current in general requires sixteen second- and third-order coefficients. 
However, for the simple drain current model of equation (3,67) the coefficients that are computed 
by deriving twice with respect to v D s are zero because the current is linearly dependent on v DS . 
Also, coefficients obtained by deriving three times with respect to v GS are zero because of the 
quadratic dependency of the drain current on v G s- 

Table 3.2 lists the expressions for the coefficients that describe the nonlinearity of the drain 
current according to equation (3.70). The expressions have been derived using the simple square- 
law model of equation (3.67). The table also includes numerical values for an n-MOS transistor. 
The parameters of this transistor are: W = 10 iim, L = 3/rm, V G s = 1-45U, Vos — 2V, 
v sb = 1.5V, V TO = 0.9V, 7 = 0.3V ly/2 , (f) = 0.7V, A = 0.019V- 1 , KP = 5x10 ~ 5 A/V 2 . 
With these parameters, an effective threshold voltage of 1.09V and a drain current of 10.96/M 
found. 



I 
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Table 3.2: The first-, second- and third-order coefficients for 
the description of the nonlinear drain (AC) current, using the 
model of equation (3.67). 



9 m 


0 (1 + A V ds )(Vgs ~ Vt) 


6.16x1 0- & A/V 




f (1 + A V DS ) 


8.65xlO- s A/V 2 




0 


0.0 A/V 3 


9 mb 


0 ( 1 + ^ Vd5)(^gs _ Vr) 7 


6.23xl0 -6 A/V 


2(0 + Vsb)^^ 


^ 2 <Jrnh 


0 7 (1 + A Vds) (V05 - Vro + 7\/0) 


-1.59xlO-®A/V 2 


8(0 + VW ) 3/2 




07 (1 + A Vds:) (V05 — Vto + 7\/0) 


3.16x10 - 7 a/v 3 


16 (<t> + V SB ) 5/2 


9o 


+ (V GS - v r ) 2 


2.01xl0 -7 A/V 
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0.0 A/1 / 2 




0 


0.0 A/V " 3 




0 (1 + A V/xs) 7 
2 V 0 + Ks b 


-1.74xlO“ 5 A/y 2 


k 2 . 


0 A (V05 — Vt) 


1.13x10-® A/V 2 


K'2 . 

OmlMOo 


0 A 7 (Vg's — Vt) 

2 \/ 0 + V^fi 


-1.14xlO- 7 A/y 2 
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0.0 A/V 3 


^ S g m &2g mb 


07(1 + A VV) 
8 (^ + Xs-b ) 3/2 
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For transistor models that are more advanced, the analytic expressions for the different deriva- 
tives of the drain current are very complicated. The expressions listed above can seriously differ 
from the more exact values. This will be discussed in Chapter 7. ■ 



3.2.6 Tracking nonlinearities 

In Section 3.2.1 we saw that the first-order expressions of the collector current and the base 
current of a bipolar transistor as given in equation (3.12) and (3.18), only differ by a constant 
factor. In general, if a nonlinear conductance or transconductance is described by the equation 

i0UT\ ~ g{VCONTRl) (3-71) 



and a second conductance is described by 



i'OUT2 — ^{vcONTm) 



(3.72) 



in which a is a constant, then it is said that the two nonlinearities ’’track”. The reason for this 
nomenclature can be explained as follows. If for both non linearities the current through the el- 
ement is plotted versus the controlling voltage on a logarithmic scale, then the two curves are 
identical, apart from a translation, as shown in Figure 3.4. For the determination of the nonlin- 
earity coefficients, the relationship (3.71) is developed into a power series around its quiescent 
point, after which the AC part can be identified with 

‘loutl Q\^contrl F ^-2g^ ^contrl ~F contri ■ (3.73) 



in which, according to the above definitions, 

9i = 



di 



OUT 1 



dVcONTRl 

1 d 2 i ( 



^ 2 <n o dv 2 

Lt LLU r 



OUTl 



= - 



CONTR 1 

1 d z i< 



I OUT 1 



6 dv z C0NTRl 



^°ing the same for the relationship equation (3.72), we obtain 



i out2 — 92 ' V C ontr2 -^2p 2 " ^ contr 2 "F -^Sg 2 ^ contr2 






(3.74) 

(3.75) 

(3.76) 



(3.77) 
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Figure \4: The input-output relationship of two nonlinearities that track. 
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If the quiescent value of the controlling voltage is identical for both non linearities, then it is cles 
from Figure 3.4, that the derivatives that determine the above nonlinearity coefficients only diffe 
by a factor a, which yields 



described by equation (3.71) we find 
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and 
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For the nonlinear conductanc j 
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If for the second nonlinearity, described by equation (3.72), the quiescent value of the controlling 
voltage is the same as for the first nonlinearity, then we find for the normalized nonlinearity 

coefficients 



K 



92 

92 



= IC 



2 9i 



= KL 



5 9 1 



(3.86) 

(3.87) 



Here we come to the important conclusion that tracking nonlinearities with identical quiescent 
conditions have the same normalized nonlinearity coefficients, or, in other words, they produce 
the same distortion. 

The first-order expressions of the base and the collector current of a bipolar transistor were 
the first example we saw of tracking nonlinearities. Tracking nonlinearities will occur later in 
this book as well. The concept of tracking nonlinearities can, of course, be generalized to other 
basic nonlinearities as well. 



3.3 Integrated resistors 

In bipolar processes and analog CMOS processes integrated resistors of acceptable quality can 
be realized in different ways. For each of the possible implementations, foundries specify a sheet 
resistance, the absolute accuracy, a temperature coefficient, a breakdown voltage and a voltage 
coefficient. The voltage coefficient indicates how much the value of the resistance varies when 
the voltage over the resistor changes. This variation is normalized to the nominal value of the 
resistor. In this way, the voltage coefficient is expressed in percent per Volt. 

With the specification of a voltage coefficient no distinction is made between the DC and AC 
value of a resistance. In Section 3. 2. 2. 2 it has been pointed out that there is a difference between 
the AC and DC value when the resistor is nonlinear. The voltage coefficients that are computed 
in this book address the change of the AC resistance and not the DC resistance, whereas voltage 
coefficients of integrated resistors as they are specified by a foundry, usually address the DC 
value. Moreover, the specification of the nonlinearity of a resistor by means of a voltage coeffi- 
cient is incomplete. Only one value of the voltage coefficient is specified at a fixed DC voltage 
over the resistor. 

Voltage coefficients for resistors range from 0.5%/V" for diffused resistors fabricated with 
the emitter diffusion (bipolar process) or with the source and drain diffusion (CMOS process), to 
0*02%/V for poly silicon resistors [Lak 94]. 

Resistors that are isolated from their substrate by means of a depletion layer have a significant 
voltage coefficient. In the next section, this voltage coefficient will be estimated in terms of the 
geometry of the resistor and of the process parameters. Also, the voltage coefficient at bias 
voltages different from zero will be evaluated and the third-order nonlinearity coefficient will be 
imputed. 

A voltage coefficient could as well be defined for AC values of an element. For a voltage- 
controlled element, such as a nonlinear conductance, this voltage coefficient indicates the relative 
Va nation of the AC conductance with the applied voltage. Since the AC conductance is nothing 
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else but the first derivative of the voltage-current relationship that describes the conductanj 
the variation of the AC conductance corresponds to the second derivative of the voltage-currl 
relationship. If this variation is normalized with respect to the AC conductance, then it is ch 
that the voltage coefficient of an AC conductance g ac is equal to two times the second-or<j 
normalized nonlinearity coefficient K' 2 J2. The factor two arises from the fact that K 2g J 
only half of the second-order derivative. 



3.3.1 Nonlinearity coefficients of an implanted or diffused resistor 

In this section we will compute the nonlinearity coefficients of an implanted or diffused resisf 
First, we will derive a relationship between the applied voltage over the resistor and the cx 
through the resistor. We will assume that the voltage is the controlling quantity and the curre 
the controlled one. Hence, we will represent the element as a conductance instead of a resists 
Figure 3.5 depicts an implanted or diffused resistor consisting of n-type material with a 
form doping concentration N res . The applied voltage over the resistor is denoted as v C ontr , 



VCONTR 




Figure 3.5: A diffused or implanted resistor. 



the current through the element is written as lour- 

The resistor is embedded in uniform p-type material with a concentration N p . The ver 
distance between the surface and the junction is denoted as D. The horizontal width of 
resistance, from junction to junction is W. When a voltage vqontr is applied over the resistc 
current will flow through the resistor. It is assumed that this flow is only in the ^-direction. ' 
length of the resistor is L. 

The effective depth and width of the resistor are reduced by the extension of the deplet 
layer inside the resistor. Since the width of a depletion layer depends on the voltage over 
pn-j unction, the size of the resistor, and hence its value, is voltage-dependent. In the subsequ| 
calculations, the nonlinearity caused by this effect will be computed. 
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In the calculations below, the effective depth and width will be denoted by d and w, respec- 
tively. These are given by 

d = D — x d (3.88) 

w = W - 2x d (3.89) 



in which Xd denoted the extension of the depletion layer inside the n-type material. For an abrupt 
junction, this is given by [Sze 85] 

x d = As/Vj + v (3.90) 

Here Vj is the junction potential and v is the voltage on an x— position between 0 and L, referred 
to the voltage on the place x = L. The factor A is given by 



A = 




N p 

N p -f N res 



(3.91) 



The junction potential Vj depends on the doping of the resistor N res and of the surrounding 
p-type material, N p : 



kT N N 

V r i iy res iy p 

, = — In — ^ 



Q 



n% 



(3.92) 



It is assumed that the current in the resistor is totally determined by the majority carriers, in 
this case the electrons that drift due to the applied voltage. No recombination of generation of 
electron-hole pairs is considered. The current density of electrons that flow into the x— direction 
is then given by [Sze 85] 



• / x dv{x) 

Jn{x) = ~q{i n n ■ 



1 

Pn 



dv(x) 

dx 



(3.93) 



in which n indicates the electron concentration per volume unit and fi n is the mobility of elec- 
trons; p n is the bulk resistivity. 

The total current as a function of x is found to be 



iourix) — 




dv(x) 

dx 



According to the 



above assumptions, the integrand is constant, such that 



(3.94) 



or 



iourix) — 'W-d' 

Pn 



dv(x) 

dx 



(3.95) 



iouT(z) dx = ■ w * d' dv(x) 

Pn 



(3.96) 
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Since recombination and generation of electron-hole pairs are neglected, the current can be _ 
sidered as being constant between x = 0 and x = L. Also, the bulk resistivity is assumed to L 
constant in the x-direction. Integrating both sides of equation (3.95) from x = 0 to x = L, a| 
using equations (3.88) and (3.89) then yields 



%OUT — 



1 



CVCONTR 



(W - ‘lAy/Vj + u) (D - ApVj + v) dv (3.<| 



pL Jo 

After some algebra one obtains 

iovr [WD ■ VCONTR - \A (2 D + W) (w + vcontf) 3 ' 2 - V f 2 ) 

+ 2 A 2 Vj ■ vcontr + A 2 v 2 C oxtr] 

Equation (3.98) is an admittance description of the nonlinear resistor, expressing the cur 
through the device as a function of the voltage over the device. This relationship is nonlinear.! 
however, the extension of the depletion layer inside the resistor is neglected, which correspoif 
to setting A = 0, then the resistor becomes linear, as can be seen from the admittance descripti^ 



iour — 



WD 

~pL 



* VcONTR 



For the determination of the nonlinearity coefficients equation (3.98) is developed intc 
power series around the quiescent point {lour, Vcontr)- This yields 



iouT —I out + ^ 
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The AC part of this series can be identified with the power series expansion of the AC ci 
through a nonlinear conductance (see Section 3.2.1); 



which yields 
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33.I.I Example 

As an example, the nonlinearity coefficients as derived above are evaluated for an implanted 
resistor of 20 kQ, which is realized with a phosphor or arsenic implantation in ap-type material. 
The depth D of the (n-type) implanted region is 4.5 pm. The impurity concentration N n of 
the implanted region is l.lxl0 16 cm -3 , whereas the concentration N p of the underlying p-type 
material is 8.1xl0 14 cm -3 . The bulk resistivity p of the implanted region is 0.4£1 cm. The width 
W of the region is 10pm. The junction potential (see equation (3.92)) is found to be 0.6371C 
The factor A of equation (3.91) is equal to 9.08xl0 _8 m/V r1 / 2 . 

If the extension of the depletion layer inside the n-type material is neglected, then the resis- 
tance is given by pL/(WD) (see the first term in the right-hand side of equation (3.98)). If this 
value is set equal to the required 20 kQ, then L is found to be 225pm. We will now see what the 
influence of the extension of the depletion layer is, not only on the value of the resistor, but also 
on the nonlinearity coefficients. 

Figure 3.6 shows the conductance of the resistor as a function of the voltage v C ontr over 
the element. If the depletion layer would not extend at all into the implanted region, then the 
conductance would be 5x10 ~ 5 A/V. Due to this extension, the conductance is smaller as seen 
from Figure 3.6. Also, it is seen that the conductance decreases as v C ontr increases. This is due 
to the increase of the extension of the depletion layer into the implanted region. 




Figure 3.6 : Variation of the conductance of an implanted resistor as a function of the voltage 
over the resistor. 



In order to have an idea about the nonlinearity of the integrated resistor, the normalized 
nonlinearity coefficients of order two and three have been computed as a function of the input 
voltage as shown in Figure 3.7. 

The voltage coefficient that expresses the nonlinearity of the AC conductance is found by 
Multiplying K l 2gi with two. In this way, we find from Figure 3.7 that the voltage coefficient of 
resistor varies between 2.4% and 0.8%. 




Further it is seen that both the second- and third-order nonlinearity coefficients becomesj 
smaller in absolute value as v C ontr increases. This means that the resistor becomes more lineal 
as the voltage over the element increases. ■! 



3.4 Integrated capacitors 



The capacitors encountered in integrated circuits can roughly be divided in two types: oxide 
capacitors and junction capacitors. Oxide capacitors are consist of two conducting layers with! 
an oxide in between. Examples are capacitors between a metal layer and a polysilicon layer,} 
and capacitors between two different polysilicon layers. Junction capacitors, on the other hand,| 
fall apart in two parts: the capacitor of the depletion layer around the junction, and the diffusion] 
capacitor. The latter is only important when the junction is forwardly biased. In this section we| 
concentrate on the nonlinearity of junction capacitors. | 

The junction capacitance per unit area is simply given by j 



C,= 



£Si 



J'dp "t" dn 



(3.105)! 



in which x dp and x dn are the extension of the depletion layer into the p-type material and into thej 
n-type material, respectively. For an abrupt junction, x,i n is given by equation (3.90), which i$- 
reformulated as -i 



%dn 




{Vj + vr) 




N P 

N p + N n 



■ s 

(3.106); 

) 






■'■i 

in which v R is the reverse voltage over the junction, Vj the junction potential given by equa*; 
tion (3.92) and N n and N p are the impurity concentrations in the n-type material and the p-typej 
material, respectively. The expression for x dp is obtained by interchanging the role of p and n iflj 
equation (3.106). ! 
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Very often, the values N p and N n differ largely. If, for example, N p > N n , then x dn » x dp , 
and the junction capacitance per unit area can be approximated by 



C 3 



qNnSSi 
Vj + v R 



Cj 0 




in which Cjo is the junction capacitor at zero bias: 

r, _ Q£SiN n 

” = ~w, 



(3.107) 



(3.108) 



In many practical implementations a junction is not abrupt. In those situations, the junction 
capacitance per area unit is given by 




C j0 




(3.109) 



The exponent m 3 is referred to as the junction grading coefficient. For an abrupt junction, m 3 = 
0.5 as explained above, and for a linear junction rrij = 0.33 [Sze 85, Lak 94]. 

It is seen in equation (3.109) that C 3 goes to infinity for v R - -V 3 . This does not occur 
in practice. In [Poon 69] it is shown that expression (3.107) is no longer valid at forward bias 
voltages around the junction potential. Nevertheless, the value of a junction capacitance at con- 
siderable forward bias voltages (say larger than V ; -/2) is not important, since under forward bias 
the junction capacitance is much smaller than the diffusion capacitance of the junction. As a 
result, distortion caused by junction capacitors under forward bias conditions is neglected com- 
pared to distortion caused by diffusion capacitors. 

In Figure 3.8 the variation of the junction capacitor is shown as a function of the reverse 
voltage v R over the junction for C 3 q being 30 fF, m 3 = 0.33 and V 3 = 0.7V. The scale of the 
vertical axis is logarithmic. An interesting observation from Figure 3.8 is that at large reverse 
bias voltages the junction capacitance not only decreases, but it also changes less with the applied 
reverse voltage. Hence it becomes more linear at large reverse bias values. 

For distortion computations it is interesting to derive the nonlinearity coefficients that de- 
scribe a junction capacitance. To this purpose, equation (3.109) is expanded into a power series 
around the quiescent point. This yields 



Ci = 



dQ_ 

dv R 



= C J (V R ) + 



dC, 
dv R 



■v, 



1 

+ 2 



dv\ V * + 



(3.110) 



ln which Q is the charge associated with the depletion layer, V R is the quiescent value of the 
reverse voltage v R and v r is the incremental value of the reverse voltage. The derivatives in 
Ration (3.1 10) are evaluated at Vr. 
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Figure 3.8: Variation of the junction capacitance as a function of the reverse voltage. 



The AC current through the capacitor Cj is 



lout 



dQ dQ dvji dv r _ ^ dv r 
dt dvR dv r dt 3 dt 

Substitution of equation (3.1 10) into equation (3.1 1 1) yields 
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(3.112 



This is identified with 



lout - Cj{V R ) dt + K 2c . dt («r) + K 3 C , dt ( w r) + • ■ • 



(3.113 



which yields 
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Using equation (3.109) one finds 
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or, 



for the normalized nonlinearity coefficients 




nij ( nrij 4 - 1 ) 



*7 



(3.118) 



(3.119) 



It is seen that the normalized nonlinearity coefficients decrease when the reverse voltage in- 
creases. This is in correspondence with the observation made from Figure 3.8: a junction capac- 
itor becomes more linear as the reverse voltage increases. 

As an example, consider a base-collector junction with a junction potential Vj of 0.7V and 
a grading coefficient m 3 of 0.33. Then one obtains K 2c = -0.23V -1 and K l c = 0.15V -2 

for a reverse voltage of 0V. For a reverse voltage of IV one obtains K 2c = -0.09V -1 and 

K' z = 0.025V -2 . 

Compared to other integrated capacitors, a junction capacitor is quite nonlinear. This is due 
to the change of the width of the depletion layer with the applied voltage over the junction. For 
example, the voltage coefficient of an integrated poly-substrate capacitor is 0.05%/ V, and for a 
poly -poly capacitor 0.005%/V [Lak 94]. 

3.5 Weakly nonlinear transistor models: introduction 

The different basic nonlinearities described in the previous sections can now be tailored together 
to construct nonlinear equivalent circuits for transistors. These are straightforward extensions 
of the linear equivalent circuits [Gray 93, Lak 94]. Before discussing silicon bipolar and MOS 
models in depth in Chapters 6 and 7, a few preliminary concepts are discussed here. 

Much like many transistor models that are used in SPICE-1 ike circuit simulators, the transistor 
models that will be used in this book contain some simplifications. In this way, some insight can 
be obtained in the nonlinear phenomena that are the major sources of distortion caused by a 
transistor. More accurate models are sometimes too complicated to provide such insights and 
require iteration or finite-element analysis for their evaluation. A considerable simplification 
both for bipolar and MOS models is achieved by considering the current flow in a transistor as 
one-dimensional. Explicit two-dimensional effects are then modeled as extensions to those one- 
dimensional models. Also, distributed elements are lumped into just a few circuit elements. An 
example is the base resistance of a bipolar transistor which is shown in Figure 3.9. 

It is seen that the base resistance is distributed over the width of the base-emitter junction. 
Such distributed representation is not practical to handle in circuit design. Instead, a lumped 
^presentation is used. 

Apart from the simplifications as the ones mentioned above, some further simplifications are 
Performed in practical device models, still in order to end up with tractable analytic expressions. 
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Figure 3.9: The intrinsic base resistance and the base-emitter junction of a bipolar transistoM 
consist of distributed elements (left). In bipolar transistor models for circuit design these elm 
ements are lumped into only two circuit elements (right). The extrinsic base resistance (nam 
shown) is put in series with R B i- 



For the analysis of a linearized circuit first-order derivatives of the model equations are require* 
and — as pointed out in this chapter — for distortion computations higher-order derivative? 
are required. For example, the transconductance g rn of a MOS transistor is obtained by takin| 
the derivative of the model equation for the drain current with respect to v G s- The second-j 
and third-order nonlinearity coefficients K 2gTn and K :igm are — according to the results frori 
Section 3.2.1 — obtained by taking the second- and third-order derivative of the drain current^ 
However, some effects which do not seem to be important for the computation of the current oj 
g m could become important when the higher-order derivatives are considered. Hence, one should 
be careful not to oversimplify the models and to introduce fit factors too rigorously. However, ad 
accurate computation of derivatives of order five or higher is not achievable due to the inevitable 
simplifications that have been made to obtain analytic model equations. 

Existing circuit simulators provide values for the transistor current and its first derivatives^ 
which are the small-signal parameters, but the higher-order derivatives — which are proportional 
to the nonlinearity coefficients — are not computed. In order to obtain a value for the nonlin- 
earity coefficients, two approaches can be followed. First, the derivatives can be computed by 
numerical differentiation [Num 92]. This approach can lead to inaccuracies, since numerical dif- 
ferentiation is a process that can lead to numerical instabilities. Furthermore, this approach doej 
not yield enough insight: apart from the numerical values, it is not known which physical effects 
determine the nonlinearity coefficient under consideration. 

In order to avoid the disadvantages of numerical differentiation, an alternative approach has 
been developed. In this approach, analytical expressions for the derivatives are determined by 
computing symbolically the derivatives of the model equations with respect to the different con^ 
trolling voltages or currents. This process can be speeded up by making use of symbolic algebr^ 
programs such as MAPLE [Map 91], MACSYMA [Macs 87] or MATHEMATICA [Wolf 91], 
that can compute derivatives symbolically. These programs provide facilities to dump a give^ 
expression into source code for C or Fortran. Using this approach, C routines have been deveM 
oped. In these routines the different derivatives are computed as a function of the bias voltages 
or currents, the transistor dimensions and the model parameters. The correctness of the routine^ 
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has been checked by a comparison with the derivatives that have been computed by numerical 
differentiation. 

An additional test for the correctness is a comparison with simulation results from a nu- 
merical circuit simulator. As already mentioned above, these circuit simulators usually do not 
compute derivatives of order higher than one. Nevertheless, a comparison of the current and the 
first derivatives with simulation results already give a good indication of the correctness. This 
comparison, of course, is only possible for models that have also been implemented in the circuit 
simulator. 

The expressions of derivatives of model equations are usually very complicated. Insight can 
be obtained from those expressions by plotting them as a function of bias, transistor dimensions, 
model parameters, .... Nevertheless, the insight in distortion phenomena would be greatly en- 
hanced if a closed-form expression — even if it is approximate — could be obtained for the 
derivatives of interest. To this purpose, the C routines mentioned above have been extended by 
routines that trace the dominant contributions to a given nonlinearity coefficient. An interpreta- 
tion of these dominant contributions makes it possible to identify the dominant physical effects 
that determine a given nonlinearity coefficient. 

A tracing of the dominant terms of a derivative is possible since the transistor current is 
usually a sum or a product of several composed functions. For example, in Chapter 7 it will be 
shown that the drain current of a MOS transistor in strong inversion (triode region) can be written 
as a product of three functions: 



i D = rnobred (vas, vds, v $b) * hot (vqs, v DSi vsb) ' large {vqs, v ds , vsb) (3. 120) 

in which the three functions rnobred , hot and large are in turn functions that may contain sums, 
products, powers and exponential functions of the transistor terminal voltages vgs* v ds and v S b- 
The meaning of these three functions will be explained in Chapter 7. Since the derivative of a 
product with respect to a variable (in this case a voltage) is a sum of two functions, it is easy to see 
that the nonlinearity coefficients, which are proportional to higher-order derivatives of the current 
with respect to the terminal voltages, will consist of a sum with many terms. An identification 
of the dominant terms in this sum will yield an approximate, interpretable expression of the 
nonlinearity coefficient under consideration. This approach will be illustrated in Section 7.7.4. 

The C routines that are developed to evaluate the nonlinearity coefficients and to identify 
the dominant contributions could be combined with a numerical circuit simulator. Moreover, it 
is not mandatory that the transistor model used by the circuit simulator is exactly the same as 
the model that is used in the computations of the nonlinearity coefficients: the circuit simulator 
only needs to find the DC solution, providing the bias values needed to evaluate the nonlinearity 
coefficients. 



3*6 Summary 

In this chapter we defined the nonlinearity coefficients of the basic nonlinearities that will be 
Used in the next sections to describe the nonlinear behavior of bipolar and MOS transistors. In 
Edition, we discussed the nonlinearity of integrated capacitors and resistors. 
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j 

The nonlinearity coefficients of order two and three are proportional to second- and third-i 
order derivatives of the model equation with respect to the controlling voltage(s) or current(s). 

Since model equations can already be quite complicated, the expressions of the derivatives 
are even more complicated such that they cannot be interpreted easily by a design engineer. In? 
order to overcome this problem, an approach has been discussed to derive the dominant terms of; 
the nonlinearity coefficients. This results in shorter expressions which can be better interpreted.! 
This approach will be used in Chapters 6 and 7. \ 



Chapter 4 



Volterra series and their applications to 
analog integrated circuit design 

4.1 Introduction 

In this chapter it is investigated how weakly nonlinear behavior of an analog integrated circuit 
can be computed. The emphasis here is on obtaining insight. Therefore, less attention is paid 
to numerical methods such as time-domain analysis followed by a Fourier transform, which is 
the classical SPICE approach [Royc 89, Hspi 96], or harmonic balance methods. Such methods 
compute the response of a nonlinear circuit by iteration, and the final result is a list of numbers, 
which do not indicate which nonlinearities in the circuit are mainly responsible for the observed 
nonlinear behavior. Hence such methods are suitable for verification of circuits that have already 
been designed. When simulations show that the specifications regarding the nonlinear behavior 
are not met, then these methods do not present information from which designers can derive 
which circuit parameters or circuit elements they have to modify in order to obtain the required 
specifications. Such valuable information can be obtained with the use of Volterra series. The 
price that is paid for this extra insight is that the analysis is limited to weakly nonlinear behavior 
only. 

Volterra series have already been used for distortion computations [Nar 67, Nar 70, Mey 72, 
Sans 72, Kuo 73, Nar 73, Buss 74, Khad 74, Kuo 77, Rud 78, Chua 79a, Chua 79b, Wein 80, 
Sale 82, Chua 82, Maas 88, Wamb 90], also with SPICE [Chis 73, Royc 89]. In several imple- 
mentations of SPICE these computations can be performed with the .DISTO command. Never- 
theless, Volterra series are seldom used by IC designers. This is explained by the fact that the use 
of Volterra series is limited to weakly nonlinear behavior, and the simulation results are presented 
in the same way as for most numerical simulators, namely as a list of numbers, from which it is 
not clear what is behind those numbers. In this book we try to perform distortion computations 
with Volterra series in a way that insight can be gained. 

Volterra series describe the output of a nonlinear system as the sum of the response of a first- 
order operator, a second-order one, a third-order one and so on [Sche 80]. These operators are 
shown in the block-diagram representation of Figure 4.1. Every operator is described either in 
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Figure 4 A: Schematic representation of a system characterized by a Volterra series. 

the time domain or in the frequency domain with a kind of transfer function, called a Volterra 
kernel Just as for linear circuits, the frequency-domain representation is preferred over the time- 
domain representation for many circuit analysis aspects. It has to be remarked here that the block 
that is represented in Figure 4.1 with Hi represents the linearized system. 

In fact a Volterra series describes a nonlinear system in a way which is equivalent to the way 
Taylor series approximate an analytic function. A nonlinear system which is excited by a signal 
with small amplitude can be described by a Volterra series which can be broken down after the 
first few terms. The higher the input amplitude, the more terms of that series need to be taken into 
account in order to describe the system behavior properly. For very high amplitudes, the series 
diverges, just as Taylor series. This is often due to the occurrence of a strong nonlinearity at high 
amplitude levels, such as the cut-off of a transistor. Hence, Volterra series are only suitable for 
the analysis of weakly nonlinear circuits. 

The Volterra series approach has been proven to be very attractive for hand calculations of 
small transistor networks. Several studies of effects like intermodulation or harmonic distortion 
and cross modulation in such circuits have been reported [Nar 67, Mey 72, Poon 72, Sans 72, 
Nar 73, Khad 74, Abra 76], Since Volterra kernels retain phase information, they are especially 
useful for high-frequency analysis and for effects like AM to PM conversion. Volterra series give 
a general characterization of a nonlinear circuit in the sense that once the Volterra kernels of a 
circuit is known, its output can be found for any input. For example, the response of a nonlinear 
system to noise can be studied with Volterra series [Bedr 71 , Rud 78, Sche 80]. In Section 4.2 
some definitions concerning Volterra series are given. The mathematical foundations of those 
definitions are given in Appendix B. 

The Volterra series representation is not only an explicit nonlinear representation of the sys- 
tem response in terms of the input, but also provides insight into the system operation. This 
insight is readily obtained from the block-diagram representation of the Volterra kernels. Using 
this representation some interesting applications can be considered like cascading of nonlinear 
circuits, distortion cancellation, linear and nonlinear feedback in weakly nonlinear circuits,. . . . 




4.2 Basics of Volterra series 



61 



These topics are covered in the Sections 4.5, 4.6, 4.7 and 4.8. 

The reported hand calculations of Volterra kernels were limited to small circuits only. In the 
seventies an algorithm has been developed for the numerical calculation of Volterra kernels in 
the frequency domain for larger nonlinear networks. The development of the original algorithm 
by Bussgang, Ehrman and Graham [Buss 74] was granted by the U.S. Air Forces for the anal- 
ysis of their communication receivers. Later, this algorithm has been generalized by Chua and 
Ng [Chua 79b]. This algorithm is explained in Chapter 5. It is interesting to note that a sim- 
ilar approach for time-discrete circuits such as switched-capacitor circuits, has been described 
in [VdWal 83]. In Chapter 5 some alternative methods will be discussed that circumvent the use 
of Volterra series, but the approach is basically the same. 

The Volterra series approach is not the only technique to obtain approximate closed-form 
expressions for nonlinear behavior. Another technique is the method of the describing func- 
tion [Ath 75]. With this technique it is possible to obtain closed-form expressions for a feedback 
system that contains an isolated static nonlinearity in the feedback loop. Since it is not possi- 
ble in general to map an analog integrated circuit to such a feedback system, the method of the 
describing function is not used here. 



4.2 Basics of Volterra series 

In this section the fundamentals of Volterra series are briefly discussed, both in the time domain 
and in the frequency domain. A thorough study of Volterra series can be found in [Sche 80]. 

The theory of Volterra series can be viewed as an extension of the theory of linear, first-order 
systems to weakly nonlinear systems [Sche 80]. In the Volterra series description, such a system 
is considered as the combination of different operators of different order as shown in Figure 4. 1 . 
Every block Hi, H 2 and H n represents an operator of order 1 , 2 ,..., respectively. 

When a nonlinear system is excited by a signal with very low input amplitude, then the 
output can be described accurately by taking into account only the first-order behavior of the 
system, which is the linear behavior, represented by block In the frequency domain this 
block is characterized by the transfer function of the linearized circuit. When the input ampli- 
tude increases, then a substantial part of the output signal is caused by nonlinear effects. For a 
sufficiently low input amplitude, these nonlinear effects can be described accurately by taking 
into account second- and third-order effects only, which are modeled by the operators H 2 and 
H 3 of Figure 4. 1 . The total output is the sum of the outputs of every operator individually. When 
the input amplitude increases even more, then higher-order effects occur, which are modeled by 
higher-order operators. 

For a nonlinear system excited by a sine wave with a limited amplitude this model roughly 
corresponds to a decomposition of the output signal into the different harmonics. The nth har- 
monic is primarily determined by the nth-order operator of Figure 4.1. Just as for linear circuits, 
the analysis can be performed in the time domain as well as in the frequency domain. 

The use of Volterra series for nonlinear systems can be compared to the use of Taylor series 
for analytic functions. In the latter case, small excursions of the function arguments around a 
fixed point can be described accurately, if at least the excursions fall within the convergence 
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radius of the Taylor series. The larger the excursions are, the more terms of the Taylor serie: 
must be taken into account for a sufficiently accurate approximation. Also, some Taylor serie: 
around a certain point have a convergence radius of zero. Equivalently, Volterra series have ; 
convergence radius which can be zero. The latter case corresponds to systems which cannot b< 
described at all with a converging Volterra series such as an ideal clipper [Sche 80] or an idea 
comparator. Figure 4.2 shows the input-output relationship of such clipper. When the inpu 
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Figure 4.2: Input-output relationship of an ideal clipper. 

signal is zero, then the output is zero as well. The least deviation of the input signal from zero i 
either direction gives an output of + 1 or -1. It is clear that this is a strongly nonlinear effect. 



4.2.1 Volterra operators 

Consider a second-order nonlinear system or, briefly, a second-order nonlinearity. Its operatic 
can be seen as follows. The second-order nonlinearity combines two signals, which eventual! 
are identical, and produces with these signals a second-order signal. A third-order nonlinearif 
combines three signals, which can be identical, then multiplies them to produce a third-ord( 
signal. The combination of signals can be just a multiplication, but in Sections 4.3.1 and 4.3 
we will see that the two signals can be combined in a more complex way. 

Assume now that a single sinusoidal signal with a frequency u)\ is applied to a second-ordt 
nonlinearity. In this case the second-order nonlinearity combines two times this signal to produc 
a second-order signal. This signal has two frequency components, one at uq 4- u)\ = 2oq ar 
one aiujx - uji = 0 Hz. When two sinusoidal signals with frequency ui and a; 2 are applied i 
this second-order nonlinearity, then the second-order signal combines two times the first sign 
to produce a DC term and a component at 2 cji, which is denoted as a second harmonic. Ah 
the second-order system combines two times the input signal at lo 2 to produce a DC term and 
component at 2 o> 2 . Finally, the nonlinearity also combines the sine wave at coi with the sine wa 1 
at u) 2 to produce a sine wave at the frequencies u)\ 4* cj 2 and | oj\ — uj 2 \. The latter two response 
are intermodulation products. 
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Consider now a third-order nonlinearity. This nonlinearity will combine three signals, some 
of which can be identical, and produce with these signals a third-order signal. When one sinu- 
soidal signal at frequency uj\ is applied to this nonlinearity, then the latter produces sine waves 
at the frequencies | ± cu 1 ± u)\ ± aq|. This corresponds to two frequencies, namely u>i and 3u>i. 

With the above considerations we obtain components at the same frequencies we found in 
Chapter 2 for a simple nonlinear system. Although the considerations look quite intuitive, they 
can be formalized using second-order, third-order and in general nth-order operators. This is 
explained in Appendix B. 

An operator performs a transformation of the input signal that results in an output signal. The 
operator that corresponds to the second-order nonlinearity that we discussed above, is denoted 
here as the second-order Volterra operator and its notation is H 2 . The output of this second- 
order operator to which an input signal x(t) — which can be a sine wave, a combination of sine 
waves, _ _ _ — i s applied, is then denoted as H 2 [x(£)]. Similarly, an nth-order nonlinearity is 
described with an nth-order Volterra operator H n , and the output of this nth-order nonlinearity 
is denoted as Hn[x(t)]. Finally, one should not forget to model the linear behavior of the system 
as well. This is performed with a first-order Volterra operator . This operator is identical to the 
operator that describes a linear system, and its computation can be performed using the theory 
of linear systems. From this theory we know that the transformation that is performed by this 
first-order Volterra operator is a convolution of the input signal with the impulse response of the 
linear or linearized system. 

4.2.2 Time-domain fundamentals 

With the Volterra series model of Figure 4.1 a nonlinear system consists of several Volterra 
operators in parallel. In the previous section we explained qualitatively how such operators act 
on an input signal. In this section we will explain this in a quantitative manner. 

In Appendix B it is shown that the transformation on an input signal performed by a second- 
order Volterra operator is given by 

/ +oo r+oo 

/ h 2 {Ti,T 2 )x(t - Ti)x(t - r 2 )fir 1 dr 2 (4.1) 

-oo J -oo 

This two-dimensional integral is recognized as a two-dimensional convolution integral. Here we 
see a similarity with a linear system: whereas the output of a linear system is computed by taking 
the convolution of the input signal with the impulse response of the linear system, the output of 
a second-order nonlinearity is a two-dimensional convolution of the function h 2 {r\ 1 r 2 ) with the 
input signal. The function A 2 (^ 1 , r 2 ) is denoted as the second-order Volterra kernel. In [Sche 80] 
it is shown that the second-order Volterra kernel can be considered as a two-dimensional impulse 
response. 

Consider now a third-order Volterra operator. The mathematical representation of the trans- 
formation that is performed by a third-order Volterra operator, is given by 

/ +OO /*+00 n-\~CO 

/ / h i (Ti,T2,n)x(t-Ti)x{t-T2)x{t-T i )dT l dT 2 dT i (4.2) 

oo J — oo J — oo 
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and, for an nth-order Volterra operator 

/ +oo p+oo 

■ ■ ■ Mn, r 2 , . . . , T n )x{t - T\)x(t - r 2 ) • • • x(t - Tr,)dT-LdT2 . . . dr n 

-oo J — oo 

(4.3) 

* 

The n-dimensional integral is seen to be an nth-order convolution integral. The function 
/i rl (r 1 ,r 2 ,... ,r n ) is an nth-order Volterra kernel. In [Sche 80] it is proven that this can be 
considered as an nth-order impulse response. Equation (4.3) indicates that the output signal of 
an nth-order Volterra operator can be computed by taking the n-dimensional convolution of this 
n-dimensional impulse response with the input signal. 

Recall now that with the formalism of the Volterra series the output of a nonlinear system 
is represented as the sum of the output of a first-order Volterra operator with the output of a 
second-order one, a third-order one, and so on, as shown in Figure 4.1. Using equations (4.1), 
(4.2) and (4.3) we find that the complete output of the complete nonlinear system is given by 

y{t) = UMt)] + H 2 [x(t)] + H s [x{t)} + . . . + I l n [x(t)] + • • - (4.4) 

This equation is a Volterra series representation of the nonlinear system. 

Let us consider the nth-order Volterra kernel h n (r u r 2 , . . . , r n ) in more detail. It is seen that 
a Volterra kernel of order n is a function of n time-domain variables. In Appendix B it is shown 
that a kernel can always be made symmetric , which means that the value of the kernel does not 
change when the arguments are interchanged. All Volterra kernels that will be used throughout 
this book are assumed to be symmetric unless it is explicitly mentioned they are not symmetric. 

In this book we are reasoning only with causal systems. This means that the response does 
not depend on the future of the input. For such systems it can be proven [Sche 80] that the value 
of the Volterra kernels for any negative argument is zero: 

h n (Ti,T 2 ,-,T„) = 0 for any Tj < 0, (4.5) 

Let us now consider the shape of a Volterra series. The Volterra series is a power series. 
This can be seen by changing the input by a factor a, resulting in a new input ax(t). Using 
equation (4.3) and (4.4) the new output is 

oo 

y(t) = 

n — 1 
oo 

= y> n H„[z(i)] (4.6) 

n— 1 

Moreover, a Volterra series is a series with memory. Indeed, the integrals for H n are convo- 
lutions. This is obvious for the first term of the series in equation (4.4), which is nothing else 
but the convolution integral of a linear system. The terms after the first one are higher-order 
convolutions [Sche 80]. This means that Volterra series — in contrast with power series — can 
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describe weakly nonlinear circuits with capacitors and inductors. If the system described by the 
Volterra series of equation (4.4), has no memory at all, then 

MTi,T 2 ,...,T n ) = 0 for any Tj > 0, j = 1, 2, ..., n (4.7) 

and the Volterra series reduces to the power series 

+oo 

^) = y> n (0,0,... ,0)a»(t) (4.8) 

n— 1 

As a result of its power series character, there are some limitations associated with the use of 
Volterra series to nonlinear problems. Just as with the Taylor series representation of a function, 
problems of convergence may occur. When the input amplitude increases, the higher-order terms 
in the Volterra series relatively increase more than the lower-order ones. At a certain amplitude, 
divergence may occur. Hence, a convergence radius can be defined [Boyd 84]. The computation 
of a convergence radius is quite complicated and it will not be considered in this book. Instead 
it will be assumed that the signals that are applied to the circuits under consideration are small 
enough such that the Volterra series converges. This is a realistic assumption in most situations. 

4.2.3 Frequency-domain representation 

From the theory of linear systems we know that the output of a linear system can be computed in 
the time domain by performing a (one-dimensional) convolution of the time-domain representa- 
tion of the input signal with the system’s impulse response. In the frequency domain the response 
of a linear system can be computed by multiplying the Fourier transform of the impulse response 
with the Fourier transform of the input signal. This approach can now be extended to second- 
order, third-order, . . . operators. It has already been mentioned above that an nth-order Volterra 
kernel can be considered as an nth-order impulse response. Consequently, if we draw the parallel 
with a linear system, we expect that the Fourier transform of the output of an nth-order Volterra 
operator involves a multiplication with the Fourier transform of the nth-order Volterra kernel. 
This is considered now in more detail. 

First we consider the frequency domain representation of an nth-order Volterra kernel. To this 
purpose a multidimensional Laplace and Fourier transform are defined. The Laplace transform 
of the nth-order Volterra kernel kernel is called the nth-order nonlinear transfer function or the 
nth-order kernel transform. The analogy with a linear transfer function is again due to the fact 
that an nth-order Volterra kernel can be considered as an n-dimensional impulse response. Very 
often, when no confusion is possible, the frequency domain representation of the kernel is also 
called a Volterra kernel. Since the nth-order kernel is a function of n time variables, a complete 
frequency domain representation requires n frequency variables. 

In Appendix B it is shown that the multidimensional Laplace transform H n (si, . . . . s n ) of 
the kernel h n (n, . . . , t„) is given by 

/ +oo r+oo 

■■■ h n (n, ... , T n )e • • • dr n 

-oo J —oc 



(4.9) 
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in which Si — Oi + jcoi (i — 1,2,... , n) is a complex number. The multidimensional Fourier 
transform is obtained from the Laplace transform by making all a* zero in equation (4.9) 1 . 

It can be proven easily that the nth-order transfer function is symmetric when its time-domain 
equivalent is symmetric. This is in fact very natural: a nonlinear operator cannot distinguish the 
different applied frequencies. An interesting property for symmetric nth-order transfer functions 
is that its complex conjugate can be obtained by changing the sign of the frequency arguments: 

H n (-ju) U ~fa 2 , ■ . . , -fan) = Hntivu fal, ■ • ■ , fan) (4-10) 

Equivalent to the linear transfer function, the nth-order nonlinear transfer function can be 
used to find the nth-order system’s output as a result of a sinusoidal excitation. Consider for 
example a second-order system that corresponds to the operator H 2 in Figure 4.1. In Appendix B 
it is proven that the output of such a system excited by a sinusoidal excitation A x cos u x t can be 
written in terms of the second-order nonlinear transfer function # 2 (^ 1 , s 2 ) as follows: 

y 2 {t) = Y Re {H 2 {ju x ,ju x )e j2u,lt ) + Y Re (H 2 (ju> x , -jw x )) 

A 2 A 2 

= -f \Hi{ju x ,juj x )\ • cos (2 ui x t + arg {H 2 (ju x , ju> x ))) + -£-H 2 (ju> x , -ju x ) (4.1 1) 

Clearly, the output of this second-order system is a constant and a sinusoid at frequency 2lj x . 
These frequency components were found as well in Chapter 2 for a memoryless second-order 
nonlinearity. An analysis of the response to a sum of sinusoidal signals is postponed to Sec- 
tion 4.4. 

For a nonlinear system corresponding to a third-order Volterra operator we find in Ap- 
pendix B that the output to the sinusoidal excitation A x cos(cu x t) in terms of the third-order 
nonlinear transfer function Hz(s u s 2l s 3 ) is equal to 

A 3 3^3 

y 3 (t) = -f Re {Httiuxjuxjux)*** 1 *) + Re (H 3 {jiv x , ju x , 

43 

= ~~ \H 3 {]LO x , ju x , ju x )\ ■ cos (3 Uj x t + arg {H 3 (ju) x ,ju} x ,ju x ))) 

3A 3 

+ -y 1 I H 3 (ju) x jLj X7 -j(j x ) I ■ cos (u x t + a.Tg(H 3 (ju) x Jvx, -fax))) (4.12) 

It is seen that the response consist of a component at the frequencies 3^ and u x . These fre- 
quencies have been found as well in Chapter 2 for a memoryless third-order nonlinearity. The 
difference between the results obtained with Volterra series and the results from Chapter 2 is that 
the result given here is more general: the Fourier transforms H 2 {faufa 2 ) and H 3 (juJiJco 2 Ju)3) 
are complex numbers that model phase shifts on the harmonics due to capacitors or inductors in 
the nonlinear network. This was not taken into account in the simple calculations of Chapter 2, 
where we only calculated with real numbers instead of complex numbers. For nonlinear circuits 
where capacitive or inductive effects can be neglected, for example in amplifiers at low frequen- 
cies, it is clear that the responses computed in Chapter 2 must be the same as the responses 

‘This, of course, requires that the region of absolute convergence includes the tui, U2, ■ ■ ■ an d w n axes. 
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expressed in terms of Volterra series. This will be discussed further in Sections 4.3.1 and 4.3.2. 
Further, the computation of the Fourier transforms H 2 {ju)i,jw 2 ) and in a non- 

linear circuit is explained in Chapter 5. 

For the sake of completeness we repeat that the response of a linear or first-order system to a 
sinusoidal excitation A x cos uj x t is given by 

vi(t) = ARe (H^jux)^) 

= A \Hi{jui x )\cos (u) x t + arg(/?i(jw I ))) (4.13) 

4.2.4 Weakly nonlinear circuit behavior revisited 

At this point, weakly nonlinear circuit behavior can be defined in terms of Volterra series. The 
most general definition would be that a circuit excited by a given source behaves weakly nonlin- 
early if its response can be represented by a converging Volterra series. Although in some cases 
many terms of the Volterra series are required to accurately describe the circuit response even at 
moderate input levels [VdEi 89], the response of many circuits can most often be described by 
the first few terms of the Volterra series that describes the circuit under consideration. Therefore, 
the following more restrictive definition is more practical: 

A circuit behaves weakly nonlinearly if, for the applied input signal, it can be accurately 
described by the first three terms of its ( converging ) Volterra series . 

This definition requires that for the characterization of a circuit its linear behavior be computed 
together with its lowest even- and odd-order nonlinear behavior. This yields a quite complete 
description of the behavior of a large class of analog integrated circuits under normal signal con- 
ditions. One could argue that the above definition is mathematically not exact: it is not described 
how accurately the response of the circuit must be described. The required accuracy depends on 
the requirements of the circuit engineer. Most often a fairly low accuracy (for example errors up 
to a few dB) are acceptable if at least the results obtained using Volterra series yield insight in a 
circuit’s nonlinear behavior. 

For both the general and the more practical definition, the problem remains that it is in general 
not known in advance if the Volterra series will converge, since the radius of convergence can 
only be computed once the Volterra kernels are known. If the series converges, then it is generally 
not known how many terms are required for an accurate description [VdEi 89]. For the circuits 
to which the computations in the subsequent chapters are addressed, however, this is seldom 
a problem, as will be demonstrated with numerical simulations with other techniques that are 
not limited to weakly nonlinear behavior. Hence, the practical but more restrictive definition of 
nonlinear behavior can be used for most analog integrated circuits instead of the more general 
definition. 

Finally, it must be noted that strictly speaking, weakly nonlinear behavior is not a property 
°f the circuit alone, since it depends also on the amplitude of the excitation(s). However, many 
Cl rcuits are called weakly nonlinear or quasi-linear [Chua75]. This means that they behave 
Weakly nonlinearly when they are excited by practical signal levels for which they have been 

designed. 
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4.3 Examples of Volterra kernels 

The mathematical treatment of Volterra series in the previous sections is now clarified with a fev| 
examples. 

4.3.1 Basic second-order system 

In this section we concentrate on a general block diagram representation of a seconcf-ord4 
Volterra operator, which corresponds to the block H 2 in Figure 4.1. It is clear that a seconJ 
order operator performs at least one multiplication, since we stated that a second-order nonliif 
earity combines two signals to produce a second-order signal. The most general second-ord^ 
system with only one multiplication is shown in Figure 4.3. 




Figure 4.3: Block-diagram representation that illustrates the operation of a simple second-on 
system. 

With this simple second-order system the operation of a second-order nonlinearity can ^ 
explained generally as follows: the incoming signal x(t) is first fed to two linear blocks wi| 
impulse response k a (t) and k b (t), respectively, yielding the outputs z a (t) and z b (t). The latt 
signals are now combined by the multiplier block that produces a second-order signal, which 
turn is fed to a linear system characterized by the impulse response k c (t). The output of tl 
linear system is the overall output y 2 (t). 

The reader should be aware that the representation of Figure 4.3 is a general block-diagra 
representation in which the different sub-blocks do not necessarily correspond to “physical” su| 
blocks in a practical nonlinear circuit. The block diagram has merely been used to explain hq| 
in general a second-order nonlinearity operates. 

It is not difficult to prove [Sche 80] that the (second-order) Volterra kernel of this generj 

system is given by 



+oo 



h 2 (Ti,T 2 ) - / k c (o)k a (ti - o) k b (t 2 - o) do 



(4 .U 



In this book we are more interested in a frequency-domain representation where we make u| 
of Fourier transforms. The Fourier transform of h 2 (ri,r 2 ), denoted as H 2 (jujiJiJ 2 ) is found- 
after some algebra — to be 

H 2 {juj u ju) 2 ) = K a (juji)K b (juJ2)K c (ju)i -I- ju 2 ) 
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where K a {j Kb{jw) and Kc{j&) denote the Fourier transforms of the linear subsystems de- 
scribed by the impulse responses k a (t), k b (t) and k c (t), respectively. 

Let us now consider some interesting simplifications of the general block diagram of Fig- 
ure 4.3. Assume that the the systems described by k a (t), k b (t) are not present, while k c (t) cor- 
responds to a multiplication with a constant scale factor K 2 . This leads to the simplified block 
diagram of Figure 4.4. This corresponds to a second-order nonlinearity without memory, the 
same as we used in Chapter 2 in our simple calculations. 




Figure 4.4: Block-diagram representation of a simple memory less second-order system. 

Comparing Figure 4.4 to Figure 4.3, it is seen that the systems k a (t) and k b (t) have been 
replaced by simple “through-connections”. The response of such through-connection to a unit 
impulse is the impulse itself, since this connection does not alter a signal at all. From system 
theory we know that the Fourier transform of a unit impulse is equal to one. Hence, from equa- 
tion (4.15) we find that the Fourier transform of the system of Figure 4.4 is given by 

H-i {juji , joj.j) = K 2 (4. 1 6) 

This means that the second-order kernel of a nonlinear circuit without memory (no capacitive or 
inductive effects) for which the input-output relationship is described by a power series of the 
form 



y(t) - Kix(t) + K 2 (x(t)) 2 + K 3 (x(t)) z + . . . (4.17) 

the second-order transform is K 2 . 

4.3.2 Basic third-order system 

Similarly to the previous section we consider now a general block diagram representation of a 
third-order Volterra operator. We will consider a block diagram with linear systems and multi- 
pliers that multiply two signals at a time, as we did in the second-order system of Figure 4.3. It 
ls c * ear that a third-order system will require two such multipliers. In this way a third-order sys- 
tem combines three signals to produce a third-order signal. The most general third-order system 
Wl th only two multipliers is shown in Figure 4.5. As shown, x(t) is the common input to the 
second-order system F 2 with the output z a (t) and to the linear system with the impulse response 
JfW an d output z b (t). The second-order system F 2 is identical to the one shown in Figure 4.3. 
ls system already combines two signals such that the last multiplier (in front of the linear sys- 
111 with impulse response k e (t)) effectively combines three signals. Once again we remark that 
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* 




Figure 4.5: Block-diagram representation that illustrates the operation of a simple 



third-ord 



system. 



the parts in Figure 4.5 do not necessarily respond to “physical” parts of a practical third-ore 
nonlinearity. 

In [Sche 80] it is proven that the third-order kernel transform of this system is given by 



H 3 (juJujU2, jv 3 ) = K a {juJ\)K b {iL0 2 )K c {i^l + + j UJ 2 + juj 3 ) ( 4.181 

Let us now simplify the block diagram of Figure 4.5 to a memoryless system. This is doffl 
by replacing the blocks corresponding to k a {t), k b {t), k c {t) and k d (t) by through-connectioii 
while the block that corresponds to k e (t) is replaced by a block that performs a scaling withj 
factor K 3 . The resulting block diagram is shown in Figure 4.6. With the same reasoning as B 




Figure 4.6: Block-diagram representation of a simple memoryless third-order system. 

the previous section we find that the third-order kernel transform reduces to 

H 3 (ju}i,ju)2, jus) = K 3 ( 
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This result could have been predicted with the knowledge of the previous section. 

4.3.3 Application: a nonlinear amplifier 

We now analyze the circuit of Figure 4.7: it consists of a nonlinear amplifier with an RC circuit 
at its input and its output. Capacitive effects inside the amplifier itself are neglected. 




+ 

v outW 



Figure 4J: A nonlinear amplifier with an RC network at its input and output . 

The input impedance of the amplifier is assumed to be infinite and the output impedance is 
zero. Since capacitive (and inductive) effects in the amplifier are neglected, we can describe 
the amplifier with nonlinearity coefficients that are independent of frequency. The relationship 
between the input voltage and the output voltage of the amplifier is given by 

V <mt (t) = A v m (t) + I< 2 A (v m (t)) 2 + I<, A (v tn (t)) :i (4.20) 

It is clear that the amplifier nonlinearity is memoryless. 

We will handle this example further in the frequency domain. With simple network analysis 
we find that the ratio between the input voltage V in and the voltage Vi at the input of the amplifier 
is given by 



Vi _ 1 

Vin 1 + ju)R\Ci 



(4.21) 



With this result it is easy to see that the transfer function Hi (jco) of the overall linearized circuit 
is given by 



Hl[ju) v in (1 + juRiCi) (1 + juIhCi) (4 ' 22) 

We now consider the second-order kernel transform of the circuit. This kernel is nonzero due 
to the second-order nonlinearity of the amplifier. This second-order nonlinearity is fed by the 
v °ltage over the capacitor C\ or, in other words, by the output of the RC network Ri~C\. The 
second-order memory less nonlinearity of the amplifier can be represented like the block diagram 
°f Figure 4.4. Combining this representation with blocks that represent the RC networks at the 
In put and the output yields the configuration of Figure 4.8 from which the second-order response 
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Figure 4.8: Block diagram used for the computation of the second-order response of the circuit 
of Figure 4.7. 



can be computed. Clearly, this block diagram can be transformed to the block diagram of Fig-.j> 
ure 4.9. The operation of this diagram can be explained easily: the second-order nonlinearity of* 
the amplifier squares the voltage over the capacitor to produce a second-order output signal. Thii 
second-order signal then propagates through the RC network at the output. In this block scheme 
the scale factor I< 2a of the second-order nonlinearity has been combined into one block withj 
the representation of the RC network at the output. This block diagram can be identified witfi| 



input 




output 



Figure 4.9: Equivalent of the block diagram of Figure 4.8. 



the block diagram of Figure 4.3. For the latter we can immediately write down the second-c 
kernel transform H 2 {jcc 1 ,^ 2 ), using equation (4.15): 



K ■ 



2^ 



HiijwuM) - (1 + j Wl ij lCl ) (1 + jwtRiCx) (1 + j(wi + ^)i?. 2 C 2 ) 



(4.23V 



Let us now consider the third-order kernel transform which is caused by the third-order non jj 
linearity of the amplifier. This third-order nonlinearity is fed by the voltage over the capacitor 
C\. Using the general block representation of a memory less third-order nonlinearity that is giver 
in Figure 4.6, the block diagram from which the third-order response can be computed, can 
set up easily, as shown in Figure 4.9. This diagram can be transformed into the diagram of 
Figure 4.1 1 . Identifying this diagram with the general representation of Figure 4.5, we can us 
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input 




output 



3rd-order nonlinearity of 
the amplifier 



Figure 4. 10: Block diagram used for the computation of the third-order response of the circuit of 
Figure 4 . 7 . 




Figure 4.1 1: Equivalent of the block diagram of Figure 4.10. 



equation (4. 1 8) to write down the third-order kernel transform , jcu 2 , ji^f) of the complete 

circuit: 



H ( ,m A 'M 

’ ^ 3 (1 + jtoiR\C\) (1 + j^RiCi) (1 4- joj^RiCi) (1 + j(uji 4- lo 2 + wfjlhiCf) 

(4.24) 

From the second- and third-order kernel transform we can now compute the response to a 
sinusoidal signal. To this purpose we take a sinusoidal input signal 

Vinif) ™ Vin COS {bJ x f) 



(4.25) 
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First-order response The first-order response yi ( t ) can be found by combining the expressioi 
of the linear transfer function, equation (4.22) with the general expression of a linear system to 
sinusoidal response, equation (4.13). This yields 

y. . ^4 

l/i (t) « /- „ r,? Ji? /. : ‘ cos ( w * 4 - atan (wsfliCi) - atan {uj x R 2 C 2 )) (4.26; 

> / 1 + ^ R\ Cl a/ 1 + i 

The « symbol in equation (4.26) is due to the fact that the response at the frequency oj x is no' 
only caused by the linear behavior as indicated in this equation, but also by third-order and 
higher-order behavior as we saw before. 

Second-order response For the computation of the second-order response y 2 (t) to the simF 
soidal signal of equation (4.25) we combine the general equation for the response of a second^ 
order system to a sinusoidal signal (equation (4.1 1)) with the second-order kernel transform oj 
the circuit (see equation (4.23)). This yields after some algebra 



2/2 (t) 



vl ■ k 2a 



'2(1+ uiR\ct) yrri^pi ci 

V.lKo, 



+ 



2 (1 + ulRlCl) 



[1 + cos (2 uj x t - 2 at an (uj x R\ Ci) - atan( 2 u; x i? 2 C f 2 

(4.21 



Clearly, this response is seen to consist of a DC shift and a second harmonic. The magnitude p 
the two components depends on the frequency u x . Note that the DC shift is independent of R 2 Q 
The reason is that this DC shift is a signal that is produced by the second-order nonlinearity 
the amplifier. This signal propagates at 0 Hz through the RC network at the output withoi 
attenuation. 

The second harmonic distortion can now be found by taking the ratio of the response at 2u>| 
and at u x . This yields j 



hd * = t 
= v* 
2 



V* 1<2 



A 



1 



1 + jLO x R 2 C2 



1 + ju x RiCi 1 + j2uj x R 2 C2 



Kn 



1 



1 + 



A y/i q- Y 1 + 



(4.28J 



(4.29; 



It is seen that the second harmonic distortion depends on the normalized second-order nonlir 
earity coefficient K 2a !A of the amplifier. Further it is seen that the second harmonic distortic 
decreases with increasing frequency. This is due to the fact that the second harmonic decrea 
faster with increasing frequency than the fundamental response, since the former contains 
square of (1 + ju) x R\Ci in the denominator, while the latter contains only the first power 
(1 4 . juj x RiC\) in its denominator. In addition, the second harmonic is a component of a seconc 
order signal that is produced by the second-order nonlinearity and propagates at a frequency 2c 
to the output, whereas the first-order response is due to the input signal that propagates at a 
quency in a linear way to the output. If » 1/(R 2 C 2 ) then the ratio of the second harmontj 
and the first-order response is a factor of 6dB smaller than at low frequencies. 
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Third-order response The third-order response y^(t) can be found by combining the general 
equation for a third-order system to a sinusoidal signal, equation (4.12), with the expression of 
the third-order kernel transform of the circuit, equation (4.24). This yields a response at 3 uj x and 

at LOx' 



V 3 ■ K* 

f cos (3 u x t - 

y[ ’ 4 (1 + ulR\C 2 x f' 2 V / T+^p|Cf 

W?K 3a 



4 (1 + ulR\Cl) m y/1 + diWl 



COS (u) x t — 



3 atan(cu x i?iC'i) — atan(3cu x i? 2 C , 2)) 
atan(o; XJ R 1 C'i) — atan^i^C^)) 



(4.30) 



The third harmonic distortion is then found to be 



HD , = 



V in 2 K- 



^ A 



A 



Vin> 



K. 






1 

(1 + jbJ x R\C\) 
1 



4 A 1 + u)%R\Cl 



1 + ju) x R 2 C2 
1 + j3 UJ x R2C2 

1 + W 2 MCI 
1 + §iolR\Cl 



(4.31) 

(4.32) 



The interpretation of HD$ is similar to the interpretation of HD 2 . 

Intermodulation products can also be computed with the knowledge of the kernel transforms 
of different order. This is postponed until the next section, after we defined the performance 
parameters discussed in Chapter 2, in terms of the kernel transforms. 



4.4 Nonlinear performance parameters in terms of Volterra 
kernels 

The analytic description of a nonlinear system with Volterra series allows to extend the definitions 
from Chapter 2 with frequency dependencies. 

4.4.1 Single-tone and two-tone definitions 

When a system that can be described by a Volterra series up to order three, is excited by the sum 
of two sinusoidal excitations A x cos uo\t and A 2 cos u> 2 t, then the output is given by the sum of the 
responses listed in Table 4.1. In Appendix B it is shown how these responses can be computed in 
terms of Volterra kernels. The total output consists of 18 responses, at 1 3 different frequencies. In 
Table 4. 1 these responses are classified as linear responses, harmonics, intermodulation products, 
desensitizations and compressions or expansions, according to the definitions given in Chapter 2. 

It is interesting to compare the responses listed in Table 4. 1 to the responses of a memoryless 
circuit, as given in Figure 2.6. We already found in Section 4.3 that the second- and third-order 
kernel transform of a memory less system are equal to the second- and third-order coefficients K 2 
#3 of the power series expansion of the input-output relationship of the circuit. These coef- 
cients K 2 and K 3 have been used in Figure 2.6 to express the responses. In fact, the responses 
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frequency of 






order 


amplitude of response 


type of response 




response 






1 




Al \Hy(ju>i)\ 


linear 


1 


d 2 


A 2 \H 1 {jw 2 )\ 










2nd-order 


2 


UJi + U) 2 


A\A 2 \H 2 (jw u jw 2 )\ 


intermodulation 


2 


\utl — w 2 | 


A\A 2 \H 2 (jui, —juj 2 )\ 


products 


2 


2 


\A\ |f? 2 (jwi,M)| 


2nd harmonics 


2 


2uj 2 


\A\ \H 2 (ju 2 , ju 2 )\ 




2 


0 


\A\ \H 2 (ju)i, —ju)i)\ 


DC shift 


2 


0 


lA$\H 2 {ju) 2 ,-juj 2 )\ 




3 


2 -f- oj 2 


f A\A 2 |# 3 (M, jw u ju 2 )\ 


third-order 








3 


\2u)\ — lo 2 \ 


^AlA 2 \H 3 {j(Ji,juJu-joJ2)\ 


intermodulation 






3 


u)\ T 2uj 2 


^A,Al \H3(jw U juJ2,ju 2 )\ 


products 


3 


|oji — 2uj 2 \ 


iAiAl \H 3 (jui u -jw 2 , -ju 2 ) | 


3 


U)\ + U) 2 - co 2 = ^1 


\A\£? 2 \H 3 {jui,jw 2 , -jw 2 )| 


third-order 


3 


U)\ — + co 2 = 0J 2 


%A\A 2 \H 3 {ju u -ju u ju } 2 ) | 


desensitization 


3 


2u)i — uji = CU[ 


\A\ \H 3 (joJi, ju)\, —ju)\)\ 


third-order compression 


3 


2u 2 — u) 2 — lo 2 


\A\ \H 3 (jaj 2 ,ju2, ~ju 2 ) | 


or expansion 


3 


3cui 


\A\\H 3 {ju} U jvi,jui)\ 


third harmonics 


3 


3uj 2 


\ A\ \H 3 {ju 2 , ju} 2 ,ju} 2 )\ 





Table 4.1: Different responses at the output of a nonlinear system described by Volterra kerneh 
of order one, two and three, excited by two sinusoids A\ cos oof and A 2 cos uj 2 t. The integer in 
the first column indicates the order of the kernel by which the response is determined. 



given in Figure 2.6 can be obtained from Table 4. 1 by evaluating the kernel transforms at very lou 
frequencies, i.e. for both juji and jco 2 equal to zero. For example, the third-order desen sitizatior 
and the third-order compression or expansion are both proportional to /f 3 (0, 0, 0) and when th < 
input amplitudes Ai and A 2 are both equal to A , then they combine to ~A 3 H 3 (0, 0,0) = \A 3 K$ 
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which is exactly what we found in Figure 2.6. 



Harmonic distortion In Section 4.3.3 we already computed the harmonic distortion figures 
for a specific example. The expressions for the second and third harmonic distortion in terms of 
general Volterra are easily found either from Table 4.1 or from equations (4.1 1) and (4.12): 



HD 2 = 



~2 



HD 3 ^ 



4 



#2 CM ,M) 

H i(M) 

#3(M.M>M) 

#i(M) 



(4.33) 

(4.34) 



Note that we already used these definitions in Section 4.3.3. 



Intermodulation distortion The intermodulation distortion figures IM 2 and IM 3 can be com- 
puted by taking ratios of the appropriate signals from Table 4.1. Assume for example that the 
wanted output signal of a circuit is the signal at frequency and that we want to specify the 
intermodulation distortion for the intermodulation product at the sum frequency uii + uj 2 . Then 
the intermodulation distortion IM 2 is found by taking the amplitude of the input signals equal 
and referring the intermodulation product to the output at tui (see also equation (2.26)). This 
yields 



JAf 2 - A\ 



H 2 (ju) U ju 2 ) 



and for the intermodulation product at the difference frequency 



(4.35) 



IM 2 = A x 



#2(M» ~M ) 
H i(M) 



(4.36) 



It is seen that now two definitions for IM 2 exist, depending on which second-order intermodu- 
lation product is considered. For memory less systems one can do with only one definition that ap- 
plies to both intermodulation products. The reason is that for memoryless systems //■,( , ju>o) = 

#2(0,0) = H 2 (ju>i, -jw 2 ). 

Third-order intermodulation distortion figures are defined in a similar way. In RF applications 
where the useful signal is at a frequency u>i and an unwanted signal is present at a frequency 
^2 close to w i the intermodulation product at 2uj 2 - can give rise to crosstalk. Hence it 
,s interesting to relate this unwanted intermodulation product with the wanted signal. Using 
Table 4. 1 the third-order intermodulation distortion in terms of Volterra kernel transforms 




2 

1 



#3(M, -m, -m) 

H i(M) 



(4.37) 



or > using equation (4. 10) 



IM 3 = 




H i(M) 



(4.38) 
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It should be noted that for third-order intermodulation products at different frequencies anotheijj 
definition applies, which differs from equation (4.38) in the arguments of H 3 . 

In Chapter 2 we found that for weakly nonlinear systems without memory the ratio IM 2 /HD$ 
equals two and IM 3 /HD 3 equals three (see equations (2.31) and (2.32)). Using equations (4.33),) 
(4.34), (4.35) and (4.38) these ratios in terms of Volterra kernel transforms are given by 

IM 2 

hd 2 

for the Intermodulation product at + u 2 and 



H 2 (ju) U jtu 2 ) 



H 2 {juiJu) i) 



(4.39) 



IM S 

hd 3 

for the third-order intermodulation product at \2uj 2 |. For memoryless systems H 2 and H 3 and 

the same for any frequency argument such that again IM 2 /HD 2 and IM 3 / HD 3 equal 2 and 3,, 
respectively. Equivalently, this also applies at very low frequencies, where lj u u) 2 -> 0- However^ 
for systems with memory this no longer holds. This can be illustrated with the circuit with thq 
nonlinear amplifier from Section 4.3.3. »;] 

For this circuit the ratio IM 3 /HD 3 is found by combining equation (4.24) with equation (4.40] 
This yields 



H 3 (-jUuJU2, M) 



(4.40) 



IM 3 (1 + (1 + jSuJiRgC^) 

HD 3 (l — jujiRiCi) (1 + jw 2 i?iCi) 2 (1 + j (2a>2 — wi) R2C2) 



(4.41), 



Assume that the time constant R 1 C 1 is much smaller than the product R 2 C 2 ■ Assume further that 
LOi « ui 2 =- UJ X » 1/(R 2 C 2 ) and u x < 1/{R^C\). Then IM 3 /HD 3 is approximately equal to 



im 3 

hd 3 



« 9 



(4.42) 



It is seen that IM 3 is larger than 3 HD 3 in this case. This is explained by the fact that for a single-| 
tone excitation the third-order nonlinearity produces a third-order signal that propagates through* 
the rest of the circuit at frequency 3ui. On the other hand, the third-order intermodulation product^ 
at 2 u> 2 - i produced by the third-order nonlinearity propagates through the rest of the circuit j 
at a lower frequency since here 2uj 2 - u>i < 3w). If the part of the circuit after the third-ordetj 
nonlinearity has a low-pass characteristic, then the transfer of a signal from the nonlinearity tq| 
the output at 3cui is smaller than at 2 u 2 — u)\. 



Intercept points The intercept points IP 2 h and lP 3 h are the amplitudes for which HD 2 antf 
HD 3 respectively become one: 



IPik 



IP 3h 



H i(M) 

H 2 (ju>ujui) 



H 3 (j<iJujwujui) 



(4.43) | 

(4.44) | 



2 
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Intercept points for intermodulation products are defined similarly. Of course, the different 
definitions in terms of Volterra kernels that are needed depending on the frequency of the inter- 
modulation product, give rise to different definitions for intercept points. For example, for the 
intermodulation product at 2co 2 - we find IP 3i as the amplitude for which JM 3 — 1. From 
equation (4.38) we find then 






#i(M) 

\/3 V H 3 {-jui,ju 2 jLV2) 



(4.45) 



4.4.2 Cross modulation 



In Chapter 2 it was shown how at low frequencies amplitude modulation of a carrier can be 
transferred to another carrier. At high frequencies, however, phase modulation can occur as well. 
In [Mey 72] it is shown that when the input x(t) to a weakly nonlinear circuit described by a 
Volterra series is an amplitude-modulated signal at ui together with an unmodulated carrier with 
frequency lo 2 : 

x(t) — A (1 4- mi cos D m t) cos corf 4- A cos u 2 t (4.46) 



in which uj m <C u 2 , then the output terms at frequencies co 2 and u 2 =b L 0 m are given by 



in which 



y(t) = A \Hi(jcu 2 )\ [cos (co 2 t + ft) + m x cos (ui 2 t + ft) cos w m t] 



\H 3 {ju; u -juj u juj 2 )\ 2 
m x = 3mi — — — A 



(4-47) 



(4.48) 



and ft and ft are the phase angles of Hi(ju) 2 ) and H 3 (juj i, — juj 2 ), respectively. Setting 
u x — cj 2 ~ 0 in equation (4.47) leads to the same conclusions as in Section 2.6. 

Let ft — ft = 0, then for m x ^ 1 the output terms in equation (4.48) can be expressed as 



y (t) ~ A | Hi (ju) 2 ) | (1 4- m x cos (j) cos u m t) cos (u) 2 t + ft + m x sin <j) cos o; m f) (4.49) 

Hence, both phase and amplitude cross modulation can occur, depending on ft If <f> = 0 then no 
phase cross modulation occurs, and when (j) = 7t/ 2, then there is pure phase cross modulation. 
Whereas in Section 2.6 only one cross-modulation factor was defined, since only amplitude cross 
modulation occurs at low frequencies, it is appropriate to define two factors for high-frequency 
cross modulation. The amplitude- and phase cross-modulation factor CM a and CM P are 
defined as the transferred amplitude modulation and phase modulation, respectively, divided by 
the original modulation index: 



CM a 

CM p 



m x cos (j) 

mi 

m x sin (j) 

mi 



(4.50) 



(4-51) 
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At low frequencies we found in equation (2.44) that the ratio of CM a and third-order inteqnod* 
ulation distortion is four. This is no longer true at high frequencies. 1 

Power series do not take into account phase information such that AM to PM conversion 
cannot be explained. In this section it has been shown that the Volterra series approach does take 
into account phase information. 

4.5 Suppression of even-order or odd-order kernels 

In Section 2.3 we mentioned that the output of a balanced circuit does not contain even-ordei 
harmonics or intermodulation products when the input ports of this circuit are excited by twq 
input signals of equal amplitude and opposite phase. In this section, this result is generalize^ 
with the use of Volterra series. 

Figure 4.12 and 4.13 each show a nonlinear system. 




Figure 4.12: Connection of two identical pth-order systems to suppress the response resulting 
from the even-order kernels of the original system N p . 




Figure 4.13: Connection of two identical pth-order systems to suppress the response resulting 
from the odd-order kernels of the original system N p . 

The response of the system in Figure 4.12 does not contain even-order signals. Conversed 
the response of the system in Figure 4.13 does not contain odd-order signals. Also, the fundal 
mental response is suppressed. This can be useful in circuits such as balanced or double-balance^ 
mixers. 

The construction of these two systems is based upon the following theorem. 

THEOREM 4.1. If for all input signals x(t) for which the Volterra series of a nonlinear systercj 
converges, the output y(x(t)) satisfies the relationship 

y(x(t)) = -y(-x(t)) 
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then h 2n (n, ... ,r 2n )=0 for all n, . . . r 2 „ and n = 1, 2, . . . . 

If for all input signals x(t) for which the Volterra series of a nonlinear system converges, the 
output y{x(t)) satisfies the relationship 

y{x{t)) = y(-x(t)) 



then h 2n+ i{T U ... , r 2n+ i) = 0 for all t u . . . r 2n+ i and n = 0, 1, 2, ... . ■ 

This theorem reformulates the Theorems 2.1 and 2.2 in terms of Volterra series. The sup- 
pression of the response of even-order (odd-order) kernels allows to suppress all even-order 
(odd-order) harmonics or intermodulation products at the output of a circuit. 

The first part of Theorem 4.1 is applicable to the block diagram of Figure 4.12 whereas the 
second part applies for the system of Figure 4. 13. Indeed, the output of the system of Figure 4. 12 
as a result of an input signal x(t) is given by 

Va{t) = \ (— N p [— x(f)] + N p [ar(t)]) (4.52) 

whereas the response to —x(t) is given by 

Vb(t) = 5 (Np[-z(t)] - N p [.-c(f)]) (4.53) 

which is seen to be the opposite of y a (t). 

Similarly, the response of the system of Figure 4.13 to both x(t) and —x(t) is given by 

y c (t) = \ (N p [-i(f)] + N p [x(f)]) (4.54) 

The block diagram of Figure 4.12 is the principle schematic of a differential circuit: two 
opposite signals x(t) and —x(t) are applied to two identical blocks, represented by N p . The 
difference between the output of these two blocks is the overall output. Hence, Theorem 4. 1 
gives a theoretical explanation of the success of differential circuits for the suppression of even- 
order nonlinear responses. 

The suppression of odd-order kernels can be of practical interest as well, for example in 
multipliers and mixers. In the schematic of Figure 4.13 the linear response, which is the first- 
order response is suppressed as well. This principle is used in a double-balanced mixer. For 
example, when a mixer is used as a downconverter, then the mixer inputs are the RF signal and 
the local oscillator signal. It is often unwanted that these signals are seen at the mixer output. 
The propagation of these signals through the mixer are mainly due to first-order behavior, but 
also to higher odd-order behavior. In order to suppress these signals at the output, the principle 
schematic of Figure 4. 13 is used for the mixer. 

4*5.1 Application: suppression in a differential pair 

A basic building block of analog integrated circuits is a differential pair. A bipolar differential 
Pair is shown in Figure 4.14. The input signal is a differential voltage source. It is assumed that 
tti® applied input signal is small enough such that no Volterra series that describes a voltage or 
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VIP 

2 



Figure 4. 14: A simple differential pair. 



current in the circuit, diverges. The output of the circuit is the difference of the collector voltages. 
It is assumed that the transistors and the resistors match perfectly. 

The differential pair does not literally correspond to the principle schematic of Figure 4.12, 
in the sense that every transistor loaded with a resistor could be associated with a block N p from 
Figure 4.12. Indeed, the input signal with amplitude +v ID /2 that is applied at the base of Qia 
does not only propagate through transistor Q 1A , but also along the common emitter through Qib 
to the output. A similar reasoning holds for the input signal -v ID /2. If the common emitter 
would be a real ground, then the circuit will not be able to distinguish common-mode signals 
from differential ones, such that a big advantage of the differential mode of operation is lost. 
Nevertheless, a similarity with the principle of Figure 4.12 can be seen: the voltage source with 
value +v w /2 sees the same nonlinear circuitry (corresponding to the operator N p in Figure 4.12) 
as the source with value —vw/2. 

The suppression of even-order responses can also be investigated using the explicit expression 
for the input-output relationship of the circuit. We will derive this relationship without taking into: 
account frequency effects. Such relationship is often referred to as a DC transfer characteristic. 
In the derivation of this characteristic we will further neglect all ohmic resistances and output 
conductances of the transistor, as well as the output conductance of the current source at the 
common emitter. 

Summing the voltages around the loop consisting of the two voltage sources and the two 
base-emitter voltages yields 

V f~v BElA+ v BElB + V f=0 (4.55) 

The base-emitter voltages can be expressed as a function of the collector current through Q\ A 
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and Q\b using the simplified model of the collector current (equation (3.12)) 

Vbe, a = Vt In 



% °IA 

ha 1/(111 /, 



'Slyl 
!£ IB 

HB vtl11 J 

Is l B 



Ussi R — Vt In 



(4.56) 

(4.57) 



Putting Is lA = Is lB = h we find by combining equations (4.55), (4.56) and (4.57) 






1 A _ 



1C 



= exp 



1AB 



VlD 

, Vt , 



(4.58) 



The current Iee at the common emitter point is the sum of the emitter currents. This means that 



Iee ~ /T+T ( ic ' A + icw ^ 

Combining equations (4.58) and (4.59) then yields 

(3Iee 



l ClA ~ 



l ClB = 



(p + 1) ^1 + exp 
PIee 



VlD 

' Vt 



(0 + 1) ( 1 + exp 



VlD 

Vt. 



(4.59) 



(4.60) 



(4.61) 



The output voltage vout is given by 

VOUT = RlB^C ib ~ RLAic lA 



(4.62) 



Using equations (4.60) and (4.61) and putting R LA — R LB = R L we finally obtain 

vout — IeeRl p ^ i tanh (4.63) 

This output voltage is shown in Figure 4. 15 as a function of the input voltage. It is seen that the 
output voltage is an odd function of the input voltage vw F° r such function, the conditions of 
Theorem 2. 1 apply. Hence, no even harmonics occur in the output voltage. 

Consider now the voltage v B at the common emitter of the differential pair of Figure 4.14. 
This is found to be 

- y,in 7^ +i M i+ “ p ( -! t)) (464) 

This voltage is depicted in Figure 4.16. It is seen that the voltage at the common-emitter point 
ts an even function of the input voltage since this voltage moves in exactly the same way if the 
r oles of +vj B / 2 and —vj B / 2 are interchanged. Hence, according to Theorem 2.2, no odd-order 
harmonics occur at this point. This corresponds with the assumption that the common-emitter 
Point is an AC ground when the circuit is linearized: the presence of this AC ground means that 
n o fundamental response is present at the common emitter point. 
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Figure 4.15: Differential output voltage of the differential pair from Figure 4.14 as a function of 
the differential input voltage. 




vid 



Figure 4.16: Voltage at the common emitter point of the differential pair from Figure 4.14 as a 
function of the differential input voltage. 



4.5.2 Application: suppression in a Gilbert multiplier 

In Figure 4.17 a Gilbert multiplier [Gilb 68, Gilb74] is shown. The inputs to this circuit are 
the differential voltages v IN1 and v 1N2 . It is assumed that these signals are small enough such 
that the circuits behaves in a weakly nonlinear way. When this circuit is used as an upconverter 
or a downconverter, then the response of interest when the inputs are sinusoidal, is at the sum 
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or difference frequency. Ideally, this response should be caused by second-order second-order 
behavior only. In reality, higher even-order nonlinear behavior also contributes to the responses 
at the sum and difference frequency. These higher-order contributions cannot be suppressed by 
using the principle schematic of Figure 4.12 since otherwise the wanted second-order response 
would be suppressed as well. 

On the other hand, the output should not contain a component at the same frequency of 
one of the two input signals. These frequency components can be suppressed by combining a 
fully differential operation with the principle from Figure 4.13. Indeed, consider for example 
the operation of transistors Qia and Qic- Their inputs, both at the base (due to v IN1 ) and at 
the emitter (due to v^ 2 ) are opposite. The outputs of the transistors, in this case their collector 
current, are summed, just as in Figure 4.13. 
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Figure 4 . 1 7: A Gilbert multiplier. 



4.6 Cascade connection of nonlinear systems 

In this section we will calculate the Volterra kernels of a system that consists of the cascade 
connection of two nonlinear blocks. An example of such system is a two-stage ampliher. 

In Figure 4.1 8 the nonlinear system H is connected in cascade with the nonlinear system F, 
resulting in the overall system Q. We will now compute the Volterra kernels of order one to three 
°f the system Q. For the computations it is assumed that the blocks H and H do not load each 
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other. While this assumption is often not valid, the idealization yields some interesting insigfits 
as pointed out below. 




2/W 



z(t) = Q[i(t)] 



Figure 4. 18: The system Q formed by the cascade connection of H and F. 



4.6.1 General expressions 

In [Sche 80] expressions for the Volterra operators of different order of Q in terms of Volterra 
operators of the systems H and F are derived. The Volterra operators of order one up to order 
three are given by 



Qi 


= FjHi 


( 4 . 65 ) 


q 2 


= FiH 2 + f 2 Hi 


( 4 . 66 ) 


q 3 


= F1H3 + F 2 [Hi + H 2 ] — F 2 Hj — F 2 H 2 + F3H1 


( 4 . 67 ) 



In these expressions, an operator notation of the form F m H n means that operator F m acts on the 
output of H n . Also note that in the expression for Q 3 , the notation F 2 [Hi + H 2 ] is not the same 
as F 2 Hi + F 2 H 2 . 

An easier interpretation can be obtained from the Laplace transforms of these expressions, 
which are found to be 



Qi(si) = Fi( S i)//i(si) 

Q 2 (^1 j ^ 2 ) = Fi(S\ + s 2)#2( s l> $ 2 ) + F 2 (si, S 2 )H 1 (8 1 )H 1 (s 2 ) 

Q3 (^1 ) ^2? s 3 ) = ^(si, s 2: sf)Hi(si)Hi(s 2 )Hi(s3) 4 - Fi(si + s 2 + ss)Hs(si, s 2 , s 3 ) 



( 4 . 68 ) 

( 4 . 69 ) 




^2(5 1, s 2 + sf)Hi(si)H 2 {s2, s 3 ) + F 2 {s 2l si + s^)Hi(s 2 )H 2 (s 1, s 3 ) 



+ F 2 (s^, Si + s 2 )ifi(s 3 )if 2 (si, s 2 ) 



(4.70) 



In the expression of the first-order transform Qi(si) it is seen that the role of both first-order 
transfer functions is identical. This means that for linear systems the overall input-output rela- 
tionship is unaffected by the order of connecting the two systems, at least if there are no loading 
effects 1 . 

For higher-order systems the order of connection does play a role. This is evidenced by the 
expressions of the second- and third-order kernel transform of Q, where the nonlinear transfer 

] This is no longer true if the systems have multiple inputs and outputs. 
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functions that correspond to H play a different role than the transfer functions corresponding to 
F. 

Consider now the expression of the second-order kernel transform. This consists of two con- 
tributions: the first one comes from the second-order nonlinearity of H that produces a second- 
order signal. This signal is fed into F. Since we are looking at the second-order transform we do 
not consider the influence of the nonlinearities of F since these nonlinearities produce with this 
second-order signal a signal that is at least one order higher. Hence we only need to consider the 
“linear propagation” through F. This is clarified in Figure 4. 19. 



output 




Figure 4.19: Representation of the cascade connection of Figure 4.18 with Volterra operators 
of different order. The arrows indicate the two contributions to the second-order kernel of the 
overall system. 

The second contribution to the second-order kernel transform is also shown in Figure 4.19. 
It is caused by the second-order nonlinearity of the second stage that combines two first-order 
signals that come from the first block, to produce a second-order signal. In the case of an excita- 
tion with a single sinusoidal signal, the two first-order signals that come out of H are identical. 
When two different sinusoidal signals are applied then, in addition, combinations of two different 
signals need to be considered as well. 

We now consider the expression for the third-order kernel transform of Q. The first two 
terms of equation (4.70) are similar to the terms of the second-order output. Indeed, the first 
term reveals that the second stage third-order kernel acts on the fundamental frequencies linearly 
amplified at the respective frequencies by the first stage. The second term indicates that the 
third-order output of the first stage at the frequency Si + s 2 + S 3 is linearly amplified by the last 
stage. 

The last term of equation (4.70) between the square brackets is explained as follows: the 
second-order kernel of the last stage acts on the sum of the input signal that is linearly amplified 
by the first stage and the second-order output of the first stage. In other words, the second-order 
nonlinearity of the second stage combines two signals and the order of the resulting signal is 
equal to the sum of the order of the two contributing signals. The term consists of three contri- 
butions. While these originate from the same effect, their significance is to make the function 
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CtMsi, 5 2) 53) symmetric in each of its arguments. In some works [VdEi 89, Kuo 77] only one 
term is given for the interaction of the two second-order nonlinearities. Then, however, the third- 
order transfer function is not symmetric. 

Whereas the symmetrization explains the factor 3 in the denominator of the common § factor, 
the factor 2 is explained by the fact that there are two ways to combine a first-order with a second- 
order signal. This is similar to the factor two that arises when the expression ( a + b ) 2 is expanded 
to (u 2 -f 2 ah + fr 2 ). 

Simplification to memoryless systems If it is assumed that both H and F represent memo- 
ryless systems, then the transfer functions involved in the equations (4.68) through (4.70) are 
independent of the frequency variable(s). If we represent the transfer functions of order one to 
three for the system H by Hi, H 2 and H s and the transfer functions for F by F u F 2 and F 3 , then ; 
we obtain for the overall transfer functions of order one to three 



Q\ = FifTi 


(4.71) 


Qi = F x H 2 + F 2 H\ 


(4.72) 


Q 3 — F3H1 + F 1 H 3 + 2 F 2 H 1 H 2 


(4.73) 



The last term of Q 3 may be negligible if a (linear) bandpass filter is placed between the sys- 
tems H and F: this filter passes the wanted signal and suppresses out-of-band signals such as 
second-order harmonics and second-order intermodulation products. Hence, the effect of H 2 
is suppressed. Third-order intermodulation products, on the other hand, can be in-band signals 
which are not removed by such bandpass filter. 



4.6.2 Application: a two-stage amplifier 

Assume that the two cascaded stages are amplifying stages and assume for simplicity that ca- 
pacitive and inductive effects are negligible. If, in addition, it is assumed that the two amplifiers 
are about identical, i.e. H x « F u H 2 ~ F 2 , H 3 « F 3 , then it is clear from equation (4.72) 
that the second-order nonlinearity of the second stage contributes a factor Hi more to the overall 
second-order nonlinear behavior than the first stage’s second-order nonlinearity. The first two 
terms of equation (4.73) show that the difference in contribution to the overall third-order be-^ 
havior between the two stages is a factor H\. Roughly speaking, the largest contributions m 
the nonlinear distortion at the output of an amplifier originate from the circuit elements closet 
to or at the output where signal swings are large. The considerations presented above are jus# 
a few interpretations of the expressions for a cascade of two nonlinear systems. The presented! 
expressions can of course be applied in many other situations. An interesting application of thtfl 
results obtained in this section is presented in the next subsection. 



4.7 Pre-distortion and post-distortion using inverse systems 

In the previous section equations for the cascade connection of two nonlinear systems have beefll 
derived. One could think of using these equations to find the requirements for a pth-order systeni 
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H to compensate the nonlinearities of the nonlinear system F which is placed in cascade with 
H. The compensation would imply that the output of the overall system is a linear operation 
of the input, while the kernels from order two to order p are zero. In this case, the system 
H is the inverse system of F and vice versa. The above idea can — at least theoretically — be 
realized. When the system H is placed after the system F, then H accomplishes a post-distortion 
which compensates the nonlinear distortion of F. System H is then called the post-inverse of F . 
Conversely, when H is placed before F, one speaks about pre-distortion by the pre-inverse H. 
The general concepts are discussed in [Sche 80]. Some applications in analog integrated circuit 
design are given now. In [Sche 80] it is shown that the pth-order pre-inverse is identical to the 
pth-order post-inverse. Hence, the discussion can be limited to the post-inverse F of the system 

H. 



4.7.1 General expressions 

The derivations of the expressions for the Volterra kernels of the pre-inverse are given in [Sche 80]. 
Only the Laplace transforms of the post-inverse F are discussed here. 

The Laplace transform of F 1 is given by 

*<•> = m (t74) 



Equation (4.74) reveals that the poles (zeros) of Hi{s) are the zeros (poles) of Fi(s). Hence, if 
Hi{s) has zeros in the right half complex plane, then F\(s) is the transfer function of an unstable 
linear system so that a stable pth-order inverse of H does not exist. In the further discussion it is 
assumed that the linear operator F i satisfying equation (4.74) is stable. 

The Laplace transform of F 2 is given by 



■P2(si, S 2 ) 



S2 ) 

H 1 (s 1 )H 1 (s 2 )H 1 (s 1 + s 2 ) 



(4.75) 



If H is a memory less system then F 2 (s x , s 2 ) reduces to 



F 2 = 




(4.76) 



The Laplace transform of the post-inverse of order three is already quite complicated [Sche 80]. 
Expressions for the Laplace transform of higher order, say order p, can be derived as well. If p 
would become infinite, then the obtained system consisting of all post-inverses is the inverse 
system of H. A problem encountered in letting p go to infinity is that the corresponding Volterra 
series may converge only for a limited range of the input amplitude. 



4.7.2 Example 

As an example, consider the simplified expression of the collector current io of a bipolar tran- 
sistor as a function of its base-emitter voltage v BE (see equation (3.12)). From this equation the 
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AC collector current i c can be found as a function of the AC base-emitter voltage v be : 

i c = I c exp(^j-I c (4.77) 

in which I c is the quiescent collector current. For sufficiently small v be , the exponential can be 
approximated well with a power series which is broken down after the first few terms: 

+ ^ + •] ( 4 - 78 ) 

This relationship can be regarded as the description of a nonlinear memoryless system. The input 
variable is the voltage v be and the output is the small-signal collector current i c . The Laplace 
transform of the first-order kernel is found from equation (4.78). It is given by 

H x = g m (4.79) 



Since the system is memoryless, the dependence on the frequency variables has been omitted. 
The second-order kernel transform can also be found from equation (4.78) using the result of 
Section 4.3.1. We find 




(4.80) 



The above theory of the post-inverse can be applied to this system in order to find the inverse 
relation that expresses v be as a function of i c . From equation (4.74) we find for the first-order 
kernel of the inverse system 

Fr = — = L (4.81) 

9m Ic 

and for the second-order kernel, using equation (4.75) 

= A (4.82) 



In this simple case it is possible to write down an explicit expression for the inverse relation- 
ship of equation (4.77). This is found to be 



Vbe = V t In 




(4.83) 



Developing this relationship into a power series yields 



. v t- 

Vbe — t 

ic 



A,« + 

2 II c 



1,3 
3 Ih c 



(4.84) 



It is seen that the first- and the second-order coefficient of equation (4.84) correspond to and 
Fj of equations (4.81) and (4.82). 
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4.7.3 Applications 

In the next section we will see how feedback can be used to linearize the characteristic of an 
analog circuit. In cases where the use of feedback is too involved, pre- and post-distortion can 
be used. This occurs for example at high frequencies, where it is difficult to use feedback with a 
loop gain that is sufficiently high. 

Consider a cascade of two nonlinear (sub)circuits where the first circuit performs a pre- 
distortion for the second circuit. Assume that the input of the first circuit is a current and the 
output is a voltage. Then the first circuit realizes a transimpedance. Since the input-output re- 
lationship of the second circuit must be the inverse of the input-output relationship of the first 
circuit (apart from a constant), the second circuit must realize a transadmittance or a transcon- 
ductance. Similarly, when the first stage accomplishes a voltage to voltage or a current to current 
conversion, then of course the second stage must realize the same conversion. 

The first examples of pre- and post-distortion are the two circuits of Figure 4.20. The left 
circuit is a current mirror: the applied input current is nonlinearly transformed to a voltage by 
transistor M x , after which this voltage is transformed again to a current by transistor M 2 that 
matches with Mi. In this way, a linear relationship is obtained between the output current i 0 ur 
and the input current i IN . Furthermore, the voltage over the linear resistor R L depends linearly 
on the input current because R h transforms the output current into a voltage in a linear way. 

In the right circuit in Figure 4.20 a linear voltage-to-voltage conversion is realized by the 
cascade of a nonlinear voltage-to-current conversion (transistor Mi) and the inverse current-to- 
voltage conversion of the output impedance seen at the source of transistor M 2 . 




(a) 



(b) 



Figure 4.20: Application of the pre- or post-distortion principle: (a) cascade of a current-to- 
voltage converter followed by the inverse voltage-to-current converter, (b) The reverse situation 
°f (a). 

It must be noticed that the pre- and post-distortion in the two above examples are perfect if the 
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transconductances are the only circuit elements taken into account in the transistors’ equivalent 
circuit. Parasitic effects due to the presence of other circuit elements partially destroy the pre- or 
post-distortion. Their effect can be calculated with the computation method that is explained in 
Section 5.2. 

Another example is the pre-distortion circuit in a Gilbert multiplier [Gilb 68], depicted in 
Figure 4.21. In Section 4.5.1 we computed that the input-output relationship of a differential 
pair at low frequencies is given by a hyperbolic tangent relationship. One can compute [Gilb 68, 
Gray 93] that the pre-distortion circuit consisting of transistors Q\ A and Q XB accomplishes an 
inverse hyperbolic tangent relationship between the differential input current and the voltage AV 
that is applied to the differential pair. The latter circuit maps a differential voltage to a differential 
current with a hyperbolic tangent relationship. When the order of both circuits is reversed, as 
shown in Figure 4.22, a linear voltage-to-voltage conversion is realized. This conversion is linear 
as long as the base current is neglected. 




V ss 



Figure 4.21: Linear current-to-current conversion in a Gilbert multiplier with pre-distortion. 



In the derivations and the examples above it has been assumed that the gain of the overall 
circuit that consists of the cascade of the system and its pre- or post-inverse, is equal to one. 
However, a larger gain together with the benefits of pre- or post-distortion can be accomplished. 
If the Volterra kernels of the second block are all multiplied by a constant a, then from the general 
expressions (4.68) through (4.70) for a cascade connection, it is seen that this factor a is common 
to all terms and so the overall kernels are all multiplied by a. This property is used for example 
in current mirrors to obtain a linear current gain, but it can be generalized as well to other circuits 
that use pre- or post-distortion. 
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VOUT 



Figure 4.22: Linear voltage-to-voltage conversion using post-distortion. 



4.8 Linear and nonlinear feedback 

Linear feedback is widely used in analog circuits because of its important benefits such as sta- 
bilization of the gain of an amplifier against parameter changes, the increase of the bandwidth, 
the ability for a designer to modify the terminal impedances of a circuit in almost any fashion, 
.... Yet another benefit, which will be studied in this section, is the reduction of the nonlinear 
distortion. The latter benefit has been studied for example in [Nar 70]. Nevertheless, designers 
often know this property qualitatively but not quantitatively, especially at high frequencies. 

In this section we will also consider nonlinear feedback. Applications of nonlinear feedback 
are seldom found in the analog design community. However, as will be shown in this section, 
nonlinear feedback can be applied usefully as well. 

Figure 4.23 depicts the most general feedback structure that is studied here. In most ana- 
log integrated circuit applications, the operator H represents an amplifier, denoted as the basic 
amplifier , whereas operator F corresponds to the feedback network , which is usually passive. 
In this section the nonlinear transfer functions for the overall system, denoted as th q feedback 
system or the closed-loop system and represented by Q, are computed and interpreted. First, 
both the basic amplifier and the feedback network are assumed to be nonlinear. From the general 
expressions some special cases will be derived. 

It is important to note that the basic amplifier can either be a voltage amplifier, a current 
amplifier, a transconductance or a transresistance. The same applies for the feedback network. 
For example, when the input of Figure 4.23 is a voltage and the output is a current, then the basic 
amplifier is a transconductance, whereas the feedback network, that measures the output current 
and feeds back a voltage, is a transresistance. 
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Figure 4.23: A general nonlinear feedback system. 



4.8.1 Nonlinear feedback systems 

The nonlinear transfer functions from order one to three are first calculated for both H and F 
of Figure 4.23 being nonlinear. In [Sche 80] expressions in operator notation are presented for 
the first three Volterra kernels of Q. A translation of these equations to the frequency domain is 
quite involved. The results are presented below. 

The first-order transfer function of the closed-loop system is given by 



Qi(si) — Hi(si)R(si) 



(4.85) 



Hereby R(s) is a shorthand notation for 

R(s) 



1 

l + H 1 (s)F 1 (s) 



(4.86) 



Equation (4.85) shows that the linear gain of the basic amplifier is reduced by a factor R(s) 
whose magnitude is usually much smaller than one. It is assumed that R(s) and Qi (s) do not 
have poles in the right half of the 5-plane. 

Besides its interpretation as a gain reduction factor, the function R(s) can — after multipli- 
cation with X(s), the Laplace transform of x(t) — also be regarded as the Laplace transform of 
the signal e{t) in Figure 4.23. Both interpretations are useful for the interpretation of higher-order 
transfer functions. 

The second-order transfer function Q 2 {s u s 2 ) consists of two parts that share some common 
factors: 



Q2{Sl,S 2 ) = R{Si)R{s 2 ) 



i7 2 (si, s 2 ) - H\{si)Hi{s 2 )F 2 (s u s 2 )Hi(si 4- s 2 ) 



R(s\ 4- s 2 ) 

(4.87) 



In this equation the common factors are placed outside the square brackets. The first term be- 
tween the brackets is due to the second-order nonlinearity of the basic amplifier only, while the 
second term is due to the nonlinearity of the feedback network only. For their interpretation 
one can start from two fundamental frequencies before block H, whose Laplace transforms are 
R(si)X(si) and R(s 2 )X(s 2 ), respectively. The second-order operator H 2 acts upon these fre- 
quencies to produce a second-order output, corresponding to the first term between the square 
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brackets. Apart from this, the two signals R(si)X(s l ) and tf(s 2 )X(s 2 ) are both linearly ampli- 
fied by Hi after which they are supplied to F 2 which produces a second-order signal. This signal 
is then linearly amplified at the frequency s x 4- s 2 by H ls yielding the second term between the 
square brackets of equation (4.87). The minus sign of this term corresponds to the minus sign 
in Figure 4.23. Finally, both second-order signals at the output of the amplifier are reduced by a 
factor R(si 4- s 2 ) as indicated by the common factor at the end of the expression. 

The expression for the third-order transfer function is more involved and has been split in 
three parts that again share some common factors: 

3 

Q3( 5 1) S 2) S 3) = 

i — 1 

iT 3 j>i, s 2 , S3) — 2i7 2 (si, s 2 )Fi(si + s 2 )R{s\ 4- s 2 )H 2 (s 3 , si + s 2 ) 



3 

+ JI Hi (sj) (— F 3 (si , s 2 , S3) 

i — 1 



4- 2F 2 (si, s 2 )i7i(si 4- s 2 )R(s 1 



4- 5 2 )F 2 (s 3 , si 4- s 2 )^ 



Fi(si + s 2 + S3) 



— 2H 2 (s u s 2 )R{si + s 2 )JTi(s 3 )F 2 (s 1 , s 2 + s 3 )#i( s i 4- s 2 4- s 3 ) 



— 2f/x(s 1 )f/i(s 2 )F 2 (s 1 , s 2 )F(si 4- s 2 ) * 7f 2 (s 3 , si 4- s 2 ) 



* R(s 1 4- s 2 4- s 3 ) 



(4.88) 



The three parts between the square brackets have been separated by a dotted line for clarity and 
the common factors are placed outside the square brackets. The expression is formulated in a 
non-symmetrized form. Symmetrization makes the expression even more complicated and hence 
does not contribute to an easier interpretation. 

The first part between the square brackets of equation (4.88) consists of two terms, which 
correspond to the nonlinearities of the basic amplifier only: the first term is due to the third- 
order operator H 3 that acts upon three fundamental frequencies R(si)X(si) i R(s 2 )X(s 2 ) and 
R{s 3 )X(s 3 ). The second term is caused by the interaction of H 2 with itself: this operator first 
combines two signals at si and s 2 . The signal at the output of H 2 is then fed back and then again 
presented to H 2 . This corresponds to a multiplication with (—Fi(s 1 + s 2 )Ri(si + s 2 )). Finally, 
this signal is fed into H 2 together with a third first-order input term at s 3 . The factor two is 
caused by the last operation by H 2 which can combine the first and the second-order frequency 
in two ways 2 . Finally, both terms are divided by the reduction factor evaluated at si + s 2 + s 3 . 
This reduction is the same for the other contributions discussed below and is therefore placed at 
the end of the complete expression. 

The second part between the square brackets is due to nonlinearities in the feedback network 
only. It consists of two terms that share some common factors which are placed outside the 



2 This factor two is similar to the factor two that arises when the expression (a+ b) 2 is expanded to (a 2 + 2 ab+b 2 ). 
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rounded brackets. The first term is caused by the third-order operator F 3 of the feedback network 
that acts upon three fundamental frequencies at the output of the basic amplifier. The minus sign 
corresponds to the minus sign in Figure 4.23. The second term is caused by the interaction of F 2 
with itself: two fundamental frequencies at the basic amplifier’s output are fed into F 2 , which 
produces a second-order output. This signal is linearly amplified by Hi at + s 2 , reduced 
by R(si + s 2 ) and is then, together with a third fundamental frequency at the basic amplifier’s 
output, acted upon by F 2 . Since the feedback loop has been walked through twice, the two minus 
signs of Figure 4.23 cancel each other. 

The third part of Q 3 (si, s 2 , s 3 ) is caused by the interaction of the second-order nonlinearity 
of the basic amplifier and the feedback network. For the first term two fundamental frequencies 
are combined by H 2 to a second-order signal. This signal is reduced by R(si + s 2 ) and is 
then, together with a first-order output of the basic amplifier, fed to F 2 , which produces a third- 
order output. This output is then multiplied by -1 and linearly amplified by Hi. The last term 
is produced by a second-order output at the output of F 2 which is taken together with a third 
fundamental input frequency by H 2 . 

4,8.2 Feedback with a large loop gain 

In many applications the loop gain T(s) which is given by 



has a magnitude much larger than one. Then it is seen from equation (4.86) that the reduction 
factor R(s) is about equal to 1 /T(s). Under this assumption, the transfer functions given in 
equations (4.85), (4.87) and (4.88) reduce to 



T{s) = FiOOtfiOO 



(4.89) 




T(si)T(s 2 )T(si + s 2 ) Fi(si)Fi(s2)Fi(si + s 2 ) 



F 2 {sus 2 ) 



(4.90) 



(4.91) 



Qs(sx, s 2j s 3 ) = 



T( Sl )T(s 2 )T(s 3 ) T( Sl + s 2 + s 3 ) H ^ 8u S2 ’ Ss) 



^ H 2 {si,s 2 )H 2 (s 3 ,si -b s 2 ) 



H\(si + s 2 ) 



1 



F 3 (si, s 2 , S 3 ) 



Fi(si)Fi(s 2 )Fi(s 3 ) Fi(si + s 2 + s 3 ) 
+ 2F 2 (si, s 2 )F 2 (s 3 , si + s 2 ) 



Fi(si + s 2 ) 



+ 



— 2 H 2 (su s 2 )F 2 (s 1, s 2 H- S3) 



T(si + s 2 )T(si)T(s 2 )Fi(s 3 )Fi(si + s 2 -b S3) 
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— 2F 2 {S\, S 2 )H 2 (s 3 , Si + s 2 ) 



(4.92) 



T($i + s 2 )T(s,)T( Sl 4* s 2 + 53)^1 (sq )F\ (s 2 ) 



Equation (4.90) shows the well-known result that in the presence of a large loop gain the closed- 
loop gain of the linearized circuit is the inverse of the first-order transfer function of the feedback 
network. 

It is seen both in equation (4.91) and in equation (4.92) that the second- and third-order trans- 
fer functions contain terms that have T(s) in the denominator. This means that these terms can be 
suppressed by increasing the loop gain. It is seen that these terms correspond to the nonlinearities 
in the basic amplifier only. Both the nonlinear transfer function of order two and three contain 
terms that are not suppressed by the loop gain. These terms correspond to the nonlinearities in 
the feedback network. This means that a large loop gain of the linearized feedback can suppress 
the nonlinearities in the basic amplifier but it cannot eliminate the nonlinearities in the feedback 
network. In other words, the nonlinearities in the feedback network determine the lower limit of 
the suppression of the harmonics or intermodulation products by a large loop gain. Therefore, 
for very low-distortion applications it is important to use a feedback network that is as linear as 
possible. 

Similar to the nonlinear effects of the basic amplifier only, the terms caused by the interaction 
of the nonlinearities of the basic amplifier and the feedback network are lowered when the loop 
gain is large. However, in equation (4.92) it is seen that these interaction terms are only divided 
by three loop gains, whereas the terms caused by the nonlinearities of the basic amplifier only are 
divided by four loop gains. This means that the contribution to the distortion from the interaction 
terms is only kept small because the signals are lowered by the loop gain and no additional 
suppression occurs anymore. 

4.8.3 Linear feedback 

We now consider the case where the feedback network is perfectly linear. The use of linear 
feedback is the most widely used technique to reduce nonlinear distortion. Therefore, this form 
of feedback is studied extensively. First, the general expressions are derived. Next, we simplify 
the expressions to feedback with a large loop gain and to memory less systems. Finally, a practical 
example is considered. 

In many applications the feedback network represented by F in Figure 4.23 is a passive circuit 
which can be considered as being linear. In this case, F 2 (si,s 2 ) — 0 and F$(si, s 2 , S 3 ) = 0. 
Then the expressions for the second and third-order transfer function reduce to the first part of 
equations (4.87) and (4.88), respectively: 



Qs(si, S 2 , S3) = R(si)R(s 2 )R{s 3 ) [H 3 (s 1 , s 2 , S3) 

— 2 H 2 (si, s 2 )Fi(si + s 2 )R(si + s 2 )H 2 (s 3 , si + S2)] • R(si + S2 + S3) 

(4.95) 



Q 2 ( s i, S 2 ) = R(s\)R(s 2 )R(si + S 2 )H 2 ( s u * 2 ) 



(4.93) 

(4.94) 
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The expression of the linear gain Qi(si) is of course the same as in the linear case. Further 
it is seen that the second-order transfer function of the basic amplifier is reduced by a factor 
R(si)R(s 2 )R(si-\-s 2 ). If, however, the reduction of the linear gain is compensated by an increase 
of the input level with a factor R(s) ( s = Si or s 2 ), then the second-order transfer function is 

only reduced by a factor R(s\ + s 2 ). j 

Similarly, it is found from equation (4.95) that, after correction of the input level, the third- j 
order nonlinearity is suppressed with a factor R(s\ + s 2 53). It is seen that the second-order 
nonlinearity of the basic amplifier also contributes to the third-order kernel of Q. This contri- 
bution is also suppressed by the loop gain and it has a sign that is opposite to the sign of the ; 
contribution of the third-order nonlinearity of the basic amplifier, to the sign of the contribution 
of second-order nonlinearity. It is seen that the third-order kernel can be made zero by adjusting 
the loop gain such that the contribution of the second-order nonlinearity cancels with the contri- 
bution of the third-order nonlinearity. This can be seldom exploited in practice [Lot 68, Tho 68], 
since the value of the loop gain must be well controlled and it must be relatively small. ! 

Linear feedback, however, does not always decrease the nonlinear distortion. In some cir- 
cuits [Khour 87] positive feedback is used with a loop gain that is smaller than one. In this case, j 
the absolute value of the reduction factor R(s) is larger than one. Hence, the nonlinear distortion j 
can increase considerably in such circuits. 



4.8.3.1 Simplification to memoryless systems 

For memoryless systems the expressions for the kernel transforms obtained above (equations (4.93 
through (4.95)) can be further simplified. In this case, the involved kernel transforms are inde- 
pendent of the Laplace variables s 1( s 2 and s 3 . For the sake of clarity these variables can be 
omitted as arguments. Then the kernel transforms become 



Qi — H\R 


(4.96) 


Qi = H 2 R 3 


(4.97) 


Q 3 = [Ih ~ ‘MlFyR] R' 


(4.98) 



Assume now further that the loop gain is very large. In this case R reduces to 1/T = 1/ (F\#i). 
Then one obtains 



o = ^ = ! 

Ql T Fi 



Q2 — 



H2 

T 3 



Qs — 



H 2H2 A 
3 “ ~k\ 



2^4 



(4.99) 

i 

(4.100) 

(4.101) 



At this moment it is interesting to compare the harmonic distortion of the feedback circuit 
to the distortion of the basic amplifier in an open loop configuration (without feedback). From 
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equations (2.13) and (2.14) we recall that the harmonic distortion of the basic amplifier that is 
modeled with H u H 2 and H 3 is given by 



HD 2 open loop— ^ jj (4.102) 

^■^3 open loop = (4-103) 

4 n.\ 



where A\ is the input amplitude. In the closed loop situation we already know that the gain is 
reduced by a factor 1 /T. Compensating this reduction by applying a signal with an amplitude of 
TAi yields for HD 2 and HD 3 in closed loop 



HD 2 closed loop 
HD 3 closed loop 



Ai 

2 T Hi 



Ml 

4 T 



Hs 

Hi 



2H\ 



(4.104) 

(4.105) 



It is seen that the second harmonic distortion is reduced by a factor T. The third harmonic distor- 
tion consists of two contributions: apart from the contribution of the third-order nonlinearity of 
the basic amplifier which is suppressed by a factor T, there is also a contribution of the second- 
order nonlinearity with an opposite sign. The above expressions will be applied to a simple 
example in Section 4. 8. 3. 2. 



Qualitative explanation The suppression of harmonics by applying feedback with a large loop 
gain can be explained qualitatively as follows [Gray 93]. Assume that the input-output relation- 
ship of the basic amplifier is given by the characteristic of Figure 4.24. This characteristic is seen 




Figure 4.24: Transfer characteristic of a basic amplifier. 



*° be composed of three parts, each having a different slope. In reality, this artificial separation 
tnto these regions is less abrupt, but this is not important here. The part around the origin has 
a slope ai that corresponds to the gain of the linearized amplifier. For larger signals the trans- 
characteristic has a slope a 2 which is somewhat smaller than (i \ . For very large inputs the 
^plifier saturates, which is reflected by a zero slope. 
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Assume now that the gain of the amplifier is very large but the absolute value is badly know] 
and may depend for example on temperature. In order to stabilize the gain, feedback with a larg 
loop gain is applied. Neglecting frequency effects it is found from equation (4.99) that the gaij 
of the linearized closed-loop configuration only depends on the characteristics of the feedbad 
network: 



9ain = r+r w ( 4 -i o6 >i 

When, at large signal levels, the gain of the basic amplifier slightly decreases due to a change of 
the slope of the transfer characteristic, then equation (4. 106) still holds, since the loop gain is still 
large. In other words, the closed loop gain is less dependent on the input amplitude, resulting! 
in less nonlinear distortion. However, for very large input levels, the amplifier saturates. At that ' 
moment, the loop gain decreases dramatically. As a result, it cannot stabilize the gain anymore, j 
The transfer of the closed-loop amplifier is depicted in Figure 4.25. It is seen that for small ; 
input levels the slope is lower compared to the open loop case. This corresponds to a lower gain. 
Also, the slope for output levels higher than outi, is closer to the slope for small input signals;. 
This corresponds to a linearization. 




Figure 4.25: Transfer characteristic of a feedback configuration with the basic amplifier with th ^ 
characteristic of Figure 4.25. ? 



4.8.3.2 Application: emitter degeneration 

Figure 4.26 shows an amplifier consisting of one bipolar transistor with emitter degeneration 
The circuit is driven by a voltage source v IN . The output of interest is the current througt 
the load resistance Rl . The emitter degeneration can be considered as a series-series feedbacl 
configuration [Gray 93]. The loop gain of this feedback is equal to g m RE, where g m is th i 
transconductance of transistor Q i . 

For the analysis here, only the collector current of transistor Q x is taken into account. Th< 
collector current is modeled as a nonlinear transconductance. Its linear behavior is represented 
by the transconductance g m and the second- and third-order nonlinearity by the coefficients K 2 9rti 
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Figure 4.26: A single -transistor amplifier with emitter degeneration. 



and Ks 9m , respectively, as explained in Section 3.2.1. Using a simple exponential model for the 
collector current (equation (3.12)) it was found there that g m = Ic/Vu K 2 9m = g m /(2Vt) and 

K 3gm = 9m / m. 

For the sake of simplicity the loading of the feedback network, which is nothing more than 
resistor R E , is neglected. Hence the feedback configuration can be represented as in Figure 4.27. 
In this circuit it is seen that the output current, in this case the collector current through Qi, is 
measured and fed back by means of a voltage-controlled voltage source. From this figure it is 




Figure 4.27: Equivalent circuit of the amplifier of Figure 4.26. 



c lear that the basic amplifier of the general feedback configuration of Figure 4.23 can be iden- 
hfied with the nonlinear transconductance and the feedback network with the (linear) current- 
controlled voltage source. 

Recalling the discussion from Sections 4.3.1 and 4.3.2, we can associate g m , K 2g7n and K 3gm 
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to the first-, second- and third-order kernel transform of the basic amplifier: 

Hi = g m (4.107| 

H2 = K 2gm (4.108) 

Hs = K Zgm (4.109) 

The transfer function of the feedback network, corresponding to F\ in the equations (4.96) 
through (4.98) is given by 

F\ = Re (4. 1 10) > 

Hence we find for the reduction factor R 

1 



R = 



(4.111) 



1 -I- g-mRE 

When the input voltage source is a sinusoid, v in = A\ sin(cuit), then the kernel transforms of the 
output current can be found using equations (4.96) through (4.98). This yields 

T _ 9m 

* out 



E l,0 



l 



out 2 , 0 



1 + 9mF-E 
9m 



L 



out 3,0 



2 V t (1 + g m REY 

1 Hr, 



2V ( 2 



9mR-E 

1 + g m RE. 



(4.112 
C4.113J 

(4.1 U 



(1 + 5m^) 4 

It is seen that the third-order kernel becomes zero for g m RE = 0.5. This is a very small value i 
practice. Assume for example that the DC collector current of Q i is 1mA. Then g m « 40mA/^ 
A loop gain of 0.5 then corresponds to an emitter resistance of 12.5Q. This value is of the sami 
order of magnitude as the parasitic emitter resistance of a bipolar transistor. 

The kernel transforms of order one to three of the output voltage can be easily found b; 
multiplying the kernels of the collector current with —Rl. 

Consider now the harmonic distortion of the output current. The values that will be obtain* 
will also correspond to the harmonic distortion figures for the output voltage since the kerne: 
of order one to three of the output current and the output voltage differ by a constant factor, th 
vanishes when the ratio of two harmonics is taken. From equations (4. 1 12) and (4. 1 14) we find' 

Ai 1 






HD, 



HD* = 



2 2 Vt (1 4 - 9mRE) 2 

A\ 1 1 



9mR 



E 



1 + 9mRE 



4 (l + g m R E ) 3 Wt 2 

Assume now that g m RE 1- Then the harmonic distortion figures reduce to 

A\ 



HD, 



HD, 



4V t ( g m R E f 

A\ 

12V? (g m R E y 



(4.1 IS 



(4.1K 



(4.1 

(4.1181 
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Clearly, the harmonic distortion can be reduced by increasing g m or R E , corresponding to a 
higher loop gain. 



4.8.4 Nonlinearities in the feedback network 

We now consider a feedback configuration where the basic amplifier is linear and the feedback 
network is nonlinear. It has already been mentioned that the effect of the nonlinearities in the 
feedback network is not reduced by the loop gain. 

An interesting but still little exploited effect of nonlinearities in the feedback circuit is that 
the nonlinearities at the output of a closed-loop system with a large loop gain are exactly the 
inverse of the nonlinearities of the feedback circuit itself. The Laplace transform of the inverse 
of a nonlinear system, shown in equation (4.75) indeed matches with the second part of equa- 
tion (4.91) which is the second-order transfer function of the closed-loop system caused by the 
second-order nonlinearity of the feedback circuit only. This similarity can also be proven for 
higher orders. This means that in the absence of nonlinearities of the basic amplifier, a feedback 
system yields the inverse of the operator that describes the feedback network . This is generally 
known for linear systems but it can be extended to weakly nonlinear systems. 



4.8.5 Loading effect of a nonlinear feedback network 

In most practical feedback configurations the feedback circuit forms a load for the basic amplifier 
both at its input and output. The nonlinear feedback formulas derived above, do not include 
loading effects. 

In linear circuits the loading of the feedback network can be included with the basic amplifier 
so that ideal feedback equations again apply [Gray 93]. For two-port feedback circuits, this is 
possible through the use of linear two-port parameters such as y, z, g and h parameters, which 
establish a galvanic separation between the two ports. 

This splitting can in general not be performed for nonlinear elements. Consider for example 
the nonlinear shunt-shunt feedback configuration shown in Figure 4.28. The current through the 




V\2 



Figure 4.28: A nonlinear shunt-shunt feedback configuration. 
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nonlinear conductance is a function of the voltage difference u 12 = v\ — v 2 . 
series expansion defined in Section 3.2, this current i can be written as 

* = 9l' v 12 + K 2 gi 'V\2 + ^ 3 51 '^12 + ■ ■ • 

= 9i’Vi - g\'V 2 + K 2gi -v\ + K 2gi - c lK 2gi -vi'V 2 
+ ^ 3 ffl * V 1 + ^ 3 5l *^2 - 3 ^ 3 ^ - v \' V 2 + 37 ^ 3 5i -^ 1-^2 
= /l(ui) + f 2 (v 2 ) + fs(v 1 ,U 2 ) 



Using the powe^ 




In this way, the one-dimensional nonlinearity has been written as a two-dimensional nonlinearity^ 
The functions /i and f 2 are functions of one variable. The function / 3 corresponds to those ter 
in the series of equation (4.120) that contain both v\ and v 2 . Using this reformulation, the circi 
of Figure 4.28 has been redrawn in Figure 4.29. In this way, a galvanic separation has 





-o 

+ 



VOUT 

4 




Figure 4.29: Equivalent representation of the shunt-shunt feedback circuit of Figure 4.28. 

established. The two nonlinearities corresponding to the cross-terms of equation (4.120) remait 
controlled by the input and the output voltage. If these cross-terms are not present, such as fol 
linear elements, or when they can be neglected, then the remaining elements can be merged witll 
the basic amplifier or with the feedback circuit. Indeed, the nonlinearity /i (ui) at the input can 
associated with an extra admittance which is added to the input admittance of the basic amplified 
The nonlinearity f 2 (v 2 ) at the input is then the nonlinear feedback network which does not loafi 
the amplifier. 1 

At the output, the nonlinearity can be considered as an extra forward signal path hi 

the basic amplifier. The gain along this signal path is small compared to the gain of the basic] 
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amplifier if the feedback network is passive. Nonlinearity f 2 {v 2 ) at the output adds to the output 
admittance of the basic amplifier. 

If the cross-terms in equation (4. 120) would not be present, then the formulas derived in the 
previous sections can be applied using the new basic amplifier and the new feedback network. 
However, the cross-terms can be as large as the other terms, which means that the feedback 
formulas derived in the previous sections are no longer exact when the loading of the basic 
amplifier by the feedback network is considerable. 

4.8.6 Operational amplifier in a linear feedback configuration 

We consider again the inverting amplifier of Figure 1.2 which is redrawn here for convenience 
I in Figure 4.30. The amplifier is loaded at its output with a resistance R L . It is assumed that the 
1 operational amplifier is nonlinear and it has a finite bandwidth. We will now derive the second 
and third harmonic distortion for the complete amplifier. 



*2 




Figure 4.30 : An inverting amplifier. 



Model of the operational amplifier First we will set up a simplified model of the operational 
amplifier. It is assumed that the amplifier is an inverting two-stage amplifier as given in Fig- 
ure 4.31 . For the frequency behavior only the dominant pole of the opamp is taken into account. 
The pole of the opamp is at very low frequencies and it is determined by the capacitor C c at the 
output of the first stage. The first stage is modeled as a differential amplifier with gain A v1 q. The 
second stage is modeled as a common source amplifier that is loaded with a resistor RL xnt ■ The 
output of the second stage is fed into a buffer with a voltage gain of 1 . 

The pole of the opamp is taken into account in the frequency dependence of the first stage 
amplification. In this way, the first-stage gain, which is the voltage gain from the input to the 
internal node 1, is given by 

a r \ ^1 A vl0 /a no\ 

A vi(s) = — = r (4.122) 

v td 1 + — 

Pd 
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where p d represents the dominant pole of the opamp in radians per second and A vW is the low- 
frequency value of the gain of the first stage. 

The only nonlinearity that is taken into account in this example is the nonlinearity of the drain 
current of transistor M x . This drain current is described by the transconductance of M x , namely 
g m , and the second- and third-order nonlinearity coefficients K 2gm and K$ . 

Nonlinearities in the first stage are neglected. This is justified by the fact that in a cascade 
connection of two amplifying blocks the nonlinearities of the second stage are dominant for 
the second- and third-order Volterra kernel of the cascade connection (see Section 4.6). This 
will also be illustrated in Chapter 8 where a detailed computation of the harmonics of a Miller- 
compensated operational amplifier is performed, including the nonlinearities of all transistors. 

We will now analyze the nonlinear AC behavior of the amplifier in the frequency domain. 
The total gain of the linearized operational amplifier is the product of the gain of the two stages: 

A v (s) = ~= A vl {s) (~g m R Lmt ) = - ^ x °g ~ (4.123) 

Vid n 

Pd 

For the rest of this section it is assumed that the frequency of the signals that are applied to 
the circuit have a frequency well above |p d |/(27r) but still much lower than the gain-bandwidth 
product of the opamp, which is given by 



GBW = (A vW g m R Ltnt \ Pd \)/(2n) 



(4.124) 



Hence equation (4.123) can be rewritten as 



A. v (s) 



-2k GBW 



(4.125) 



Finally, the input impedance of the opamp is assumed to be infinite whereas the output impedance 
is zero. 
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Volterra kernels of the basic amplifier and the feedback network First we will redraw the 
circuit of Figure 4.30 such that the basic amplifier and the feedback network can be easily iden- 
tified. To this purpose, we first represent the input voltage source and resistor /i'i by a Norton 
equivalent, as shown in Figure 4.32. The input is now a current source i in (t) with a value of 



R 2 




Figure 4.32: Inverting amplifier with v in and R x replaced by their Norton equivalent circuit . 



V%n 

^R~i 



(4.126) 



Next, resistor R 2 is represented by a two-port that is described with y-parameters [Gray 93]. 
The y-parameters of a general two-port, shown in Figure 4.33, relate the currents that enter the 
two-port to the voltages over the two ports as follows: 



k — ynv i 


+ 2/12^2 


(4.127) 
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(4.128) 
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The reason for the use of a two-port representation of resistor R 2 is that in this way the load- 




+ 



Figure 4.33: General two-port representation of a circuit 
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Figure 434: Two-port representation of resistor R 2 from Figure 432 . 



ing of feedback resistor at the input and output of the basic amplifier can be taken into ac- 
count [Gray 93]. The two-port representation of R 2 is shown in Figure 4.34. From this figure we 
easily find 



1 



yn r 2 


(4.129) 
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(4.132) 



With this two-port representation the basic amplifier and the feedback network can now be 
identified as shown in Figure 4.35. 

The basic amplifier contains the operational amplifier with the resistors Ri and R 2 at its input 
and R 2 and R L at its output. The resistors with value R 2 at the input and output correspond to 
the inverse of the y parameters y n and y 22 from Figure 4.34. It is seen that the basic amplifier is 
a transresistance amplifier: the input signal is a current and the output is a voltage. ’ 

It should be noticed that the voltage-controlled current source y 2 \V\ of the y -parameter repre- i 
sentation of R 2 has been omitted: this current source is shorted by the voltage-controlled voltage j 
source that represents the opamp. If the output impedance of the opamp would not be zero, then ! 
this voltage-controlled current source would play a (little) role. j 

The feedback network is seen to consist of a voltage-controlled current source. This corre- \ 
sponds to the controlled source y\ 2 v 2 of Figure 4.34. 

The feedback configuration that is shown in Figure 4.35 can now be identified with the gen- ! 
eral representation of a feedback system as shown in Figure 4.23. Then the kernel transforms of 
the operators H and F that represent the basic amplifier and the feedback network, respectively, 
will be determined, and finally the formulas (4.93) through (4.95) will be applied to find the ker- | 
nel transforms of the overall feedback system Q. To this purpose, the configuration of Figure 4.35 ; 
is redrawn in a block diagram as shown in Figure 4.36. In this figure the voltage-controlled volt- ; 
age source of Figure 4.35 has been replaced by the two-stage opamp of Figure 4.3 1 . The opamp 
has been split into the first and the second stage: the first stage is linear, and its gain is A vi (s), the 
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Figure 435: The inverting amplifier of Figure 432 split into a basic amplifier and a feedback 
network. 



overall system Q 



input 




output 



Figure 436: Final block diagram representation of the inverting amplifier 



value of which is given in equation (4.122). The second stage, which is nonlinear, is represented 
b y the operator G. 

The operation of the block diagram of Figure 4.36 can be interpreted as follows: the input, 
wb ich is a current, is transformed into a voltage by the first block. This voltage corresponds to 
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the voltage v x in Figure 4.35. This voltage is linearly amplified by the first stage of the opamp. 
The second stage of the opamp, represented by the operator G is nonlinear. Next, the output 
voltage is fed into the feedback network which transforms the voltage into a current. 

The kernel transforms that correspond to G can be found from Figure 4.31 as follows: the 

nonlinear drain current of M x is modeled with g m , K 2gm and K 3grn . The drain current is fur- 
ther transformed into a voltage by the internal load resistor Hence we find for G x (s x ), 

G 2 {s x ,s 2 ) and G 3 (s x , s 2 , s 3 ): 

G x (s x ) ~ G\ = —g m RL tnt (4.133) 

G 2 (s x ,s 2 ) = G 2 - -K 2grn R Ltnt (4.134) 

^ 3 (^ 1 , 5 2 , s 3 ) = G 3 = ~K 3gm R Lint (4.135): 



Since capacitive effects in the second stage have been neglected, the arguments s Xy s 2 and s 3 
have been omitted The factor G x is dimensionless whereas G 2 and G 3 have a dimension of V~ l 
and V ~ 2 , respectively. 

We now have enough data to determine the kernel transforms of the complete basic amplifier 
of Figure 4.36, which is represented by the operator H. The transforms H x (s x ), H 2 (s x ,s 2 ) 
and H 3 (s x , s 2 , s 3 ) of the basic amplifier are determined by applying the expressions for kernel 
transforms of a cascade connection, equations (4.68) through (4.70). To this purpose, the two* 
linear blocks with transfer function (R X R 2 /(R X F R 2 )) and yf wl (s) are merged into one lineal 
block. Then we find j 

= G 1 A vl [a 1 )-F^L. = - 9 mRL mt A vl {sx (4.136)' 
K x H- rt 2 K x ~h U 2 

= - K 2gm R Lmt A vl ( Sl )A vl (s 2 ) (4.1371 

H 3 (s uS2 ,s 3 ) =G 3 



— ~ Rl, nt -)- _R 2 ^ ^«l( s l)^l( s 2)^!'l( s 3) (4.138) 

The dimensions of H x (s x ), H 2 (s x , s 2 , s 3 ) and H 3 (s x , s 2 , s 3 ) are Q,fl/A and ft/ A 2 , respectively.-^ 
The kernel transforms F x (si), F 2 (s X: s 2 ) and F 3 (s u s 2 , s 3 ) of the feedback network of Fig- 
ure 4.36 are easily determined. One finds ; 



F 1 (s 1 ) = F 1 = -~ 

7t 2 

and since the feedback network is linear 



(4.139) 



(4.140) 

(4.141) ) 



^2(51,52) = 0 
F 3 (s u s 2 ,s 3 ) = 0 
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Note that the dimension of is 1 . 

The gain reduction factor R(si) is found using equation (4.86): 

1 

R{8l) ~ 1 + H 1 {s l )F l (s l ) 
which, for a large loop gain Hi(si)Fi(si) reduces to 



R{s i) 



Hi(si)Fi(s\) 



Using equations (4.136) and (4.139) we obtain 



R(si) 



Ri + R 2 



R\9ttiRl int ( s i) 



(4.142) 



(4.143) 



(4.144) 



It is seen that the gain reduction factor increases as the frequency increases. In other words, the 
gain is suppressed less as the frequency increases. However, since the gain of the opamp itself 
decreases as well, the closed-loop gain remains constant, at least until the gain bandwidth of the 
opamp. 



Volterra kernels of the complete circuit and the harmonic distortion At this moment we 
have all parameters to determine the kernel transforms of the overall system Q. Since we 
are only interested in determining the harmonic distortion figures of the amplifier, we know 
from equations (4.33) and (4.34) that we only need to know the kernel transforms for all fre- 
quency arguments being identical. In other words, we can limit ourselves to the determination 
ofQ 2 (*i, si) and Q 3 (si, s u Si) rather than Q 2 {s u s 2 ) and Q 3 (s u s 2 , s 3 ). Using equations (4.93), 

(4.136) and (4.144) we find for the first-order transfer function of the overall feedback system 

Qi(si) = H 1 {s 1 )R{s 1 ) = -R 2 (4.145) 

The dimension of Qi ($i) is The second-order kernel transform is found using equations (4.94), 

(4.137) and (4.144): 



Q2(s u s 1 ) = {R( Sl )f R(2s 1 )H 2 (8 U s 1 ) (4.146) 

= ^1 + ^2 R ^° 2 (4 147) 

RiglRl mt A vl (2 Sl ) 

The dimension of Q 2 (s u si) is Q/A. Q 2 (s u si) increases proportionally with the frequency. 
This can be seen at the occurrence of A v i{2s{) in the denominator: at frequencies sufficiently 
above the dominant pole of the opamp the gain of the first stage decreases proportionally to 
*be frequency, as can be seen from equation (4.122). The linear increase of Q 2 (si, si) with the 
frequency can be explained by the fact that the gain reduction factor R(si) increases linearly 
With the frequency whereas # 2 (^ 1 , $i) decreases with the square of the frequency. 
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Finally, the third-order kernel transform Q 3 («i , «i , ) is found using equations (4.95), (4. 137). 

(4.138)and (4.144): 



Q3(«1,Si,Si) = ( R{si)f ■ 

Rl + 



#3(Sl,Si,Si) - 

R\ 



2F 2 (si,Si)/f 2 (si,2si)' 



H,(2s x ) 



i?(3si) 



2G\ 

9m^L int Aa(3si) L 3 Gi _ 



(4.148) 

(4.149) 



The dimension of Q 3 (si, si, si) is £1/ A 2 . Just as for Q 2 (su su s i) it is seen that Q 3 (si, s u «i) 
increases linearly with the frequency. 

The second and third harmonic distortion can now be determined using equations (4.33) 
and (4.34). To this purpose it is assumed that the input current source is a sinusoidal excitation 
of the form 



Hn (t) = hn sin (cjit) (4. 1 50) 

We recall that the actual input signal was not the current source z in (t) but the voltage source 



^m(f) — Vin Sm(cUif) 



(4.151) 



and the relationship between the amplitudes V in and I in is given by 



Vin — R\Iin 

For the second harmonic distortion we find 



HD 2 = l - ■ I in 



Q2(jVl,jVl) 



Qi(jui) 



1 Vin Rl+R2 

2 ■ Ri ' Ri9 3 m Rl int ' \A vl (2M)\ 



The factor |^4„i (2jc^i) | can be rewritten as 



(4.152) 



(4.153) 

(4.154) 



A v i(2jwi)\ 



AywPd __ 1 nGBW 

2.M g m RL, nt w 1 



Then after some algebra we obtain 



(4.155). 



HD 2 



1 y R2 IS' ^1 

2 ' m ' Rj. ' Ri ’ g m R Lmt nGBW 



(4.156) 



It is seen that the second harmonic distortion increases proportionally to the frequency. Thii 
is due to the fact that Q 2 (si> $i) increases proportionally with the frequency, whereas <3i(si),’ 
which is nothing else but the closed-loop transresistance, remains constant. 
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Expression (4.156) is now evaluated for a practical example with R x — lk ft, R 2 = 20/cQ. 
Then the low-frequency voltage gain of the complete amplifier is —20. Further, it is assumed 
that the gain-bandwidth product of the operational amplifier is 1 MHz and the signal frequency is 
10 kHz. The gain of the second stage of the opamp, gmRL int > is assumed to be 50. Transistor M x 
is assumed to obey the simple square-law characteristic of a MOS transistor in saturation. Then 
from Table 3.2 we find the normalized nonlinearity coefficient K l 2(jm : 






(4.157) 



Assuming a value of 0.2V for V G s ~ Vt we find K l 2 = 2.5U _1 . The input amplitude is assumed 
to be lOOmU. This means that the output amplitude is about 2V. Using equation (4.156) the 
second harmonic distortion is then found to be 0.021 or 2.1%. 

Next we consider the third harmonic distortion. Using equation (4.34) we find 



HD 3 



l T Qzjju i,Mi M) 

4' m * Qi(M) 



(4.158) 



Using equations (4.145) and (4.149) and performing the same substitutions as for the second 
harmonic distortion we find 



HD S 



1 y2 T?2 R\ H- R 2 
4 ' Ri 



-K' + 2 K 



/2 



A 9m 



l 9m 



3u)i 

2nGBWglRl int 



(4.159) 



Just as with HD 2 , it is seen that HD 3 increases proportionally to the frequency. Next it is seen that 
the second-order nonlinearity of transistor Afi and the third-order nonlinearity partially cancel. 
This has also been seen in Section 4. 8. 3. 2 with the analysis of the single-transistor amplifier with 
emitter degeneration. 

An evaluation of equation (4.159) for the same numerical values that have been used for the 
evaluation of HD 2 , yields HD S = 2.5xlCT 5 . Hereby it has been assumed that transistor Mi is a 
perfect square-law device such that K f 3g = 0. This is of course only an approximation. More 
accurate MOS models will be considered in Chapter 7. 



4.8.7 Nonlinear feedback applications 

In Section 4.8.3, it was shown that linear feedback can reduce the distortion but it cannot com- 
pletely linearize a given basic amplifier. This goal can be met, however, with nonlinear feedback 
in two ways. 

A first means to linearization is by setting the expressions of Q 2 {su s 2 ) and Q3 (si, s 2 , S3) to 
zero, which provides conditions for the kernels Fi, F2 and F 3 of the feedback network. 

Under the assumption that the inverse H7 1 of Hi exists and is stable, the second-order kernel 
Q2 becomes zero if the second-order Volterra operator F 2 of the feedback network satisfies the 
relationship [Sche 80] 



F 2 = H^H.H]; 1 



(4.160) 
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With this F 2 , Q 3 can be made zero for F 3 given by 

F 3 = H^HsHf 1 - Hf 1 H 2 Hf 1 [Hi + H 2 ] Hf 1 (4.161) 

+Hr 1 H 2 H7 1 + Hj-^aHr^aHr 1 

These results are not useful in practice for the linearization of a circuit, since the relationship 
between the operators of F and H is too complicated. 

A more interesting way of linearization is shown in Figure 4.37. If the loop gain of the 
feedback loop in this schematic is sufficiently high and the nonlinearity of H is negligible, then 
the input-output relationship is purely linear. The reason is that the feedback system mimics 
the inverse of the nonlinear feedback network F, yielding exactly the required post-distortion to 
compensate for the nonlinearities of F. 




Figure 4.37: Cascade of a. nonlinear network F and a nonlinear feedback system with the same 
nonlinear network as a feedback network . 

It is important to note that the principle schematic of Figure 4.37 can in practice only re- 
alize a linear voltage-to- voltage or a current- to-current conversion. If, for example, F is a 
(trans)conductance, then the feedback system is a (trans)resistance and vice versa. 

The above principle is in fact the generalization of the active feedback described in [Gilb 74]: 
feedback with a large loop gain is used to compensate the nonlinearities of the voltage-to-current 
converters at the input of a Gilbert multiplier with pre-distortion. ; 

4.9 Summary 

In this chapter weakly nonlinear analog integrated circuits have been analyzed conceptually. 
Volterra series are extremely useful to this purpose. Responses like harmonics and intermodu- 
lation products can be expressed in terms of Volterra kernels. Moreover, Volterra series allow 
to obtain insight into the system operation using a block diagram representation of the Volterra 
kernels. In this way, the following concepts have been studied that can be useful for analog ■; 
integrated circuit design: suppression of even- or odd-order kernels, cascade connections of : 
nonlinear systems, inverse nonlinear systems and, finally, linear and nonlinear feedback. From: 
these analyses some design rules can be derived. First, it is seen that symmetry can be used to 
suppress either all even-order or all odd-order responses. The latter is not often used, since the 
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first-order response, which is usually the wanted signal, is suppressed as well. However, it is 
useful in mixers. Next it is seen that the output stages in amplifiers should be as linear as possi- 
ble since in general they give the largest contributions to the overall nonlinear distortion. Pre- 
or post-distortion is a means to suppress or reduce the distortion of a nonlinear circuit. In this 
way, a linear current-to-current or a voltage-to-voltage conversion can be achieved. 

In most analog integrated circuits feedback is present, sometimes unwanted. The effect of 
feedback on second- and third-order responses is not very obvious since the responses of different 
order can interact in the feedback loop. These effects have been studied in detail with the model 
of a nonlinear basic amplifier which is fed back with a nonlinear feedback circuit. It is seen 
that the nonlinear distortion produced by the basic amplifier can be suppressed by a large loop 
gain if the feedback circuit is linear. Nonlinearities of the feedback circuit are not suppressed by 
the loop gain. Further, it is seen that in the presence of a large loop gain, a closed-loop system 
mimics the inverse of the feedback circuit, at least if the nonlinearities of the basic amplifier can 
be neglected. This can be exploited in pre- or post-distortion applications. 



Chapter 5 



Calculation of harmonics and 
intermodulation products 

5.1 Introduction 

In this chapter different methods are explained for the calculation of harmonics and intermodu- 
lation products in a weakly nonlinear analog circuit. 

Calculation methods for harmonics and intermodulation products have been reported several j 
times either based upon Volterra series [Buss 74, Chua79b, Wein 80, Lar93, Maas 88]. Asi 
shown in Table 4.1, harmonics or intermodulation products can be obtained from the knowledge ] 
of the Fourier transform of Volterra kernels. 1 

•jt 1 

The different reported methods basically make use of the following approach for the calcu- 
lation of Volterra kernels of node voltages and branch currents in a circuit. The Volterra kernels ; 
are computed by each time solving the same linear network that is nothing else but the linearized ■ 
equivalent of the original circuit. This linear network is solved first to compute the first-order 
kernels. The second-order kernels are computed by exciting this linear network with inputs that ] 
are different from the external excitations. The new inputs depend on the first-order Volterra; 
kernels. The third-order kernels are computed similarly, but again with different inputs. These 
inputs are now function of the first- and second-order kernels. Higher-order responses are com- 
puted similarly. For this approach the nonlinearities need to be described as basic nonlinearities, 
that have been discussed in Chapter 3. The approach computes every Volterra kernel as a sum of 
contributions, one for each basic nonlinearity. This approach is further explained in Section 5.2. 

The computation of Volterra kernels from which harmonics and intermodulation products are] 
derived, contains redundancy. Indeed, if, for example, one is interested in a third harmonic, then] 
from Table 4.1 it is seen that this requires the knowledge of H 3 (jcoi,ju) U jcoi). Clearly, one is| 
interested in the value of the third-order kernel evaluated for three identical arguments only, and j 
not in a knowledge of the kernel ju) 2 , ja; 3 ) in which all three arguments are different.! 

If, on the other hand, one is interested in inputs other than one or two sinusoidal signals then aj 
complete knowledge of the third-order kernel might be desirable. j 

Not all circuits have only one input port and one output port. For example, many mixers have ; 
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two input ports. For such circuits, which in general are denoted as multiple-input systems, the use 
of Volterra series becomes awkward. For instance, the second-order kernel of a voltage is a ma- 
trix of size (# inputs x # inputs ), the third-order kernel is a (# inputs x # inputs x # inputs) 
tensor, and so on [Sale 82, Sche 80, Chua 79b]. Calculations with tensors are quite cumbersome. 
Although it is possible to get rid of tensor manipulations by the use of the Kronecker prod- 
uct [Sale 82], an extension of the calculation method of [Buss 74, Chua 79b] in terms of Volterra 
series for multiple-input systems is complex. 

In Section 5.3 a method is explained that directly computes the required response, which is 
a harmonic or an intermodulation product. Both the redundancy of the Volterra series approach 
and the use of tensors for multiple-input systems are avoided. The method circumvents the use 
of Volterra series. Of course, the resulting harmonics or intermodulation products obtained with 
this method are identical to the results obtained with the Volterra series approach. The method 
also computes the responses by repeatedly solving a linearized network, just as with the Volterra 
series approach. Details of the derivation of the method are given in Appendix C. In Section 5.3 
this method is explained with an example. It will be seen again that the response of interest is a 
sum of contributions, one for each basic nonlinearity. 

A third computation method that again leads to the same result has been described in [Kuo 73, 
Chis 73, Chua 75]. This method can be considered as a perturbation method. Since this method 
leads to the same results, it is not considered here. 

Since with the different methods mentioned above, a harmonic or intermodulation product 
can be considered as a sum of contributions, the basic nonlinearities that give the dominant con- 
tributions to a harmonic or an intermodulation product can be distinguished. The extraction of 
the dominant contribution yields valuable information. First, it indicates which basic nonlineari- 
ties are mainly responsible for the observed nonlinear behavior at the output of the circuit. Next, 
the dominant contributions can be analyzed in the frequency domain, in much the same way as 
an AC analysis of a linearized circuit. The results of such analysis, as performed by numerous 
commercial circuit simulators, are usually presented in the form of a plot, that shows the response 
of interest as a function of frequency. We will use the same approach in Chapter 8. 

However, the insight in the nonlinear operation of a circuit would be greatly enhanced if 
closed-form, symbolic expressions could be generated for the contributions of the basic nonlin- 
earities that are dominant in the harmonic or intermodulation product. Such expressions can, 
at least theoretically, be obtained by hand calculations since they can be obtained by solving 
linear networks. However, for circuits of practical size it will become clear in this chapter that 
hand calculations become very complicated. Here symbolic network analysis programs can be 
very useful to speed up or to partially automate the calculations. Such programs can generate 
closed-form expressions for the AC characteristics of an analog circuit [Giel 91, Giel 94a]. In 
order to generate compact, interpretable expressions, the symbolic network analysis programs 
can generate approximate expressions by removing the small terms of an expression according 
to a user-defined accuracy. 

Symbolic network analysis programs have been developed originally to compute expressions 
of linearized circuits. Since the calculation of Volterra kernels or harmonics and intermodulation 
products reduces to a repeated solution of sets of linear equations, the kernel of a symbolic net- 
w °rk analysis program can be used to obtain closed-form expressions for the nonlinear behavior 
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of a circuit. This issue is explained in Section 5.4. The symbolic analysis program that is used in j 
this book to compute nonlinear responses is the program ISAAC [Giel 89, Giel 91]. 

The calculation methods explained in this Chapter are illustrated with several examples. The 
Volterra series approach that is explained in Section 5.2 is illustrated with computations on a 
common emitter amplifier. The direct calculation of nonlinear responses, explained in Sec- 
tion 5.3, is illustrated with a simple mixer, both in bipolar and in CMOS. Next, in Section 5.5 
two simple circuits are analyzed, namely a resistive voltage divider and a capacitive current di- , 
vider. The results obtained with these circuits yield insights that are useful for the analyses in 
Chapter 8. 

As already mentioned above, the Volterra series approach can only compute a reasonable 
approximation of a circuit’s nonlinear behavior when the circuit behaves in a weakly nonlinear 
way. In practice it is not always easy to predict the limit of the signal amplitudes to which the 
weakly nonlinear approximation is valid. In order to check the validity of the assumption that 
the circuit behaves in a weakly nonlinear way, iterative numerical simulation techniques must be 
used. Some of these techniques are discussed in Section 5.6. 

Before a comprehensive discussion of the Volterra series approach and the direct calculation 
of nonlinear responses, it is already possible to get a feeling of how these methods proceed by 
considering the example of how a second-order nonlinearity in a circuit contributes to the second 
harmonic at the output. In Chapter 4 it has been explained that a second-order nonlinearity com- 
bines two signals, which eventually are identical, and produces a signal the order of which is the 
sum of the order of the two signals. Further, we know that the second harmonic at the output of 
a weakly nonlinear circuit is primarily determined by second-order behavior. Such behavior can 
only be caused by second-order nonlinearities that combine two first-order signals. Hence, the* 
contribution of a second-order nonlinearity to the overall second harmonic can be computed as 
follows: the first-order response of the voltage or current that controls the nonlinearity is com* 4 
puted first. Higher-order responses do not have to be computed since they will result in a signal, 
of order higher than two when they are fed into the second-order nonlinearity and combined witM 
another signal. This first-order response is simply computed using linear network analysis. This! 
response is then squared by the second-order nonlinearity — which in this case is equivalent ta 
saying that the nonlinearity combines two identical signals to produce a second-order signal — “| 
and the resulting signal propagates further to the output of the circuit. Hereby the influence of 
other nonlinearities in the path from the second-order nonlinearity to the output, should not bi 
considered. Indeed, these would combine the second-order signal with other signals to product 
a signal of order higher than two. In other words, one must compute the propagation of tM 
second-order signal through the linearized network, which again can be performed with lineaai 
network analysis. The computation method is illustrated schematically in Figure 5.1. 

For a third-order nonlinearity a similar reasoning can be followed to find the contribution^ 
of this nonlinearity to the third harmonic at the output. The difference with a second-ordef 
nonlinearity is that a third-order nonlinearity combines three signals instead of two to produce 
signal the order of which is the sum of the orders of the three individual signals. 
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Figure 5.1: Illustration of the calculation method for second-order kernel transforms or harmon- 
ics or intermodulation products . For the computation of the second harmonic , the two first-order 
signals are identical 

Prerequisites for the calculation methods For both the Volterra series approach and the di- 
rect computation of harmonics and intermodulation products it is assumed that the power series 
description of the different basic nonlinearities that are present in a circuit, can be broken down 
after the first few terms without a significant loss of accuracy. Further it is necessary that every 
voltage and current in the circuit can be described by a converging Volterra series. Finally, the 
circuit must have a unique solution for every node or branch voltage and branch current. 

The calculation method is explained for circuits with voltage-controlled nonlinearities. Current- 
controlled nonlinearities such as nonlinear resistors can most often be described as nonlinear 
conductances as explained in Section 3.2.2. 1. Other current-controlled nonlinearities are seldom 
used in analog integrated circuit design. Also, nonlinear voltage-controlled voltage sources are 
not considered in this chapter. Nevertheless, an extension of the calculation methods explained 
in this chapter to all these elements does not yield any difficulties. 



5.2 Calculation of Volterra kernels 

In this section it is explained how Volterra kernels of order one, two and three of voltages and cur- 
rents in a weakly nonlinear circuit can be computed. The method is explained using an example 
circuit. Detailed derivations can be found in the literature [Buss 74, Chua 79b]. 

The method computes the Volterra kernels or the responses in increasing order by repeatedly 
solving a linear network. First, the linearized circuit is analyzed with the external excitation(s) 
applied. For higher orders the same linearized circuit is solved with other inputs. 

The example circuit is shown in Figure 5.2. This is an equivalent scheme for a single- 
transistor (BJT) amplifier loaded with a resistance and a capacitance and excited by a voltage 
source. The base current is the current i\. The collector current is the current i 2 - The nonlinear- 
% of these two currents will be taken into account in the calculations. The excitation is a voltage 
source v in (t). For the determination of the Volterra kernels the actual shape of the input signal in 
fact is not important, as long as the input amplitude remains small enough such that the circuit 
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behaves in a weakly nonlinear way. 




Figure 5.2: Equivalent circuit of a bipolar transistor with a load resistance and a load capaci-\ 
tance at its collector. 



5.2.1 First-order kernels 



In a first step, the response of the linearized circuit to the external inputs is calculated as a function 
of frequency. This yields the first-order Volterra kernels, which are nothing else but transfer 
functions of the linearized circuit. For this computation every nonlinearity is replaced with its; 
linearized equivalent. Together with the output voltage, all voltages that control a nonlinearity- 
are calculated as well. The reason for these extra computations will become clear when the* 
calculation of higher-order responses is discussed. 

The calculation of the first-order responses for the example of Figure 5.2 is illustrated in 
Figure 5.3. 




Figure 5.3: Linearized equivalent of the circuit of Figure 5.2. 

In general this calculation can be represented by the solution of the following matrix equation: 

Y( 5 ).H 1 (s)=IN 1 (5.1) 

in which Y (s) is the admittance matrix of the circuit, Hi(s) is the vector of first-order Volterra 
kernel transforms of the node voltages and INi is the vector of excitations. The admittance 
matrix results from the application of Kirchoff ’s current law at every node voltage. This way 
of writing down the network equations is denoted as nodal analysis [Chua 75]. The unknowns 
that result from this formulation are the node voltages. If a network contains zero-impedance 
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elements such as voltage sources, then an extra unknown needs to be introduced, namely the 
current through this zero-impedance element. Also, an extra equation is provided for the branch 
with the zero-impedance element. The resulting formulation is called modified nodal analysis 
(MNA). This type of equation formulation is explained in many textbooks on network analy- 
sis [Chua 75, Chua 87]. For the MNA formulation, Y(s) is the MNA matrix and Hi(s) is the 
vector of the first-order kernels of every node voltage and of some branch currents. The circuit 
output and the voltages that control a nonlinearity can in general be written as a linear combina- 
tion of the elements of vector H : ( 5 ) . 

In many cases the unknown currents that result from the presence of zero-impedance elements 
can be eliminated in advance. Then the method for the formulation of equations is referred to 
as the compacted MNA method (CMNA) [Giel 89, Giel 91]. This formulation method will be 
illustrated with the example circuit of Figure 5.3. 

Applying Kirchoff ’s current law at node 1 in Figure 5.3 yields: 

gB(yi-Vm) + g.V 1 = 0 (5.2) 

At node 2 we obtain in the same way 

gmV be + (G L + sC L )V 2 = 0 (5.3) 

The voltages in equations (5.2) and (5.3) are Laplace transforms. If we would have taken the 
MNA method instead of the CMNA method to formulate the network equations, then we would 
have to write down an extra equation at the positive node of the voltage source. This equation 
would then include the current through the voltage source. In addition, a branch relation would 
be required stating that the voltage at the positive node of the voltage source is equal to V* n . 
Clearly, the CMNA method yields less network equations than the MNA method. 

Equations (5.2) and (5.3) can be combined in one matrix equation: 



9 b + 9tt 


0 




' Vi ' 




9BVin 


9m 


9l + sCl 




. . 




0 



The 2 x 2-matrix in the left-hand side is the (C)MNA matrix. It is clear that V\ and V 2 reduce 
to the transfer functions of the voltages at node 1 and 2 when V in is set equal to one. These 
transfer functions are denoted by Hi^s) and Hi 2 (s). The first subscript in these two transfer 
functions indicates the order of the transfer function, whereas the second subscript corresponds 
to the numbering of the node voltages. Hence these transfer functions are found from the matrix 
equation 



gB 4 <7tt 


0 




' x(s) ' 




9b 


9m 


9l + sC l 




_ H l2 (s) \ 




0 



This set of equations can be solved using Cramer’s rule. In this way, Hi^s) and Hi 2 (s) 
are found as a ratio of two determinants, the denominator of both being the determinant of the 
CMNA matrix, denoted by det(s) 



det(s) = {ql T- sCl)(9b 4- 9*) 



(5.6) 
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Then ( 5 ) is given by 



H h (s) 



9b 0 
0 9l + sCl 
det(s) 



9b ( 9l + sC L ) _ g B 
det(s) g B + 




This transfer function could have been written down immediately since the voltage at node 1 
is just a fraction r>/ ( r „ 4- r B ) of the input voltage. Equation (5.7) is the same but in terms of 
conductances instead of resistances. 

The linear transfer function at node 2 is given by 



H h (s) 



9b + 9tt 9 b 
9m 0 
det(s) 



~9m9B 

det(s) 



9m9B 

{9b + 9-ir) ( 9l + sC L ) 



(5.8) 



Again, this transfer function could have been written down without making the above calcula- ! 
tions, but we have followed here a systematic way of deriving H^s) and #i 2 (s) in order to 
better see the parallel with the computation of higher-order responses as will be done below. 



5.2.2 Second-order kernels 

Having computed the first-order kernels, which are nothing else but linear transfer functions, the j 
second-order Volterra kernels can be calculated with the method that is explained in [Buss 74]. } 
To this purpose, the excitation is first put to zero in the linearized circuit. This means that v in isj 
replaced by a short circuit. The second-order kernel transforms of the node voltages and branch’} 
currents in the nonlinear circuit are found by solving the same linearized network as the one that ) 
was used for the calculation of linear transfer functions but now with other inputs: instead of the 
real excitation, the so-called nonlinear current sources of order two or second-order nonlinear 
current sources are applied to the linearized circuit. The node voltages and branch currents that 
are found in this way are equal to the second-order kernel transforms. 

Every nonlinearity in the original circuit gives rise to such a current source in the linearized 
circuit. The sources are placed in parallel with each nonlinear element that has been linearized J 
The orientation of the sources is the same as the orientation of the controlled current in the 
original nonlinear circuit. In fact, the nonlinear current sources model the corrections on the* 
linear response for second-order nonlinearities. 

The computation of the second-order kernels using the second-order nonlinear current sources 
is shown for the example circuit in Figure 5.4: the original nonlinear circuit of Figure 5.2 has 
two nonlinearities, namely a nonlinear conductance that represents the nonlinear base current 
and a transconductance corresponding to the nonlinear collector current. These nonlinearities 
each give rise to a nonlinear current source. 

The value of the current sources depends on the type of the basic nonlinearity, on its second- ; 
order nonlinearity coefficient and on the first-order kernels of the controlling voltage(s). The 
dependence on these first-order kernels explains why the first-order kernels have to be computed 
prior to the second-order kernels. The expressions for the nonlinear current sources are given 
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Figure 5.4: Circuit that has to be solved for the computation of second-order kernels in the 
circuit of Figure 5.2. 

in Table 5.1. For both a nonlinear conductance and a nonlinear transconductance the value of 
the nonlinear current source is equal to the second-order nonlinearity coefficient, multiplied with 
the square of the first-order transfer function of the voltage that controls the nonlinearity. For a 
conductance this is the voltage over the element itself. 

For a nonlinear capacitance the value of the nonlinear current source is similar as for a non- 
linear conductance, except that it is multiplied with the frequency (s x + s 2 ). 

For a two-dimensional nonlinearity we recall that its power series can be split into two series 
that are identical to a one-dimensional conductance and a series that contains nothing but cross- 
terms. Table 5.1 shows only the component of the nonlinear current source that corresponds to 
the series with nothing but cross-terms. For a three-dimensional conductance only the terms are 
considered that correspond to the series that contains cross-terms in three voltages at the same 
time. The other components of the nonlinear current sources are similar to those of one- and 
two-dimensional conductances. Since a term that contains three different voltages at the same 
time is at least of order three, the second-order nonlinear current source that corresponds to such 
third-order nonlinearity is zero. 

We only considered nonlinear voltage-controlled elements in admittance form in our discus- 
sions, which means that the current through a nonlinear element is a function of one or more 
voltages. If second-order kernel transforms would have to be computed in a circuit with non- 
linear voltage-controlled voltage sources, then instead of applying nonlinear current sources of 
order two in parallel with the linearized equivalent of the nonlinearity, a nonlinear voltage source 
of order two would have to be applied in series with the controlled voltage source. This is ex- 
plained in [Chua 79a, Chua 79b]. 

The computation of the second-order kernel transforms corresponds to the solution of the 
following matrix equation: 

Y( 5l + S2 ).H 2 ( 5l , S2 )-IN 2 (5.9) 

In this equation, the vector H 2 (si, s 2 ) represents the second-order kernel transforms of the node 
voltages and some currents in the circuit. Vector IN 2 corresponds to the nonlinear current 
sources of order two. Comparing equation (5.1) to equation (5.9), one can see that the same 
Omittance or (C)MNA matrix is used, but it is evaluated at the frequency si -f s 2 instead of s. 

The computation method for the second-order kernels can be interpreted as follows: every 
second-order nonlinearity in the circuit combines two first-order components of its controlling 
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type of basic 
nonlinearity 


expression for 
nonlinear current source 
of order two 


(trans)conductance 


K 2gi H lk ( Sl )H lk (s 2 ) 


capacitance 


(5i + s 2 )K 2c ^Hik{s\)Hik{s 2 ) 


two-dimensional 
conductance 
(only cross-terms) 


+^ g HMHu(s^ 


three-dimensional 
conductance 
(only cross-terms) 


0 



Table 5. 1 : Nonlinear second-order current sources for the different basic nonlinearities. These 
sources are used for the calculation of the second-order Volterra kernels. Hikf) is the first- 
order transfer function of the voltage that controls a one-dimensional nonlinearity or the first 
controlling voltage of a two-dimensional conductance; Hu{-) is the first-order transfer function 
of the second voltage that controls the two-dimensional conductance. 

voltage(s) to produce a second-order signal. This signal, at frequency s\-\-s 2 , propagates through 
the rest of the linearized circuit to the output and to all other voltages and currents in the circuit 
yielding the demanded second-order kernels. The effect of nonlinearities does not have to be 
considered here since these would yield responses of order higher than two. 

Once the second-order Volterra kernels are known, the second-order harmonics and inter- 
modulation products can be computed using Table 4. 1 which gives the relationship between the 
Volterra kernels and the second- and third-order responses. 

We now apply the procedure to the computation of the second-order kernel transforms in the 
circuit of Figure 5.2. To this purpose, the circuit is linearized and the nonlinear current sources 
of order two are applied. The result is shown in Figure 5.4. Applying Kirchoff’s current law at 
nodes 1 and 2 in Figure 5.4 leads to the matrix equation 



9b + 9it 0 1 




H 2 J (si, S 2 ) 




-iNL2g„ 


9m 9L + (®1 + s 2 )Cl 




_ H 22 (si,s 2 ) _ 




. ~ i NL2g m . 



It is seen that the leftmost matrix is nothing else but the CMNA matrix of equation (5.5), but now 
evaluated at ($i + s 2 ) instead of at s x . In the matrix equation (5.10) the unknowns are the second- 
order kernels of the voltages at nodes one and two, H 2l (51,52) and H 22 (si , 5 2 ), respectively. The 
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value of the nonlinear current source iNL 2 g ^ is obtained according to Table 5.1: 

i NL2 97r = ^2 ff7r ^ r i 1 ( 5 l)^li( 5 2) 

Using equation (5.7) we find 

K 2 9 v 9 b { 9 l + si Cl) {ql + s 2 Cl) 



^NL2 g - K ~ 



det(si) det(s 2 ) 



(5-11) 



(5.12) 



_ g B ( dL + (dL + S 2 C L ) 



(5.13) 



Similarly, we find for iNL 2 gm 

i j NL 2 gm “ K 2gm Hi l (si)Hi l (s 2 ) det(si) det(s 2 ) 

Note that the dimension of the nonlinear current sources in this example is A/V 2 . 

Using the values of the nonlinear current sources, the second-order transfer functions can 
be found by applying Cramer’s rule on the matrix equation (5.10). In this way, we find for 

H 2l {sus 2 ) 

-iNL2 97T 0 

— iNL2g m 9 l + (si + S 2 )Cl 



H 2i (si, s 2 ) — 



det(s x + s 2 ) 
- (9l + (si + s 2 )Cl) 



l NL2 gn 



(5.14) 

(5.15) 



det(si + s 2 ) 

Using equation (5.12) this reduces to 

(ffL + (si + s 2 )C L ) ( 9l + $\Cl ) (gL + S 2 C L ) K 2g ^ g\ 
det(si +s 2 ) det(si) det(s 2 ) 

This can be further simplified using the expression of the determinant of the (C)MNA matrix, 
equation (5.6): 



H 2l {s u s 2 ) = -■ 



(5.16) 



a 2l (si, s 2 ) — 



K2 9 Q 2 b 



(. 9b + 9tt) 3 

It is seen that the dimension of H 2l (si, s 2 ) is V~ l . 

For the second-order kernel transform at node 2 we proceed in the same way: 



(5.17) 



#2 2 ( S 1: $2) 



9B + 9n —^NL2 97T 
9m ~^NL2 gm 



det(si + s 2 ) 

— ( 9b + g w ) i NL2 gm + 9m ^NL2 97T 

det(si + s 2 ) 

Using equations (5.6), (5.12) and (5.13) this reduces to 

T j , , ~9% {(9b + g v )K 2gm - g m K 2gn ) 

H2 2 {s 1 ,s 2 )— 



(5.18) 

(5.19) 

(5.20) 



(SB + 9k) 3 {dL + («1 + S2)Cl) 

The interpretation of the results is postponed until Section 5.2.4 and Chapter 8, where a single- 
transistor amplifier is analyzed in detail. 
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5.2.3 Third-order kernels 

In the following step, the third-order transfer functions are calculated. Just as second-order ones, 
they are computed as the response to nonlinear current sources, this time of order three. Hence, 
a similar matrix equation must be solved as for order one and two: 



Y (si + S 2 + S3).H3(Si, 52, 53) — IN3 



(5.21) 



The expressions of the nonlinear current sources of order three are presented in Table 5.2. 
Clearly, the expressions are more involved than for the second order. 



type of basic 
nonlinearity 



expression for 
nonlinear current source 
of order three 



(trans)conductance 



Kz gi H\k{S\)H\k{s2)H\k{sz) 



+ 1^2 






H\k{Si)H2k(s2 , S 3 ) + Hik(s2)H 2 k(su S 3 ) 

-\-Hlk(Ss)H 2 k{Sl: $ 2 ) 



capacitance 



(si + S2 + s^)Kz Ci H\k (si) H\k (s2)Hik (S3) 



+l(si + S2 + ss)K 2 



c ! 



//lfc(si)^(s 2 , S 3 ) 



+Hik(s 2 )H2k{su S3) -T Hik(ss)H 2 k{s\, s 2 ) 



two-dimensional 
conductance 
(only cross-terms) 






Hik(si)H 2 i(s2y S3) + Hik{s 2 )H 2 i(su S3) 
-\-Hik(s 3 )H2i(si, s 2 ) + H 2 k ( s 1 , s 2 )iTu(s 3 ) 

-\-H 2 k(su 8 Z )Hu{s 2 ) + a 2k (S2, Ss)Hn{S\) 

Hik{si)Hik{s 2 )Hu(s^) + Hik(si)Hik(s3)Hu(s2) 
~^Hik(s 2 )Hik(ss)Hii(si) 

^u(s 1 )i/u(s 2 )^(s 3 ) 

J \-Hik(s2)Hii(si)Hu(s 3 ) + Hik(ss)Hu(si)Hii(s2) 



+ 3 Ks 2 91 fe 92 



+ 5 K 3 9l k2 9 2 
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three-dimensional 


-Kt 

6 


Hik($i)Hu(s 2 )Hi m (sz) -b Hik(si)Hii(sf)Hi m (s 2 ) 


conductance 


-\-Hik(s 2 )Hii(si)Hi m (ss) + Nik(s 2 )Hu(ss)Hi m (si) 




(only cross-terms) 


+Hik(ss)Hu(si)Hi m (s 2 ) + Hik(ss)Hii(s 2 )Hi m (si) 





Table 5.2: Nonlinear third-order current sources for the 
different basic nonlinearities. These sources are used for 
the calculation of third-order Volterra kernels. i7ifc( ) and 
Il 2 k ( ■ ) tire the first- and second-order transfer functions of 
the voltage that controls a one-dimensional nonlinearity or 
of the first controlling voltage of a two-dimensional conduc- 
tance; #!/(*) and H‘ 2 i ( • ) are the first-order transfer func- 
tions of the second voltage that controls the two- and three- 
dimensional conductances; Hu(-) and H 2 i() are the first- 
order transfer functions of the third voltage that controls the 
three-dimensional conductance. 



The nonlinear current sources for the one-dimensional nonlinearities consist of two compo- 
nents. The first component is caused by the third-order nonlinearity. This nonlinearity combines 
three first-order signals to a third-order one at frequency (si + s 2 + 53). The second component 
is the average of terms which only differ by their arguments. This averaging is required to make 
the Volterra kernels symmetric with respect to their arguments. This component is caused by 
the second-order nonlinearity which acts upon a second-order signal and a first-order signal at 
the controlling voltage. Both third-order signals — with frequency (si + s 2 + s 3 ) — propagate 
through the circuit to the output and to all other voltages and currents. During this propaga- 
tion only the linear behavior of the circuit needs to be considered since interactions with other 
nonlinearities result into behavior of order higher than three. 

For a two- and three-dimensional conductance, again the only component listed is the one 
which corresponds to the series of nothing but cross-terms with two and three voltages, respec- 
tively. The nonlinear current source that corresponds to the cross-terms of a two-dimensional 
nonlinearity consists of three components which are again averages of terms which only differ 
by their arguments. The first component is caused by the second-order nonlinearity K 2 ^ 
which acts upon a first-order signal of the first controlling voltage and a second-order signal of 
the second one and vice versa. The second component is caused by the third-order nonlinearity 
which produces a third-order signal from two first-order signals of the first controlling 
voltage together with a first-order signal of the second controlling voltage. Coefficient 
does exactly the same with the roles of the first and the second controlling voltage reversed 
The nonlinear current source associated with the cross-terms in three controlling voltages of 
a three-dimensional nonlinearity is caused by the third-order coefficient 3 - It is again 

the average of terms in which the arguments are interchanged. This third-order nonfinearity takes 
together the first-order signals at the three controlling voltages to produce a third-order signal. 
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Once the third-order transfer functions are known, all third-order responses listed in Table 4. 1 
can be computed. 

The application of the calculation method to the example of Figure 5.2 leads to the set of 
equations 



9b + 9 * 


0 




H 3i {si,s 2 ,s 3 ) 




-*JVL3 9lr 


9m 


9l + (si 4- s 2 + s 3 )Cl 




_ H 32 {s u s 2 ,s 3 ) _ 




. -iNL3g m . 



(5.22) 



in which H 3l (s i, s 2 , s 3 ) and Hs 2 (s i, s 2 , s 3 ) are the third-order kernels of the voltages at node 
one and two, respectively. The above matrix equation results from the application of Kirchoff ’s 
current law at nodes 1 and 2, just as we did for the computation of the second-order kernel 
transforms. It is seen that the matrix equation (5.22) resembles very well to the matrix equa- 
tion (5.10), except that now nonlinear current sources of order three are applied and the CMNA 
matrix is evaluated for (si 4- s 2 + s 3 ) instead of (si -F s 2 ). 

From equation (5.22) we find, using the rule of Cramer 



S 2 , S 3) 



— {QL + (si + 5 2 + S 3 )Cl) i NL3g w 
det(si + s 2 + s 3 ) 



(5.23) 



Hz 2 {sus 2 ,s 3 ) 



- ( 9b + dir) ^NL3g m + 9m'i'NL3g 7r 
det(si + s 2 + s 3 ) 



(5.24) 



A further elaboration of these expressions is again postponed until Section 5.2.4 and Chapter 8 
where an in-depth analysis of a one-transistor amplifier is presented. 

For higher-order transfer functions, a similar procedure can be followed. The expressions 
for the nonlinear current sources become more and more complicated and they depend on the 
lower-order kernels of the voltage(s) that control (s) the nonlinearity. 

The complete calculation method is summarized in Figure 5.5. In this flowchart it is seen 
that for each order the same linearized network is solved. The node voltages that are found at 
each computation are equal to the Volterra kernels of the order under consideration. The wanted 
responses are derived from the Volterra kernels by using the relationship between the kernels and 
the nonlinear responses as given in Table 4.1. This will be illustrated in the next section. 



5.2.4 Postprocessing of the results 

The calculation method explained yields Volterra kernel transforms of node voltages or currents 
in a nonlinear network. In order to obtain the harmonic or intermodulation product of interest, 
the relationships between Volterra kernels and the nonlinear response of interest must be taken 
into account, as given in Table 4.1. The final results contain the small-signal parameters and the 
nonlinearity coefficients K 2 and K 3 , which are quantities that do not sound familiar yet to circuit 
engineers. However, if a designer wants to reason about nonlinear circuits he has to become 
acquainted with these parameters. Just as small-signal parameters, the nonlinearity coefficients 
can be expressed in terms of bias voltages or currents, model parameters and physical constants. 
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Figure 5.5: Schematic representation of the method of [Buss 74] for the computation of Volterra 
kernels. 



Some simple examples of such expressions have already been presented in Chapter 3. More 
ac curate values for the nonlinearity coefficients of the different nonlinearities in a bipolar and a 
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MOS transistor will be discussed in Chapters 6 and 7. 

We now proceed to the postprocessing of the results of the example circuit of Figure 5.2 
obtained in Sections 5.2.2 and 5.2.3. Assume that Vi n in Figure 5.2 is a sinusoidal voltage of the 
form 



Vin = V in sin(wit) 



(5.25) 



The second harmonic has to be derived from the second-order kernel H 22 {s\, s 2 ) at node 2. 
From Table 4. 1 it is seen that the complex amplitude of the second harmonic is found as 



^2, 2,0 — -^H2 2 {jU)u jlO\) (5.26).: 

The notation with the three subscripts must be interpreted as follows: is the phasor of the 

component of the voltage on node % at the frequency mu ; i + nuj 2 . \ 

Using equation (5.20) we find 



Vl ~9 b ((9b + g, r) K 2gm - g m K 2 ^ ) 
^ (ffs + fljr) 3 ( 9l + 2ju>i Cl) 



(5.27) 



This expression can be further interpreted by substituting the nonlinearity coefficients by values, 
that depend on bias currents, model parameters and technological constants. Using the simple 
values for K 2gm and K 2gn obtained in equations (3.14) and (3.22), equation (5.27) further reduces 
to 



^2, 2,0 — 



9b 



9r 



4V t (ss + g„) 3 ( 9l + 2jwiCz,) 



V 2 

r hit 



(5.28); 



If the base resistance is zero, which means that gs goes to infinity, then the complex amplitude 
of the second harmonic becomes 



^ 2 , 2,0 — 



9m 



4U £ (ql + 



V? 



(5.29) 



The second harmonic distortion is found by dividing U 2 , 2 ,o by the first-order response at node 2. ; 
Using equation (5.8) we find 



HD 2 = 



Vin 9 l + Cl 



(530) ; 



gL + %jwiC L 

At low frequencies, where the impedance of the load capacitance is much higher than the load 
resistance, HD , reduces to 



HD 2 (low frequencies) = 



V ln 

4V t 



(5.31) 



which is independent of the bias conditions. At high frequencies equation (5.29) reduces to 



HD 2 (low frequencies) = 



8K 



(5.32) 
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The third harmonic on node two is found by further elaborating equation (5.24). Using 
Table 4. 1 together with the values of the second- and third-order nonlinearity coefficients from 
equations (3.14), (3.15), (3.22) and (3.24), the complex amplitude of the third harmonic is found 

to be 

V 230 = (fffl ~ 2 9n) (5.33) 

24 (gi + SjiviCl) V 2 (gs + g*) 



For a zero base resistance this reduces to 



^ 2 , 3,0 — 



Vjn 9m 

24 (g L + 3jwiC L ) V t 2 



(5.34) 



The third harmonic distortion is found by dividing V^o by the first-order response V^^o- For a 
zero base resistance we find 



9l+JUiCl 
2AV 2 g L + Zj^C L 



At low frequencies we have 



V 2 

HD 3 (low frequencies) = 

/ 

and at high frequencies 

V 2 

HD 3 (high frequencies) - 

It is seen that the third harmonic distortion only depends on V t , just as HD 2 . 



(5.35) 



(5.36) 



(5.37) 



5.2.5 Simplifications 

In Table 4. 1 it is seen that many responses only require the knowledge of Volterra kernels for 
some of the arguments s ls s 2 or s 3 being equal. This means that a kernel does not need to be 
known completely. This can be exploited if one is only interested in the response of a given 
order at a given frequency, rather than the complete kernel. In that case, the expressions of the 
nonlinear current sources can be adapted to the response of interest. 

Table 5.3 lists the nonlinear current sources for the computation of the second and third har- 
monics. They are derived from the values given in Table 5.1 and 5.2 by making the arguments of 
the lower-order Volterra kernels all equal to ju i. Clearly, the expressions are much simpler than 
the expressions for the computation of the complete kernels. Table 5.4 gives the expressions 
or the calculation of third-order intermodulation products at 2uoi =bcj 2 , which is found by putting 
s i = s‘ 2 = j U j 1 anc | — ±juj 2 in Table 5.2. 
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type of basic 
nonlinearity 


order 


expression for nonlinear current source 


one-dimensional 

(trans)conductance 


2 


K 2gi (tfi*(M)) 2 


3 


K 3gi (tfi*(M)) 3 
+2K 2gi H lk (juj i ) H 2k (M , j wi ) 


capacitance 


2 


2MK 2 ^ (H^jlu,)) 2 


3 


)) 3 

+6 M K 2Ci Hi k ( jw i ) H 2 k CM 


two-dimensional conductance 
(only cross-terms) 


2 


K l 0 ,tc<n H lk(M)Hu{jUl) 


3 


K ^ gi i,g 2 [#l*CM)#2l(M>M) 
+H 2 k (M , j, wi ). H u (M ) ] 
+K3 2gihg2 (H lk (M)) 2 H ll (ju; 1 ) 

+ -^ 3 9,fc2»2 (M )) 2 


three-dimensional conductance 
(only cross-terms) 


2 


0 


3 


K 3 gi 



Table 5.3 : Nonlinear second- and third-order current sources for the basic nonlinearities 
compute second and third harmonics of uj\ with the Volterra series approach. 



5.2.6 Volterra kernels of currents 



The nth -order Volterra kernel of a current through a nonlinear element consists of two comj 
nents. The first component is the value of the nonlinear current source of order n that cor 
sponds to the given nonlinearity. However, a second component occurs which is caused by 1 
nth-order kernel of the controlling voltage times the linear admittance. In other words, it is 1 
current through the linearized element in the linearized circuit excited with the nonlinear 0 
rent sources. For example, the second-order kernel of the collector current in Figure 5.2 can 
found by considering the linearized circuit of Figure 5.4: it is the sum of iNL 2 grn with the cum 
9mH 2l {si,s 2 )^ 
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type of basic 
nonlinearity 


expression for 
nonlinear current source 
of order three 


(trans)conductance 


+ l K ^gi 


K 3gi (H lk (M)) 2 H lk (±juj 2 ) 
2H lk (ju} 1 )H 2k {juJi,±ju}2) + H lk (±ju 2 )H 2k (jLJi,jui) 




capacitance 


(2jWi ±ju2)K 3ci (tfu(jwi)) 2 H lk (±ju 2 ) 

+ |(2 M ± juj 2 )K 2Ci 2H lk {joj l )H 2k (joj 1 , ±jw 2 ) + Hi k (±ju> 2 )H 2k (ju u M) 


two-dimensional 
conductance 
(only cross-terms) 


+2H, 

+-Ki 

3 ^2g\hg2 

+ 3^ 3 9 i&2 9s 


2H lk (ju> 1 )H 2l (ju l , ±ju 2 ) + H lk {±ju) 2 )H 2 i{jui, jwi) 
>k(ju u ±ju) 2 )H u (juj l ) + H 2k (ju,, ]Ui)H u (±jw 2 ) 
2H lk (jto 1 )H lk (±juj 2 )H u (jLj 1 ) + (H xk (ju x )) 2 Hu{±]u 2 ) 
2Hi k (ju>i)Hu(ju!i)H u {±ju 2 ) + H lk {±ju 2 ) (Hu{ju i)) 2 




three-dimensional 
conductance 
(only cross-terms) 


+II ]k (j!jj ] )H u (jui)H lm (±juj 2 ) + H lk (±ruJ 2 )H u {juJ\)H Un {juJ\) 





Table 5.4: Nonlinear third-order current sources for the basic nonlinearities to compute third- 
order intermodulation products at 2coi dr lo 2 with the Volterra series approach. 

5,2.7 Interpretation of the results 

Using the explained calculation method, the harmonics or intermodulation products of order 
P > 1 at the frequency | ± mcoi dr nuj 2 \ with m d- n = p, are computed as a sum of contributions: 

# nonlinearities 

^2 iNL ?k ‘ TF 'nl — * output i 726^2) 



(5.38) 
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The sum is taken over all k nonlinearities in the network. In this equation, iNL Pk is the nonlin* 



current source of order p for nonlinearity k and TF iNLp ^ outpu t(±mu i ±no; 2 ) denotes the trai 
fer function from the applied source to the output. T^e amplitudes of the external excitatiq 
have been taken equal to one here for simplicity. \ 

The formulation of expression (5.38) makes reasoning about distortion possible. Indeed, \ 
transfer functions which determine the current sources on one hand, and the transfer functiq 
from the current sources to the circuit’s output on the other hand, can be analyzed either numq 
cally or symbolically and interpreted. Moreover, since the current sources are applied in a lini 
network, the effect of every current source, corresponding to one single nonlinearity, can be st^ 
ied apart from the other ones, just as with a noise analysis. However, the different contributk 
of the nonlinear current sources are complex numbers, whereas in noise analysis the contril 
tions are positive real numbers. This means that distortion contributions can cancel, which is i 
the case for contributions of noise sources. Moreover, the nonlinearities can interact, despitej 
the one-to-one correspondence between a nonlinearity and a nonlinear current source. Consic 
for example, the third-order nonlinear current sources. Looking at Table 5.2, one can see t 
their value is determined by the second- and third-order nonlinearity coefficients K 2 and K% 
the nonlinearity under consideration, but also by the second-order response at the controlli 
voltage. This response is in turn determined by the effect of all second-order nonlinearities. 
interaction prevents the different contributions from being associated with only one nonlinear! 
Hence, when the above method is used for symbolic analysis, such an interaction can complies 
the interpretation of the symbolic expressions. Fortunately, most contributions can be neglect 
in practical transistor circuits, so that after approximation very little contributions are retainer 
the result and very often little interaction occurs. This will be illustrated with the examples) 
Chapters 8. 



5.2.8 Factorization of the denominators 

During the calculation of the second-order kernels in the circuit of Figure 5.2, the denomind 
of the second-order kernels could be neatly factorized, as seen for example in expression (5.1 
This factorization can be generalized. 



Order 1 Consider first the solution of the linearized network. From equation (5.1) the ved 
Hi (5) of linear transfer functions in the circuit is given by 



H x (s) = Y“ 1 .IN 1 = 



1 



det(s) 



Y^.INi 



(5-3 



in which Y^ 1 is the matrix formed by taking the numerator of every element of Y -1 . 
denominator of every element of Y^ 1 is the determinant det(s). As a result, all first-or 
transfer functions in a network have the same denominator. This means that this denomins 
only needs to be computed once. 



5 2 Calculation of Volterra kernels 



135 



Order 2 For order two, the linearized circuit is excited with the second-order nonlinear current 
sources. These are determined by the product of the first-order response of the controlling voltage 
at Sl w ith the same response at s 2 . Hence, according to equation (5.39), the nonlinear current 
sources of order two have a common denominator (det(si) • det(s 2 ))- The set of equations to be 
solved to find the second-order responses is then 



Y( Sl + 5 2 ).H 2 ( Sl , s 2 ) - det(gi) det(.s 2 ) 



(5.40) 



in which IN 2/V is the numerator of the applied second-order nonlinear current sources and det(-) 
is the determinant of the (C)MNA matrix. The solution of this matrix equation is 



rj , , _ Y^Csi +s 2 )IN 2Af 

2(Si, s 2 ) det ( Si + S2 ) det(si) det(s 2 ) 



(5.41) 



in which we used again the matrix Y^ 1 that only contains elements without a denominator. It 
is seen that the second-order kernels have a common denominator that comprises products of 
the determinant of the (C)MNA matrix. This means that, once the determinant of the (C)MNA 
matrix is known, the denominator of the second-order Volterra kernels can be written down 
immediately. In other words, calculations of Volterra kernels can be limited to calculations of 
numerators . 

If one is interested in second harmonics, then vector the second-order kernels in equation (5.41 ) 
has to be evaluated for = s 2 * In this way, the denominator of all second harmonics in a circuit 
is given by 



denominator of any H 2 k(su s i) = (det(si)) 2 det(2si) (5.42) 

From equation (5.39) it is seen that the poles of the linearized circuit are the zeros of det(si). 
Then equation (5.42) reveals that a pole of the linearized circuit is a double pole for the second 
harmonic. In addition, there is an extra pole at half of the frequency of the original pole. Assume 
for example that a circuit has a dominant pole at a frequency f\ . This corresponds to a zero of the 
determinant of the (C)MNA matrix at f \ . On a Bode diagram the first-order response starts to 
decrease with 20 dB per decade from /i on. The second-order response already decreases with 
20 dB per decade from fi/2 and with 60 dB per decade from /i. 

Order 3 Factorization of denominators is also possible during calculations of Volterra kernels 
or responses of order three. An additional difficulty, however, is that the third-order nonlinear 
current sources consist of a component which contains the product of three first-order terms and 
a component that contains a second-order response. Hence the two components do not have 
fhe same numerator. If one wants to bring them to the same denominator, then the expressions 
f°r the nonlinear current sources of order three are quite complicated. However, considerable 
simplifications in the expressions of the nonlinear third-order current sources can be performed 
w hen only a specific third-order response is calculated. 
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Consider for example the calculation of the third-order intermodulation product at a ft 
quency 2uj i + cu 2 at the output of a circuit that is excited by two sinusoidal input signals at 
quencies uq and c u 2 . The expression of the nonlinear current source of order three for a nonlinc 
(trans)conductance can be obtained from Table 5.4: 



> i , NL3g 1 — ^3 gi Hi h (jUJ2) + | K 2 



2 



2Hi k {jui)H 2k (juj u jLU 2 ) 



+ H lk {jU2)H2k{jtOujU\) 



(5-41 



The Volterra kernels in this expression can be split in a numerator and a denominator. Frc 
equation (5.39) it is seen that a first-order kernel Hi k (juJi) can be split as follows 



tfifc(M) — 



det (jui) 



(5. 



Hereby Hi kN (jcoi) has no denominator. Using equation (5.41) a second-order kernel H 2k (ju r,. 
can be written as 



H 2k (ju) U jw 2 ) = 



H2kN(j&ujW2) 



det {ju) X H- juj 2 ) det (7 a; i) det(juj 2 ) 



in which H 2kN (jcui, jcv 2 ) is a quantity without a denominator. Using equations (5.44) and (5.* 
the nonlinear current source of order three for a nonlinear conductance, equation (5.43) becor 



tNL3 



9 1 



_ K Hi k N(jW2) 

391 V det(jwx) ) det(ju> 2 ) 

2Hi kN (ju>i) H 2kN (juj u ju 2 ) 



2 

+ 3*2* 



+ 



det (juji) det(ja;i) det^'a^) det (jcui + jw 2 ) 

Hi kN (jw 2 ) ^ 

dei{jto 2 ) (det(7'o;i)) 2 det(2ju)i)_ 



(5*^ 



The different terms can be brought to the same denominator. In this way, the common denor 
nator of the nonlinear third-order current source becomes 

denominator of i NL 3 gi = (det(jwi)) 2 det(ja> 2 ) det^x + jw 2 ) det(2jwx) (5.4| 

and the numerator is given by 

numerator of i NL3 = K 3 (JI lkN {;juj,)f H lkN (ju} 2 ) det.(./w, + ;joj 2 ) det, (2.?^ ) 



+ 3^ 



‘ 2 HikN{ju\)H 2 kN(ju\, jui 2 ) det(2jwi) 
+ Hi kN (ju 2 )H 2kN (j<j u juj.i) det(jo;i + ju 2 ) 



(5.4* 
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The nonlinear current sources of order three are applied to the linearized circuit at a frequency 
2 j UJl + juj 2 . As a result, the common denominator of the intermodulation products at 2jwi +ju )2 
everywhere in the circuit is given by the product of the denominator given in equation (5.47) and 

det(2ju>i + 7 ^ 2 ): 

denominator of response at (2jur + ju 2 ) = 

(det(M)) 2 det(jw 2 ) det (ju x + ju 2 ) det(2 jui) det(2 + ju) 2 ) (5.49) 

In a similar way, one finds that for the calculation of third harmonics at 3u;i the common 
denominator of all nonlinear current sources of order three is given by 

det(2jo;i) (det( 7 'u;i)) 3 (5.50) 

while the numerator of a third-order nonlinear current source corresponding to a one-dimensional 
conductance is given by 

K 3 gi det(2juji) + 2K2 gi HikN(ju)i)H2kN{jwu3 UJ i) (5.51) 



5.3 Direct calculation of nonlinear responses 

The Volterra kernels which have been used throughout this chapter have been defined for circuits 
with only one input port. For such circuits a Volterra kernel is an analytic function of several 
time or frequency variables. For multiple-input circuits, however, Volterra kernels become ten- 
sors [Chua 79a]. The second-order kernel of a voltage is a matrix of size (# inputs x # inputs ), 
the third-order kernel is a (# inputs x # inputs x # inputs) tensor, and so on. Calculations with 
tensors are quite cumbersome. Although it is possible to get rid of tensor manipulations by the 
use of the Kronecker product [Sale 82], an extension of the above explained calculation method 
in terms of Volterra series for multiple-input systems is complex. However, the use of Volterra 
kernels can be circumvented to obtain the responses of interest in a multiple- input system. In- 
deed, in Appendix C a method is derived that immediately calculates the required responses 
(harmonics or intermodulation products). The method does not make use of tensors. Again the 
linearized network is solved repeatedly with different inputs. The difference with the Volterra 
series method for single-input circuits lies in the value of the nonlinear current sources. In this 
chapter the method is explained with an example circuit. Interested readers can go through the 
derivation of the method in Appendix C. 

The method is explained with the example circuit of Figure 5.6. This circuit is a differen- 
hal pair with bipolar transistors. By applying both a differential signal at the bases of the two 
transistors and a signal at the tail current source, a mixer operation is obtained. The two transis- 
tors Qia and Q lB are each represented by a nonlinear transconductance that corresponds to the 
nonlinear dependence of the collector current on the base-emitter voltage. The two transistors 
ntatch. Therefore, their transconductance and the corresponding higher-order coefficients will be 
^Presented by the same symbol in the subsequent computations. 
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Figure 5.6: A differential pair used as a simple mixer (a) and its AC -equivalent circuit (b). 



The circuit is excited at two different input ports by two sinusoidal signals ii n (t) and Vtn(ji 
at frequencies coi and oo 2 , respectively: 



V in (t) = Re ( V in e 3Ult ) (5.5i 

i in (t) = Re (5-5| 



steady-state conditions, every node voltage v x {t) consists of a sum of harmonic fun! 
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tions: 



v x {t) = 

Re(l4,i, 0 e^‘) + Re^.i e***) 

+ Re(l4, 2 ,o e *“'*■) + Re(T4,o, 2 e^‘) 
+Re(14,i,i e J(“i+“ 2 )t) + Re(l/ ;1 ,_ 1 e«"> -«-»)*) 

+ Re( 14, 3 ,o <^' 1 ) + Re(14,o,3 O 3 ^) + - - - 
+ ... 



linear response 
> 2nd-order response 
3rd-order response 



(5.54) 



In this equation, V x , m , n is the phasor of the component of the voltage at node x at the frequency 
mwi + nu) 2 - Similarly, the current through a branch k can be written using phasors of the form 

Equation (5.54) can be rewritten as 

+oo +oo 

v x (t) = E E Re (^,-»/ ( “ 1+n " 2)t ) (5.55) 

m = 0 n=0 

The goal of this section is to explain a method to compute the complex phasors 

Since the real part of a complex number is half of the sum of this number and its complex 
conjugate, equation (5.55) can also be written as 

.. +oo +oo 

V,(t) = 2 E E n e 3(mui+n “ 2)t (5.56) 

m=— oo 7i— — oo 



in which 



V = V* 

r x,m,n r x,—m,—n 

In other words, the response at mooi + nu 2 is the complex conjugate of the response at 
nu) 2 . 



(5.57) 
—moo i — 



5.3.1 First-order responses 

First, the responses to v in only are computed in the linearized circuit. This is performed with the 
Matrix equation 



Y(jwi).Ui )0 — INi )1)0 (5.58) 

* n this equation Y is the (C)MNA matrix, Ui )0 is the vector of the phasors V if 1)0 (and possibly 
fc,i,o) and IN 1)10 is a vector whose only nonzero components are the terms in the network 
Rations that contain V in . The circuit output and the voltages that control a nonlinearity can be 
ntten as a linear combination of the components of vector U 10 . 
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product^ 



Next the responses in the linearized network to I in only are computed with the equation 



YCj^).U 0) i=IN 1 , 0i i (5-59j 

in which U 0 ,i is the vector of the phasors V^ 0 ,i (and possibly and INi )0 ,i is a vector whosj 
only nonzero components are the terms in the network equations that contain I in . The circul 
output and the voltages that control a nonlinearity can be written as a linear combination of thj 
components of vector Uo,i. i 

For the example circuit of Figure 5.6, the computation of the first-order responses is illu^ 
trated in Figure 5.7a and 5.7b. j 







Figure 5.7: Calculation of the first-order responses to v in 
in the circuit of Figure 5.6. 



only (a) and i in only (h), respective | 



i| 

We begin by computing the first-order responses to v in only. This is performed with 
^«^yt in Figure 5.7a. By applying Kirchoff’s current law at the nodes 1, 2 and 3, the matri 
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equation (5.58) can be set up. This yields 



9l + ju\C L 


0 9m 




' ^ 1 , 1,0 ' 




2 9m Vn 


0 


g L + juJiC L -g m 


- 


^2,1.0 




2 9m Vin 


0 


0 2 g m 




^3, 1,0 




0 



The first row in this matrix equation corresponds to the current law formulation at node 1, the 
second row to node 2 and the third one to node 3. Note that again the CMNA formulation has 
been used to write down the network equations. The determinant of the CMNA matrix is found 
from equation (5.60): 



det(yoj|) = 



9l+]UiCl 0 —g m 

0 9i, + juiC,, — g m 

0 0 2 g m 



2g m {gL + ju\C L f 



(5.61) 



The responses to Vi n only can be found by using the rule of Cramer. For the response at node 1 
we find in this way 



Vi,i,o - 



1 

detO'wi) 



29vnYin 0 g m 

29m^in 9L "b j^lCL 9m 
0 0 2 g m 



~9m 



V,r 



2 {ql + j&i C l) 
Similarly, the response at node 2 is found to be 

^2,1,0 = 



9m 



2 (<7l + Cl) 
which is the opposite of Vi >lj0 . Further we find that 



Vi 



m 



(5.62) 



(5.63) 



H,i,o = 0 (5.64) 

H,i,o is zero since for differential signals applied to the base of the two transistors, the common 
emitter point is an AC ground. The output signal is the difference of Vi jl)0 and V^i )0 : 



Vout, 1,0 — ^2,1,0 — VI, 1,0 

Using equations (5.62) and (5.63) we find 



Voui,l,0 — 



9m 
9l + 



Vir. 



(5.65) 



(5.66) 
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In terms of the determinant of the CMNA matrix this can be rewritten as 

2 gh ( gL + jwjCx) 



Vr 



out, 1,0 



j , / . . V„, (5.67 

det(joji) } 

In the Volterra series approach that has been explained in Section 5.2 nonlinear curren 
sources were applied in order to compute the higher-order Volterra kernels. These current souro 
were determined by the lower-order Volterra kernels of the voltages that control the differei 
nonlinearities in the circuit. With the direct calculation of nonlinear responses we will folio’ 
a similar approach. Again, the value of the nonlinear current sources for the computation 
higher-order responses will depend on first-order responses of the voltages that control the no| 
linearities. Hence we have compute these first-order responses. a 

The nonlinearities in this circuit are the transconductances of the two transistors. The transcc 
ductance that corresponds to transistor Qia is controlled by the voltage difference betwe^ 
nodes 4 and 3 anc the controlling voltage for the transconductance corresponding to Q XB 
the voltage difference between nodes 5 and 3: 

^ 43 , 1,0 = ^ 4 , 1,0 — ^ 3 , 1,0 (■ 

^ 53 , 1,0 “ ^ 5 , 1,0 — ^ 3 , 1,0 ( 

From Figure 5.7a it is seen that Va,i,q and V 5) i )0 are +V in /2 and —V in /2, respectively. Since V^\ 
is zero we find 

V43,l,0 = Vin/2 ( 

V 53 ,1,0 - —Vin/2 ( 

Next, the responses to I in are computed. Applying Kirchoff’s current law at the nodes 1,; 
and 3 in Figure 5.7b, yields the following matrix equation 



g L +jw 2 C L 0 -g m 

0 + 7^2 C L ~g m 

0 0 2 g m 

Applying the rule of Cramer yields the response to i in at node 1: 





Vi,o,i ' 




0 


• 


^2,0,1 


= 


0 








I in 



(5-1 



^1,0,1 = 



1 



det(juj 2 ) 



0 

0 

Iin 



1 



o gm 

g L +ju) 2 C L -gm 
0 2 g m 

~ Iin 



(5.1 



2 {gL + j^2 Cl) 

where detfjc^) is found from equation (5.61) by replacing uj x with co 2 . The response at no< 
is identical to Vi i0 ,i: 



^2,0,1 — 



2 (gL + 



Iir 



(5.- 
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The response at node 3 is found as 

1 



^3,0,1 - 



det(ju; 2 ) 
1 



g L + ju)2C L 0 0 

0 gL + J^Cl 0 
0 0 -I in 



2 g, 






m 



The output voltage is found from equations (5.73) and (5.74): 

- 2 g m (g L + ju 2 C L ) 



V ou t,0,l — ^ 2 , 0,1 — , 0,1 — 



lin — 



dct(juj 2 ) <JL + ju 2 C L ' 

Finally, we determine the voltages that control the two nonlinear transconductances: 

^43,0,1 = ^4,0,1 — H,0,1 
^53,0,1 = ^5,0,1 — ^3,0,1 



(5.75) 



(5.76) 



(5.77) 

(5.78) 



From Figure 5.7b it is seen that both V^o.i and V^o,! are zero. Using equation (5.75) we find 



^43,0,1 — ^63,0,1 — 7. h 






(5.79) 



771 



5.3.2 Second-order responses 

With the information from the previous step the second-order responses can be computed. From 
Section 2.4 and 4.4 we know that second-order behavior gives rise to responses at 0Hz, 2a>i, 2a; 2 
and | loi ± uj 2 |. For the calculation of each of these responses, again the same linearized network 
must be solved as the one that has been used to compute the first-order responses. However, the 
inputs are different now: instead of the external excitations, so-called nonlinear current sources 
of order two must be applied. There is one current source for each basic nonlinearity in the circuit 
and the source is placed in parallel with the linearized equivalent of the nonlinearity. Clearly, this 
approach is similar to the Volterra series approach described in Section 5.2. However, the value of 
the nonlinear current source differs for the two approaches. For the different basic nonlinearities 
the expressions of the nonlinear current sources of order two that have to be applied to directly 
compute the responses at 2uji and [cui ± cu 2 \, are listed in Table 5.5. The expressions for the 
nonlinear current sources of order two for the computation of responses at 2 are similar to the 
expressions for the computation of responses at 2o>i . 

Since the responses at 2ui and 2 are determined by one single excitation, it is clear that the 
computation of these responses can also be performed with the Volterra series method for single- 
Wput systems that has been explained in Section 5.2. However, the second-order intermodulation 
Product cannot be computed with that method since it is determined by the mixing of two signals 
rom a different input port. It is however possible to use Volterra series as well, with the extra 
rden that we need to introduce tensors, as already mentioned above. 
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type of nonlinearity 


nonlinear current source 
for response at |o^i d= tu 2 | 


nonlinear current source 
for response at 2lo x 


(trans)conductance 


^2 gi V iX0 V it 0,±l 


^ 2 9i ( t/ \2 


capacitor 


j{u 1 ± w 2 ) K 2ci Vi, i,oVi,o,±i 


M K i Ci (^i. 1 . 0) 2 


two-dimensional 
conductance 
(only cross-terms) 


k 2 s 

91&92 t / t/ 

2 m,i,oVj,o,±i 

K 2 ^ 

i 91&92 T/ T/ 

+ 2 * / i ) o ) ±iVj,i,o 


K 2 *, 

91&92 T / t r 

2 y iXO y j, 1,0 



Table 5.5: Nonlinear second-order current sources for the basic nonlinearities to directly coi 
pute second-order intermodulation products at |cji =b a; 2 | and second harmonics at 2u\. 7 
controlling voltages are Vifor the nonlinear ( trans Conductance and the nonlinear capacitor a 
Vi and Vj for the two-dimensional conductance. 



The interpretation of the values of the nonlinear current sources from Table 5.5 is as followi 
the second-order nonlinearity of every one-dimensional conductance or capacitance combing 
the first-order response of its controlling voltage due to V in only, with the first-order response 
of its controlling voltage due to Ii n only, to a second-order signal. This signal, at frequend 
|cl>i d= cj 2 |, then propagates through the rest of the circuit. When considering this propagation 
only the linearized elements need to be taken into account. Indeed, any interaction of the second 
order signal with another one yields a response of order higher than two. | 

For the computation of the responses at the frequency |u>i =bo; 2 \ , the following set of equatioi 
has to be solved: 

Y(M±^2)-U u -IN 2)1j1 (5.8C 

Here U 1( i is the vector of phasors of the components at |£ji±£j 2 | of the node voltages andpossib| 
of some branch currents as well. The matrix Y (jw i =b ju 2 ) is again the (C)MNA matrix of tlij 
circuit, now evaluated at the frequency |cji d= o; 2 |. The right-hand side IN244 is a vector thf 
contains the nonlinear current sources of order two, in particular the sources for the computatib 
of the responses at jwi =b o; 2 |, which can be found in Table 5.5. ’ 

For the computation of the responses at 2a; 1 the following set of equations needs to be solve^ 

Y(2M).U a , 0 = IN 2 , 2 ,o (5.8< 

where U 2)0 now contains phasors of responses at 2u)\ and IN 2j2) o is the vector of nonlined 
current sources of order two, in particular the sources for the computation of the responses i 
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2cji, which can be found in the rightmost column of Table 5.5. Similarly, the computation of 
responses at 2 cu 2 is performed with the following set of equations: 

Y(2ia; 2 ).Uo ) 2 = IN 2i0 ,2 (5.82) 

It is seen that with the direct computation of the wanted responses each time a new set of 
equations needs to be solved whenever an additional response is required. This was not the case 
with the Volterra series approach. 

In order to illustrate the method, we will now compute the second-order intermodulation 
product at u\ + uj 2 at the output of the example circuit of Figure 5.2. To this purpose, appropriate 
nonlinear current sources of order two are applied to the linear circuit of Figure 5.3. The resulting 
network that has to be solved is shown in Figure 5.8. 



@ 




Rl 



>9m{v 5 - V 3 ) 



(D 



Figure 5.8: Equivalent circuit that has to be solved for the computation of the second-order 
intermodulation products in the circuit of Figure 5.6. 



First, we set up the matrix equation (5.80). To this purpose, the current law of Kirchoff is 
applied at the nodes 1, 2 and 3. This yields 



9l + j(u) 1 + C02 )Cl 


0 9m 




' ^, 1,1 1 




~ iNL2 9m\A 


0 


9l+ j{wi+u)2)C L —g m 


• 


^2,1,1 


= 


~ iNL2 9m IB 


0 


0 2g rn _ 




L V 3 . 1.1 J 




- iNL2 9 m lA + iNL2 9mlB - 



(5.83) 

The right-hand side contains the nonlinear current sources ^NL 2 9mlA and 'Inl 2 9 lB that corre- 
spond to the transconductance of transistors Qia and Q\b , respectively. Their value can be 
obtained using Table 5.5. For ^NL 2 9nilA we find 

tNL2 9mlA = ^2^^43,1,0^43,0,1 (5.84) 

Using equations (5.70) and (5.79) this becomes 

= 1 < 5 ' 85 ) 
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The nonlinear current source ^NL 2 g 1B is given by 



i NL2 9mlB —^ 2 ^^ 53 , 1 , 0 ^ 53 , 0,1 

From equations (5.71) and (5.79) we find 



K, 



t NL2 



2 9n 



'9ml B 



4g 



-VrJr, 



(5. 



(5-87} 



m 



which is the opposite of i NL2g mlA ■ 

Now the phasors of the intermodulation products at the three nodes can be computed. Usin| 
Cramer’s rule with the matrix equation (5.83) we find 



*2,1,1 = 

* 3 , 1,1 = 



9m ( 9L + j (Wl + U} 2 ) C L ) (-*iVL2 9mly4 + *ATL2 9mls ) 
det (j (wi +w 2 )) 

9m ( 9L + j (^1 + W 2 ) C L ) ( i NL2g mlA - l NL2g mlB ) 

det(j (uji + u> 2 )) 

(9L +3 (Wl + w 2 ) C L f (iNL2g mlA + i NL2g mlB ) 



Since iNL 2 g mlB = -iNL 2 9mlA we find 



det(j (wi + w 2 )) 



V s ,i,i = 0 



(5.Mj 
(5.8 
(5. 

(5.9 



This means that the second-order response at u)\ + u ) 2 at the common-emitter point is zero. 

The second-order intermodulation product at the output is the difference of the intermodi 
tion products at nodes 1 and 2: 



Vout, 1,1 — ^2,1,1 — ^1,1*1 

Using equations (5.85), (5.87), (5.88) and (5.89) this becomes 



V, 



^2 gVinl 



out, 1,1 — 



m 



2 9 m ( 9l + j (wi + w 2 ) C L ) 



(5.S 



(5.9| 



The expression for the response at -\-c 02 can be interpreted as follows. Assume that the mixii 
circuit of Figure 5.6 is used as an upconverter. In this case, V ou t,i,i is the wanted mixing prodi 
It is seen to depend simultaneously on Vi n and Ii n . Suppose that the baseband signal is appl 
at the bases of transistors Qia and Qib- The AC current delivered by the current source at 
common emitter is proportional to the local oscillator signal. Then the conversion gain of 
simple mixer can be found by dividing V outX \ in equation (5.93) by the amplitude V in of 
baseband signal. This yields 



Conversion gain = 



I™ 



K ' L 



•9m' 



2 9 rn (9l + j (t^i + ^ 2 )C L ) 2 (g L + j (uq + u 2 ) C L ) 



(5.5 
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It is seen that the conversion gain is proportional to the local oscillator signal. This is only true 
of course if the circuit operates in a weakly nonlinear way. This is not the case with all mixer 
configurations, as already mentioned in Section 2.5. Further, it is seen that the conversion gain 
is proportional to the normalized second-order nonlinearity coefficient of the collector current 
nonlinearity of the two transistors. Finally, it is seen that the conversion gain is higher when the 
impedance at the output is higher. 

Assuming that the collector current satisfies the simple exponential relationship of equa- 
tion (3.12), then the second-order nonlinearity coefficient K f 2 is equal to l/(2V t ) (see equa- 
tion (3.1 4)), and the conversion gain reduces to 



Conversion gain = 



4 Vt ( gL + j (ah + w 2 ) Cl) 



(5.95) 



If the mixer is used as a downconverter, then the response of interest is at the difference 
frequency \uji -d 2 |. The conversion gain in this case is found by replacing in equation (5.95) cj 2 
with In this way we obtain 



Conversion gain (difference frequency) = - 4^ (5.96) 

4 Vt (gL + j (ah — uj 2 ) Cl) 

Compared to the upconversion situation, it is seen that the load impedance is evaluated now at 
the difference frequency. In the case of a capacitive load, this results in a higher conversion gain. 



5.3.3 Third-order and higher-order responses 

We know from previous chapters that third-order nonlinear behavior in a circuit that is excited 
with two sinusoidal signals at uji and uj 2 , gives rise to responses at cji, iv 2j \2wi ± (j 2 \, \2 u 2 ± lj 1 1, 
3oj! and 3 u 2 . In Appendix C it is shown that these responses can be computed in a similar way to 
the computation of the second-order responses: the responses are found by solving the linearized 
network that is excited by nonlinear current sources which are now of order three. The value 
depends on the type of nonlinearity and on lower-order responses. As an example, the nonlinear 
current sources for the computation of the intermodulation products at \2u) X ± u ) 2 | are shown in 
Table 5.6. The nonlinear current sources to compute intermodulation products at \2uj 2 ± \ can 

be derived from this table by changing the role of and u) 2 . 

The values of the sources from Table 5.6 can be reconstructed by considering all possibili- 
ties to produce a third-order signal out of the lower-order responses at the controlling voltages. 

onsider for example a one-dimensional nonlinear conductance. Its second-order nonlinearity 
combines the response at its controlling voltage at uji with the second-order response at wi +uj 2 , 
giving rise to the first term of the expression of the third-order nonlinear current source. The sec- 
° nd term is due to the second-order nonlinearity that acts upon the first-order response at ui and 
e second-order response at 2cui. Finally, the third term is caused by the third-order nonlinearity 
at takes the first-order response at uji twice, together with the first-order response at cu 2 . 

Other third-order responses like harmonics, desensitizations, third-order compressions or ex- 
^sions can be computed similarly. The only difference is in the expressions of the nonlinear 
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type of nonlinearity 


nonlinear current source for response at 2ui ± uj 2 


(trans)conductance 


+ ^2 ffl Vi,0,±lK,2,0 + 1^3 ffl V& ( oV5,o,±l 


capacitor 


(2juji ± juj 2 ) 


^2 Cl ^ 1 l,oVj,l,±i + K 2ci Vi,0,±lVi i2 ,0 + 4-^3 Cl 0,±1 


two-dimensional 
conductance 
(only cross-terms) 


2^9 1&92 


14,0, ± 1 14,2,0 

^4^ 3 2gi&52 

^\ Ki gik2g2 


+ 1^1,0 ljd,±i + 1^,1, ±iVy, 1,0 + 1 4 

2 ^ 0 ^, 1 , 014 , 1,0 + v? lj 0 i4-o , ±1 
2T4, 1 ( 0 14,o,±il4,i,o + 14,o, ± 114 ^ 1,0 


, 2 ,oVj,o,±l 


three-dimensional 
conductance 
(only cross-terms) 


-h\ 

4 


^*,0, ±1^,1, 0^4, 1,0 + 14,1,0 14, 0,±1 14,1,0 + K',l,ol4,l,ol4,0,=fcl 



Table 5.6: Nonlinear third-order current sources for the basic nonlinearities to compute third- 
order intermodulation products at \2cvi ± ca 2 \. The controlling voltages are v % for the nonlinear 
(trans)conductance and the nonlinear capacitor, and v ? for the two-dimensional conductance 
and Vi, Vj and v k for the three-dimensional conductance. 



current sources. Table 5.7 lists the nonlinear current sources for the computation of the third 
harmonic of oj 2 . 

The computation of responses of order higher than three is seldom of interest in weakly 
nonlinear circuits. If required, these responses can be computed in a similar way. The higher- 
order nonlinear current sources will again be dependent on lower-order responses. 

Let us return now to the example circuit of Figure 5.6 which is used as a simple mixer. It is 
assumed that the mixer is used as an upconverter. The baseband signal is a sinusoidal voltage with 
frequency cji and the local oscillator signal has a frequency cu 2 . We first consider the situation 
where the baseband signal is applied at the base of the two transistors Qia and Qib and the 
local oscillator signal is proportional to the current of the source at the common emitter. The 
intermodulation product at the output at the frequency 2u)\ 4- cc 2 is a signal that is very close tc 
the wanted output signal at + lo 2 . Hence it is important to know this unwanted intermodulatior 
product, which can be considered as in-band distortion. 

For the computation of third-order intermodulation products at 2oj\ + oj 2 the linearized circui 
is excited with nonlinear current sources of order three, as shown in Figure 5.9. 
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type of nonlinearity 


nonlinear current source for response at 3 cj2 


(trans)conductance 


K 2gi V h0 , 1 V m2 + \K igi V* al 


capacitor 


3 3^2 K2 c Vifl,iV ifi ,2 + \K3 C V? AI 




two-dimensional 
conductance 
(only cross-terms) 


I^ 2 9 i&92 + 

+ l K 3 2gi lkg 2 V i\0,l V j,0,l + I^3 J1&292 Ko,l 




three-dimensional 
conductance 
(only cross-terms) 


V ifi,l V 3,0,lVk,0,l 



Table 5 . 7: Nonlinear third-order current sources for the basic nonlinearities to compute the third 
harmonic at 3 cj 2 - The controlling voltages are Vifor the nonlinear (trans Conductance and the 
nonlinear capacitor, Vi and v :j for the two-dimensional conductance and v,, v :j and Vk for the 
three-dimensional conductance . 




Figure 5.9: Equivalent circuit that has to be solved for the computation of third-order inter mod- 
ulation products in the circuit of Figure 5.6 . 



The value of the nonlinear current sources ijvx 3 ffmlyl an d g mlB 1S obtained from Table 5.6. 
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F ° r lNL *9mlA WC filld 



lNL3 SmlA ~ K2 9m ^ 43 , 1 , 0 ^ 43 , 1,1 + K 2 9m V 43 , 0 , 1V43, 2,0 + 7 ^ 3 , 1 , 0 ^ 43 , 0,1 



(5-97) 



The phasors and V4 3)0 ,i in this equation have already been obtained in equations (5.70) 

and (5.79), respectively. The phasor of the second-order response of the controlling voltage, 
^43,1,1 is found as 



143 , 1,1 — ^ 4 , 1,1 ~~ 14 , 1,1 



(5 -98) 



The voltage at node 4 is fixed to vi n /2. Since the input voltage is assumed to be a pure sine wave,! 
no higher-order harmonic or intermodulation products are present at node 4. Further, we know* 
from equation (5.91) that V^i is zero. Hence \ 



143,i,i — 0 



(5.99) 



The second term in the expression of ^NLSg mlA contains the phasor which is the seconc 

harmonic of the controlling voltage at 2uj\ : 



143,2,0 — 14,2,0 — 14,2,0 



(5. 1 00)5 



Here 14,2,0 is zero since node 4 is fixed to v in /2. The phasor 14,2,0 can be computed in the same 
way as 14,i,i has been computed in equation (5.90): 



14,2,0 — 



(g L + 2juJiC L f (iNL2 9mlA + *-VL2 9mlB ) 



det(2jo>i) 



(5.10i 



in which the nonlinear current sources now correspond to the calculation of second harmonics 
u)\ (see rightmost column of Table 5.5). In this way, we find 



and hence 



14 2 0 = — ^2-F 2 

l V’ U v m 

*9m 



V / T .2 

’ 43 , 2,0 — — 7 : Vi 



85: 



m 



(5.102) 



(5.103) 



m 



Using equations (5.70), (5.79), (5.99) and (5.103) the nonlinear current source of order thr 



' l NL3 



9 ml A 



given in equation (5.97) now becomes 



2 NL3 a 



1 
-L 

16 ' 32 g m 



9m V 2 1 + — ~^ 3gm V 2 1 

v in 1 in I V 



in A ™ 



( 5.1 



*9mlA Tfi n 2 

The third-order nonlinear current source ^NL 3 9mlB that corresponds to transistor Qib is given bj 



B - ^ 2 Sm l /r 53,l,ol / 53,l,l + K 2 g m ^53,0,1 V53, 2,0 + 7^3 9m Km.I.O^S.O.I 



( 5 . 
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Similarly to equation (5.99) it is found that 

V r 63l i ll = 0 (5.106) 

Further, equations (5.70) and (5.71) reveal that Vssxo = ~^ 43 ,i,o- Next, it is found that 

^53,2,0 “ ^43,2,0 (5.107) 

since both V^o and V^o are zero. Further we know that V^ 3>0 ,i = V^ 3)0) i. As a result we find 
that 



%NL *9mlB - lNL *9mlA 



(5.108) 



We now have the necessary data to compute the third-order intermodulation product at 2 uq + 
o; 2 . Applying Kirchoff s law in the circuit of Figure 5.9 yields the following set of equations 



9 l + + a; 2 ) Cl 


0 

1 




' ^1,2,1 ‘ 


0 


9 L + j (2^1 + U >2 )Cl ~ 9 m 


* 


^2,2,1 


0 


0 2 g m 




. ^3,2,1 . 



~ iNL3 9mlA 

= ~ iNL3 Sml B 

- iNL3 9mlA + iNL3 9mlB - 

From this equation we find with the rule of Cramer 



(5.109) 



_ 9 m . (<1I. + j (2(^1 + W 2 ) C L ) (-»JV£3 gmlA + iNL 3 9mlB ) 

det(j (2 to\ + u^)) 

9m ( 9L + j (2^>1 + U 2 ) C L ) (iNL3g mlA - ' l NL3g miB ) 

det(j (2u>i + W 2 )) 

Sil1Ce lNL h m lB = lN ^9 m lA We find that 

^1,2,1 = ^2,2,1 

Since the output voltage is the difference of the voltage at node 1 and 2 we find 



(5.110) 

(5.111) 



(5.112) 



Va*t& i-O (5.113) 

This result could have been predicted: the differential output voltage of a differential circuit in 
which the corresponding components match, does not contain any even-order harmonics of the 
differential input signal. In other words, frequency components at the frequency ±mu 1 =1= nu 2 
with m even, do not appear at the output. 

Let us now assume that the baseband signal is proportional to the current of the current 
source at the common emitter and the high-frequency local oscillator signal is applied to the base 
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of the transistors Qia and Q\b- Then we interchange the role of and oj 2 : u)\ is now the local 
oscillator frequency and uj 2 is the baseband frequency. If we now want to compute the third-order 
intermodulation product at uj\ + 2lo 2 then we have to apply other nonlinear current sources as in 
the previous computations. The phasor of the third-order intermodulation product at the output 
can be found in a similar way as V out , 2 ,i was found from equations (5. 1 10) and (5. 1 1 1): 



y out, 1,2 — y>,i,2 — Vi, 24 — 



9m (, 9l + CM + 2juj 2 )C L ) (2i NL3g mlA - 2iNL3g mlB ) 
det(jcoi + 2ju> 2 ) 



(5.114) 



The expression for each nonlinear current source can be derived from Table 5.6 by interchanging 
the role of and u 2 . Hence we find 



lNL3 9mlA ~ Ki 9m V ^, 0,1^43,1,1 + K 2gm V 4 3 tU oV 43fi ,2 + T#3 flm ^43 04 V^q (5.115)! 



and 



lNL3 9mlB ~ ^53.0.1 ^53,1,1 + #2 9m ^53,1,0 ^53,0,2 + ^ K 3g m ^53,0,4^53,1,0 



(5.116) 



Most phasors in these equations have already been computed before: 1 / 43 , 1,0 and V^ 3j i )0 are given? 
by equations (5.70) and (5.71), respectively. Expressions for 14 j 3)0) i and I/ 53)0) i are given ini 
equation (5.79), while equations (5.99) and (5.106) reveal that both V 43) i tl and V 53iM are zero. 1 
The only phasors that have not been computed yet are V 43)0 ,2 and F 53)0 , 2 . Nodes 4 and 5 are fixed] 
to +v in /2 and —v in /2, respectively. Hence 






^43,0,2 — ^53,0,2 — “^3,0, 2 

The phasor V " 3 , 0; 2 is found in a similar way as V^o was found in equation (5.90): 



(5.1 17) j 



^3,0,2 — 



_ (9L + 2 jVjCif (lNL2g mlA + iNL2g mlB ) 



dzt{2jw 2 ) 



(5.118) 



The nonlinear current sources in this equation now correspond to the calculation of second har- 
monics of u) 2 . These values are found from the rightmost column of Table 5.5 where the role of 
and lv 2 has been interchanged. Hence, the values of i NL2n and i NL2n that have to be 

i • • , UmlA 9mlB 

used in equation (5.1 18) become 



^NL2 



1 



9mlA 






1 K- 



8 9.. 



Qm t2 

2 1 in 



(5.119) 



and 



'INL2 



1 K, 



~ Tf T ~*9m j2 

~ n JX 2gm V 53,0,l ~ o 2 



9mlB 



8 g. 



2 in 
m 



(5.120) 
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Using these values, from equation (5.1 18) becomes 



^3,0,2 — r 



ik 2 



9m j2 



jm 



m 



(5.121) 



With this equation we find for the nonlinear current source i NL3 9mlA in equation (5. 



no; 



I'NLZ 



9mlA 



f ^ 2 9m y t2 ,1^0 

16 gl in in 32 g 



V I 

2 v in 1 tn 
m 



(5.122) 



and for the nonlinear current source ^NL3 g 1B in equation (5.1 16) 



^NL3 



9mlB 



1 T 2 - 3 K;i s™ y f 

V in 1 in ~~ ~ vml-i 



16 g 



,3 

m 



32 g 



2 

m 






(5.123) 



which is seen to be the opposite of iNLZg mlA - Substituting the values of the nonlinear current 
sources in equation (5.1 14) yields the final intermodulation product: 



V r 



out, 1,2 



8 (pz, + (M + 2ju 2 )C L ) 



K 2 

l 9m 



3K S 



+ 2 



9m 



ql 

jjxi 



y. j z 

v in 1 in 



(5.124) 



With the simple exponential model for the transistor’s collector current, K 2gm = g m /(2Vt) and 
Kz grn = W(6lf). Hence we obtain 



8 (9l + (jw i + 2juj 2 )C L ) 



9m , 8 g m 
’4 V?g* ^ 2 * 



VinlL = 0 



(5.125) 



Again it is seen that there is no third-order intermodulation product at the output at the frequency 
+ 2 u; 2 , at least if the simple exponential model for the collector current holds. This can 
be explained as follows. If in the circuit of Figure 5.6 the current of the current source at the 
common emitter is kept constant, then a closed-form expression for the output voltage at low 
frequencies can be derived [Gray 93, Sans 72] if the transistor satisfies the simple exponential 
relationship and only the collector current of the transistor is taken into account. The output 
voltage in the time domain is found to be 



^ocrr(f) — —IinRl ^ nh ^ ^ (5.126) 

It is seen that the output voltage is linearly dependent on the value I IN of the current source. This 
ls a ^ so true if I in is a sinusoidal signal. Hence, the output signal does not contain harmonics of 
this sinusoidal signal. 

The reader could question the usefulness of the complicated calculations above that lead to 
a conclusion that can be formulated directly by looking at the closed-form expression of the 
^put-output relationship, the so-called DC transfer characteristic. First, the example circuit 
that has been studied here is very simple such that it is still possible to obtain a closed-form 
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expression for the input-output relationship. For other circuits it might be impossible to obtain 
such closed-form expression. Also, if in the circuit of Figure 5.6 the base resistance and the 
output resistance of the transistor are taken into account, then no closed-form expression can 
be obtained anymore. Next, equation (5.124) formulates the intermodulation product in terms! 
of nonlinearity coefficients. In this equation the value of these coefficients, which of course] 
depend on the model, is not important yet. This means that equation (5.124) is valid even for aj 
complicated model of the collector current. Another argument in favor of the calculation method 
described here, is that frequency can easily be taken into account. On the other hand, a closed-; 
form expression for the input-output relationship of a circuit including capacitive effects, can; 
in general not be obtained. Finally, the closed-form expression of equation (5.126) is obtained 
with the assumption of a perfect matching between the transistors Q\a and Q\b> If mismatched 
are present, then a DC transfer characteristic becomes complex or again cannot be generates 
anymore. With the calculation method described here the inclusion of mismatches does nod 
cause extra problems. 

The third-order intermodulation product at 2 uj 2 + given in equation (5.124) is not zero! 
if the simple exponential relationship for the collector current does not hold. This occurs a# 
high injection. Nonlinearity coefficients for the high-injection operating region are discussed in| 
Chapter 6 . However, a bipolar transistor is seldom biased in the high-injection region. As a| 
result, third-order intermodulation distortion will still be small, even with a more exact moddf 
for the collector current. 

The third-order intermodulation product given in equation (5.124) can also be used for 4 
simple MOS mixer as shown in Figure 5.10. If the drain current of the MOS transistor satisfied 




Figure 5.10: A simple MOS mixer. 



the square law, then we find from Table 3.2 that g m = P(Vgs ~ V 7 1 ), K% gm = /?/2 and K 3gm = 0 ;, 
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The third-order intermodulation product now becomes 

„ 1 1 ^ • II 

Vout,i,2 32 {gL + y Wi + 2juj2 )C L ) P(V GS - V T ) 3 



(5.127) 



Consider now the expression of the wanted signal, which, in the case of an upconverter is 
the component at the sum frequency uq + cu 2 . Equation (5.93) obtained for the bipolar transistor 
mixer can also be used here. Using the appropriate values of the nonlinearity coefficients we 
obtain 

^out,i,i — T7T7 rrr i , - / T \ n \ Vinhn (5.128) 

4 \Vgs — Vt) \9l + 3 (kfi + ^ 2 ) Cl) 

The ratio of the third-order intermodulation product and the conversion gain is then found to be 



Vout,l,2 __ 1 1 9L + (M +jW2)C L J 

V ou t, 1,1 8 P{Vgs " ^r) 2 9l + (M + %jw2)C L 



(5.129) 



When this ratio is set equal to one and solved for I in then the third-order intercept point is found: 



IP* = 8 0(V GS ~ Vt) 2 



9l + {jvi + )C L 
9l + (j^i +jw2)C L 



(5.130) 



This value has the dimensions of a current. In most cases, the baseband signal is a voltage that is 
first converted to a current by a transconductor. This conversion will of course cause nonlinear 
distortion that has not been taken into account in this simple example. 



5.3.4 Interpretation and factorization 

Up till now we have seen two methods for the computation of nonlinear responses: in this sec- 
tion we considered the direct computation of nonlinear responses. In Section 5.2 we computed 
Volterra kernels from which the nonlinear responses are derived. It is seen that the two ap- 
proaches are very similar. Hence the results can be interpreted in a similar way as described in 
Section 5.2.7. Furthermore, the denominators of the nonlinear responses can be factorized as 
well, in the same way as described in Section 5.2.8. Asa result, the numerator of any harmonic 
can be computed separately from the denominator. 

Table 5.8 lists the numerators of the nonlinear current sources of order two that have to be 
applied in order to compute the numerator of any second harmonic of or in the circuit. Hereby 
the numerator of the phasor Vi^, m is represented as Vri hkjn . The denominator for all second 
harmonics of or in the circuit is given by 

denominator of 2nd harmonic of wi = 2 (detour)) 2 det(2jcji) (5.131) 
and for the second harmonic distortion 

denominator of HD 2 = 2det(ju;i) det(2jwi) • (numerator Ist-order response) (5.132) 



I 
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type of nonlinearity 


numerator of 
nonlinear current source 
for response at 2cui 


(trans)conductance 


K 2 9l (Vn iAfi y 


capacitor 


2M K 2ci (Vn iX0 ) 2 


two-dimensional 




conductance 


K2 9^ Vn i4fiVn jtl , 0 


(only cross-terms) 





Table 5.8: Numerators of the nonlinear second-order current sources for the basic nonlinearities 
to directly compute the numerator of second harmonics at 2wi. The controlling voltages are v& 
for the nonlinear (trans Conductance and the nonlinear capacitor and V{ and Vj for the two4 
dimensional conductance. 

; 

For the computation of third harmonics in a circuit the numerators of the nonlinear current^ 
sources of order three that have to be applied are listed in Table 5.9. The common! 

denominator for all third harmonics of uj 2 is given by j 

■i 

denominator of 3rd harmonic of w 2 = 4 (det(jo) 2 )) 3 det(2 ju 2 ) det(3 ju 2 ) (5. 1 33) 

and for the third harmonic distortion j 

denominator of HD 3 = 4 (det(ju> 2 )) 2 det(2ju> 2 ) det (3 joj 2 ) (numerator of 1 st-order response 

(5.134)? 



5.4 Symbolic computation of harmonics and intermodulatioitj 
products j 

i 

In the previous sections we have discussed the Volterra series method and the direct calculation} 
method of nonlinear responses. In both cases, the results are obtained by repeatedly solving a lin-j 
ear network. Hence, it is possible to obtain closed-form expressions for the nonlinear response^ 
in terms of one or more frequency variables, the small-signal parameters and the nonlinearity} 
coefficients. 
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type of nonlinearity 


numerator of 

nonlinear current source for response at 3u 2 


(trans)conductance 


2 K 2gi Vn iA1 Vn ifi>2 + det(2 jiv 2 ) K 3gi Vn? 0>1 


capacitor 


3jw 2 


2 K 2Ci Vn ifitl Vn ifi , 2 + det(2 jw 2 ) K 3Ci Vnl 0il 




two-dimensional 
conductance 
(only cross-terms) 


^ 2 si &92 Vn i,0,^ n 3,0,2 + y n i, 0 , 2 Vn j, 0 ,l 
+ det(2 juz) ^8 2sitm V’r^ 0tl Vn ii o,i + det(2ja; 2 ) K 3g ^ 2g Vn, 




three-dimensional 








conductance 




det(2ju} 2 )K 3gi ^ g Vn ifl ,iVn jfi ,iVn kA1 




(only cross -terms) 









Table 5,9: Numerators of the nonlinear third-order current sources for the basic nonlinearities 
to compute the numerator of the third harmonic at 3tU2- The controlling voltages are v T for the 
nonlinear (trans Conductance and the nonlinear capacitor, V{ and Vj for the two-dimensional 
conductance and Vi, Vj and Vf~ for the three-dimensional conductance. 

A symbolic expression that describes the behavior of a circuit gives information that is com- 
plementary to information supplied by numerical simulations. Whereas the latter information 
can be plotted on a graph that can be interpreted, a simple closed-form expression can immedi- 
ately show the dominant circuit parameters. Hereby an exact expression is seldom required since 
this is very often too lengthy or too complicated: a circuit designer is often willing to pay the 
price of a limited accuracy in order to get an approximate but interpretable expression. 

Section 4.8.6 and the examples of Section 5.2 and 5.3 already contain some hand calcula- 
tions that result in closed-form expressions for nonlinear responses. Although these examples 
are conceptually very simple, the calculations are already quite involved. For larger circuits of 
practical interest, containing several nonlinearities, hand calculations become tedious and error- 
Prone. This situation can be relieved if the calculations can be automated: in this way, a circuit 
designer can concentrate on the interpretation of the expression rather than on the generation of 
the expression. 

Such automation of calculations can be obtained with a symbolic network analysis program. 
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Such program reads in a netlist of an analog circuit and generates a closed-form expression for: 
the characteristic that the user wants to simulate. Many symbolic network analysis programs 
have already been reported for linear or linearized circuits [Giel 89, Fern 91b, Man 91, Wier 89, 
Kon 88, Hass 89, Hue 89, Somm 93, Neb 95, Wamb 95, Yu 96]. This approach is feasible for: 
linear or linearized circuits. For nonlinear circuits this is not possible since in general closed-form 
expressions cannot be obtained for nonlinear behavior. However, if we restrict the analysis to 
weakly nonlinear behavior, then the previous sections have shown that closed-form expressions 
can be obtained. 



5.4.1 Symbolic network analysis of linearized analog circuits 

Just as we did in the calculations of Sections 5.2 and 5.3 symbolic expressions for a transfer) 
function are computed with the rule of Cramer. In this way, a transfer function is found as a| 
ratio of two determinants. Classically, a determinant is computed by developing it along a rowi 
or a column. Many researchers have developed alternative methods [Mas 53, May 57, Coat 58,J 
Chen 65, Aid 73, Sann 80] for this approach. For example, in [May 57] the different terms oli 
a determinant are computed by enumerating spanning trees that are common to two graphs that; 
correspond to the circuit under consideration. Clearly, many of these methods are complicate# 
for hand calculations but they turn out to be very efficient in computer programs for symbolic! 
network analysis. For example, the method that enumerates common spanning trees is widely! 
used in modem symbolic network analyzers [Wamb 95, Yu 96]. The interested reader is referred 
to specialized literature [Giel 91, Giel 94a, Wamb 96, Wamb 97]. j 

The formula for a transfer function that is generated by a symbolic network analysis program! 
formally looks as follows: f 



T = 



/o(x) + g/i(x) + S 2 / 2 (x) + . . . + S n /n(x) 



(5.135)1 



0o(x) + «0i(x) + s 2 g 2 {x) + . . . + s m £ m (x) 

in which x r = {xi,x 2 , ...£q} is the vector of symbolic circuit elements and the (i = 0 , . . . , n)f 
and gj ( j = 0, . . . , m) are sums of products of symbolic circuit elements. In some applications! 
it is useful to compute a transfer function as a function of s only, while the circuit parameters! 
are treated as numbers. In this case, the coefficients and gj in equation (5.135) are numbers! 
For such applications dedicated methods exist, such as the polynomial interpolation method; 
explained in [Vlach 83]. This polynomial interpolation method is also used in Section 5.4.2.$! 
to eliminate insignificant nonlinearities. The result of the polynomial interpolation method isS 
seldom of direct interest to a circuit designer: usually, a circuit designer is more interested id 
fully symbolic expressions. S 

With the advent of powerful computers and due to many research efforts in the domain o| 
CAD for analog integrated circuits, symbolic network analysis received a renewed interest in thef 
late eighties. It was (and it is still) believed that symbolic network analysis programs are able! 
to generate closed-form expressions that can be helpful during the design of analog integrated 
circuits: either the expressions can be interpreted or they can be used in design automation 
applications where the expressions are evaluated repeatedly [Giel 91]. In both cases, the goal ii 
to accelerate the design of a given analog circuit. 
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Symbolic network analysis programs are faced to two major problems. A first problem is 
that the number of terms of the exact transfer function increases exponentially with the size 
(number of nodes and number of circuit elements) of the circuit. For example, in [Wamb 97] it is 
shown that the exact symbolic expression of the differential-mode gain for the simple operational 
amplifier of Figure 5.1 1 contains about 700 terms. This symbolic expression contains the fre- 




Figure 5.11: A CMOS Miller-compensated operational amplifier. 



quency variable s and the elements of the small-signal equivalent circuit of every transistor. The 
symbolic expression of the differential-mode gain for the fully-differential BiCMOS operational 
amplifier of Figure 5.12 contains about 10 12 terms [Wamb 95]. Clearly, these terms cannot all 
be generated, only the number of terms can be estimated as explained in [Wamb 97]. Another 




Figure 5.12: A fully-differential BiCMOS operational amplifier. 



problem is the generation of an interpretable expression. Even for a small circuit the number of 
te ttns in a symbolic transfer function is too large to allow an easy interpretation. 
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In order to tackle these problems, many symbolic analysis programs have been developed 
from the late eighties on that were able to generate approximate symbolic expressions [Giel 89, 
Fern 91b, Man 91, Wier 89, Kon 88, Hass 89, Hue 89, Somm 93, Neb 95, Wamb 95, Yu 96]. The 
approximation is made by making use of numerical values for the different circuit elements. 
These numerical values can originate from estimations or from a sized circuit. The approxi- 
mation proceeds by pruning the insignificant terms from the exact symbolic expression for a 
transfer function. For such approximation, three major strategies have been reported in litera- 
ture. A first strategy, that has been used in the first symbolic simulators that supported approx- 
imation [Giel 89, Fern 91b], is the so-called simplification after generation strategy. With this 
strategy the symbolic transfer function is first computed exactly. Afterwards, the insignificant 
terms are pruned. This strategy only works for small circuits containing no more than ten nodes. 
For large circuits the number of terms is too large such that a complete generation of the exact 
expression is not feasible. 

A better strategy for large circuits is the so-called simplification before generation strat- 
egy [Somm 93, Yu 96, Hsu 94]. With this strategy the circuit netlist is simplified before the 
actual symbolic computations begin. The simplification is based on numerical computations in 
which the circuit elements have a numerical value. For example, a simplification before gener- 
ation strategy can eliminate the network elements of the bias circuitry that is outside the signal 
path. Indeed, since the transfer function of interest is nearly independent of these network ele- 
ments, it is a good idea to remove these elements. As another example, a simplification before 
generation approach can eliminate capacitors at low-impedance nodes when one is interested in 
a simulation at low frequencies. The result of this simplification is a circuit with less elements. 
This circuit can be analyzed symbolically in a much easier way than the original circuit since it 
is smaller. 

Another simplification strategy that has caused a major breakthrough in symbolic analy- 
sis of analog integrated circuits of practical size is the simplification during generation strat- 
egy [Wamb 92, Wamb 94a, Wamb 95, Yu 96]. With this approach only the dominant terms of a 
transfer function are generated. The terms are generated in decreasing order of magnitude. The 
generation continues until the sum of generated terms is sufficiently close to the exact numerical 
result. 

In order to get a flavor of symbolic network analysis and approximation, an example is pre- 
sented in the next section. 



Example: differential-mode gain of a fully-differential operational amplifier Figure 5.13 
and 5.14 shows the dominant terms of the numerator and the denominator of the low-frequency \ 
differential-mode gain of the fully-differential BiCMOS operational amplifier of Figure 5.12. j 
These expressions have been generated with a simplification during generation approach [Wamb 9j 



The exact expression contains about 10 12 terms and hence it is impossible to generate this. ] 
In these two expressions, the terms are sorted in decreasing order. The terms contain con- j 
ductances, for example G a = l/R a and transconductances. Matching elements have been repre- j 
sented by the same symbol. This means for example that the transconductance of transistors M 2 a ■ 
and M 2 b are both represented by the same symbol 9m Ml * The element g eq2 is a conductance that \ 
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4 $ m Q2 ^ m Q3 9m m 6 ^ 171 Ml ^ m Q5 5 m M4 9mq 4 ^ a ^ m Ql 

4" ^ 5mg 2 ^ m Q3 9 m Q5 9™ M2 ^ mb M5 ^ m M5 9m M1 ^ m M6 9m M4 5mg 4 ^ m gi 

+ 4 Pmgi 5m g 3 5mg 5 9m M2 9mg 2 9mb M 5 9m M1 9m MG 9m M4 9mg 4 G a 

j 2 2 2 2 

4~ 4 9mg 2 9mq S 9o M1 9m M2 9mq b 9m M5 9m M g 5m M4 5m Q4 5mg3 

Figure 5.13: Approximate expression for the numerator of the low-frequency gain of the circuit 
of Figure 5.12. 



&9mq2 5m g 3 5o M1 5m M2 9m M1 9o M4 5mg 5 G a 9m M5 9m M q 9o M5 9m Q4 9m Q1 

4“ 4 5mg 2 5mg 3 5m M1 5o M4 5mg 5 5o M5 5m M6 9m M2 9m Q4 9m Ql 

4" ^ 9ttq 2 9mq 2 5mg 3 5m M2 5m M1 9mb M5 5mg 5 5m M5 5m M6 5mg 4 5mg X 

4~ 4 57TQ 2 5mg 2 5mg 3 5m M1 5mg 5 9m M § 5m M6 5eg2 9m M2 9mq 4 9mq 1 

4" ^ 5mg 2 5mg 3 5m M1 5m M2 5o M4 5mg 5 5m M5 5m M6 5o M5 5mg 4 5mg x 

4" 4 5m g 2 5m g 3 ( ' T « 9m M1 9o M4 9mb M5 9mq 5 9m M6 5o M5 5m M2 5mg 4 5mg 3 

4” 4 5?rg 2 5mg 2 5mg 3 5m M2 5m M1 5mg 5 5m M5 9m M6 5mg 4 5mg3 

>2 2 2 2 

4” 4 5mg 2 5mg 3 5m M2 5m M1 5o M4 5mg 5 5m M6 5o M5 5mg 4 5mg : 

Figure 5.14: Approximate expression for the denominator of the low-frequency gain of the circuit 
of Figure 5. 12. 



represents the parallel connection of two output conductances of transistors: 

9eq2 = 5o M9 + 9oq 2 (5.136) 

Here 9o M9 is the output conductance of transistor M 9a or M 9b and g on is the output of transistor 
Q2A or Q2B • 

It is seen that the expression of the numerator and denominator, although they contain just 
a few terms, are still too complicated to interpret. In order to improve the interpretability, extra 
postprocessing is required. This postprocessing can be part of a symbolic simulator as well. 

As a first postprocessing step, extra terms are removed. For a specified error this is possible 
here since the error on the ratio of the numerator and denominator is much smaller than the 
error on numerator and denominator individually. In this example, the error on numerator and 
denominator individually is about 20% and the error on the ratio about 1%. After the removal of 
extra terms, we keep the two largest terms from Figure 5. 13 for the numerator, together with the 
ve largest terms from Figure 5.14 for the denominator. The error on the resulting ratio is only 
two percent. 
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From the above symbolic expressions it is seen that every product term in the numeratoii 
and denominator consists of fifteen symbols. These product terms contain elements from the 
bias circuitry (like 9m M6 ) or from the common-mode feedback circuit (like g mQ4 and 9m Q5 ) that 
do not have much influence on the differential-mode gain. After factorization, however, they 
disappear. The final result, after post-processing is now: 



9mQ 2 9m M 2 9m M4 (#™M 5 9mb M5 ) 



9m Ml {prriQ 2 9o M4 9o M5 + 9ttq 2 + 9eq2){9m M § + 9mb M 5 )) 



(5.137)j 



This can be rewritten as 



9 171 M2 m 9m M 4 

9m M1 9 o m 4 9oMb _|_ + 9eg 2 

9 m M5 9mb M 5 PQ2 




The interpretation is now as follows: the input transistors M 2A and M 2 b are each loaded with 
a diode-connected transistor, yielding a gain of 9m M2 l 9m MV The gain of the second stage is* 
9m / 9 load with ghOAD being the total conductance seen at the output node in differential] 
mode. This is the sum of the output conductance of the MOS cascode stage M 4a -M 5a or M$bi 
M 5 b and the input conductance of the emitter follower. The output conductance of the bipolai 
cascode is too small and does not contribute significantly to gioAD* 



5.4.2 Symbolic analysis of weakly nonlinear analog circuits with ISAAC 

The calculation method of Section 5.3 has been built into the symbolic simulator ISAAC [Giel 89| 
Giel 91]. This simulator can compute approximate symbolic expressions for the AC character-; 
istics of analog circuits. The approximation is performed with a simplification after generation! 
strategy. As a result, the simulator can only be used for fairly small circuits, having at most tei^ 

$j| 

to twelve transistors, depending on the circuit topology. This is not a limitation for the example^ 
treated in this book, since these are rather simple. ] 

The nonlinear responses are computed with ISAAC by treating the numerator and the denom-| 
inator of the responses separately. This is possible, as explained in Sections 5.2.8 and 5.3.4. Thdj 
denominator of any nonlinear response of order two or three is a product of determinants that ari 
nothing else but the determinant of the admittance matrix (or (C)MNA matrix) of the linearized! 
network, but evaluated at other frequencies. The numerator of a harmonic or intermodulatiod 
product can be computed by combining the numerators of several transfer functions, either from 
the input to a controlling voltage or from a nonlinear current source to the output or a controlling 
voltage. The final result is a nested expression, which can be expanded afterwards. 4 

The numerators of the involved transfer functions can be calculated with a routine to compute 
determinants of matrices with symbolic entries. In ISAAC determinants are computed by a 
development along rows or columns. However, huge expressions are generated in this way] 
since a practical circuit contains a lot of basic nonlinearities and each nonlinearity gives rise to a 
nonlinear current source, whose expression can already be quite complicated. 
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In order to manage this complexity, two simplification procedures are used. In a first sim- 
plification before generation step, which is described in Section 5.4.2. 1, numerical computations 
are used to eliminate the nonlinearities that are unimportant in the frequency range of interest. 
After this elimination, nonlinearity coefficients that do not play a role are set equal to zero. 

After the first simplification step, a symbolic expression is computed. This can be performed 
either with a simplification after generation procedure or with a simplification during generation 
procedure. In the program ISAAC a simplification after generation strategy is used [Giel 89, 
Giel 91]. 

5.4.2.1 Elimination of unimportant nonlinearities 

The contribution of every nonlinearity coefficient to the nonlinear response of interest is first 
calculated as a function of frequency while circuit elements are represented by their numerical 
values. This can be accomplished very efficiently with the polynomial interpolation method, de- 
scribed in [Vlach 83]. The resulting contribution consists in this way of a product of polynomials 
in the frequency variable s. The coefficients of these polynomials are numbers. In the previous 
sections it was seen that the numerator of a network function can be reused for computations at 
different orders. For example, the numerator of the transfer function from a nonlinear current 
source to the output is used for all orders higher than one, except that the frequency variables are 
different. Hence, if numerators of network functions are computed as a function of a frequency 
variable, then this variable is easily adapted appropriately to the order under consideration. In 
this way, lower-order results are maximally reused. 

In addition to the calculation of the contribution of every nonlinearity coefficient, the total 
response is also calculated as a function of a frequency variable by making the sum of the dif- 
ferent contributions (see equation (5.38)). The results, both the individual contributions and the 
total result are now used to determine which nonlinearities can be eliminated. 

First, the frequency interval of interest is discretized. Then for every frequency point the 
following procedure is executed. The nonlinearities are sorted in decreasing order in two arrays, 
each according to a different key. The first key is the absolute value of the real part of the 
contribution of the nonlinearity to the output response at the frequency under consideration. 
The second key is the absolute value of the imaginary part. Then it is determined how many 
nonlinearities are required such that the sum of the real (or imaginary) part of their contributions 
is sufficiently close — up to a user-provided error — to the real or imaginary part of the total 
response at that frequency. In this way, just enough nonlinearities are included, starting with 
the ones that have the largest real or imaginary part, until the error is sufficiently small. Next, a 
following frequency point is examined. At this frequency point the nonlinearities that have been 
included at any previous frequency point are always included. If the real or imaginary part of 
a ny other nonlinearity that has not been previously included, turns out to be larger than the real 
°r imaginary part of any previously included nonlinearity, then that nonlinearity is included as 
We ll. Now the sum of the real parts of the included contributions is compared to the real part of 
the total response. The same is done for the imaginary parts. If the accuracy is not sufficient for 
e ither the real or imaginary part, then additional nonlinearities will be included. 

After this procedure has been executed for every frequency point, a second turn is performed 
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over the frequency points: it is necessary that the accuracy is checked again at every frequency 
point since a nonlinearity that has been included at a higher frequency can increase the deviation 
between the sum of the real or imaginary parts of the nonlinearities and the real or imaginary 
part of the total value at that frequency. 

The elimination of insignificant nonlinearities as explained above often reduces significantly 
the number of nonlinearities in practical analog integrated circuits as we will see in the examples 
of Chapter 8. 

Note that the intermediate results obtained in this step, namely a knowledge of the significant 
nonlinearities, provides information which is already much more valuable than simulation results 
obtained from SPICE-like simulators with the .DISTO command, which do not select the signify 
icant nonlinearities at all. This knowledge, together with a plot of the different contributions anc 
the total response as a function of frequency can already yield enough insight such that the usq 
does not need a symbolic analysis anymore. This will also be illustrated in Chapter 8. I 

5. 4. 2.2 Generation of the approximate symbolic subexpressions '] 

Equation (5.38) reveals that the expressions for the weakly nonlinear behavior of the circuit! 
are nested. In order to simplify such expression using numerical values of the symbols, th® 
approximation algorithm for nested expressions, described in [Fern 93a]. More details can bq 
found in [Wamb 90, Wamb 91a, Wamb 91b, Wamb 96]. 



5.5 Simple example circuits 

In this section we consider a few simple networks for which harmonics and/or Volterra kernel 
transforms are computed. The networks are simpler than the networks that are considered i 
Chapter 8. The goal of this section is to get insight in the operation of the small nonlinea^ 
networks and to further illustrate the two calculation methods that have been discussed in thi: 
chapter. The two simple networks are a nonlinear voltage divider and a nonlinear capacitivdi 
current divider. For the first network we choose to compute Volterra kernels instead of responses? 
Since this network is memoryless, the Volterra kernels can be computed as simply as harmonic!: 
or intermodulation products. For the second network we directly compute responses. 

5.5.1 Nonlinear resistive voltage divider 

Figure 5.15 depicts a nonlinear resistive voltage divider. The output of interest is the voltage & 
node a. 

We will describe the resistors in conductance form, which means that the current will 
expressed as a function of the voltage over the element. The description of resistor R\ the|j 
becomes 



kn = fl(Vl) 



(5.139: 
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Figure 5. 15: A nonlinear resistive voltage divider. 



in which }\ is a nonlinear function. The current i in and the voltage v\ are explained in Fig- 
ure 5.15. Developing the function fi into a power series that is broken down after the third term 
yields 

iin = 9\ Vi + K 2gi vl + K 3gi v\ (5. 140) 

Here the symbol g\ is the conductance that is the inverse of the AC value of resistance Ri . 

The description in conductance form of resistor R 2 is given by 

U n=/ 2 (v 2 ) (5-141) 

As seen in Figure 5.15 the current through R 2 is the same as the current through Ri. The power 
series description of R 2 is given by 

iin = 92^2 + K 2 g 2 vl + K 3g2 vl (5 . 1 42) 

First-order kernels The first step in the procedure to determine the Volterra kernels is the 
computation of the linear transfer functions. This is performed with the linearized equivalent of 
Figure 5.15, which is shown in Figure 5.16. 




Figure 5.16: Linearized equivalent of the resistive voltage divider. 



Applying Kirchoff ’s current law at node a yields 



9i{v a ~ v in ) + g 2 v a = 0 



(5.143) 
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From this equation one finds 

Va = ~^v m (5.144) 

9 i + 92 

The value of v a obtained in this linear circuit is also the value of the linear transfer function of 
the voltage v 2 over resistor R 2 if at least v in is set equal to one. This transfer function, denoted 
by #i 2 , is thus given by 

H l2 =H la = — (5.145) 

The first subscript in Hi 2 and II i a indicates the order of the transfer function, whereas the second 
subscript corresponds to the numbering of the node voltages. v 

The linear transfer function for voltage Vi that controls Ri is easily found to be j 

H h = - (5.146 

9x + 92 J 

This transfer function will be required for the computation of the nonlinear current source of 

order two that corresponds to R \ . § 

8 

i 

Second-order kernels Next, the second-order Volterra kernels are determined in the circuit 
To this purpose, the linearized circuit of Figure 5. 16 is excited with the nonlinear current source! 
of order two that correspond to R\ and R 2 , whereas the external voltage source is neutralized! 
The resulting circuit is shown in Figure 5.17. 




i 



NL 2 g 2 



Figure 5. 1 7: Circuit for the computation of the second-order kernels . 



The values of the nonlinear current sources of order two can be found by combining t!|j 
general expression of a nonlinear current source for a nonlinear conductance in Table 5.1, win 
the expressions for the first-order transfer functions, equations (5.145) and (5.146). For tHl 
nonlinear current source of order two iNL 2 9l > that corresponds to R\, we find in this way 



lNL2 



91 



= K 2 



9 1 



92 

, 9i + 92 , 
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whereas for the source inl 2 91 , that corresponds to R u we find 

/ \ 2 



^NL2n 0 ~ K 2q 



9 1 



sqo i i 

2 \9i+92 

Applying Kirchoff’s current law at node a yields 



(5.148) 



(, 9l + 92 ) V a - iNL2 9l + ^NL2g 2 = 0 (5.149) 

The unknown voltage v a in this equation is nothing else but the second-order kernel transform of 
the voltage v a or v 2 , denoted by H 2t Hence we find from equation (5.149) 



EJ _ l NL2g 1 ” iNL2g 2 

n 2 ‘ 2 — ; 

9i + 92 

Using equations (5. 147) and (5. 148) we find then for H 22 

= Hu = 1 , (K 2gt gl - K 2g2 g\) 

\9\ + 92) 

and for the second harmonic distortion we find 



(5.150) 



(5.151) 



Vjn H2g _Vin {^2 gi 9 2 ~ ^2 g2 ffi) 

2 H\a 2 (<?i -j- £ 2 ) 2 • g 1 



(5.152) 



It is seen that the contributions of the two nonlinearities are opposite. It is interesting to check 
whether these contributions can cancel. Assume that the two resistors are tracking nonlinearities. 
According to equations (3.81) and (3.82) this means 



92 = 0-9 1 


(5.153) 


^2 ~ a K 2 gi 


(5.154) 


where a is a constant. In this case, H 2a reduces to 




it a ( a ~ 1) ^ 2 gi 

2 ““ (! + «)• m 


(5.155) 



a nd this is zero only if a = 1. In other words, the second-order kernel transform and hence the 
second-order responses at the output of a nonlinear resistive voltage divider with two tracking 
nonlinear resistors are zero only if the resistors are identical. 

Equation (5.151) is now evaluated for a practical example. Assume that resistor R 2 is the 
resistor of a bipolar transistor and r B is the nonlinear base resistance of this transistor. Detailed 
escriptions of these nonlinearities will be given in Chapter 6. For this example, we will use the 
Slm Ple expressions for the nonlinearity coefficients that describe g v ~ l/r n from equations (3.20) 
(3.22). For coefficients that describe the base resistance realistic values will be used that will 
justified later in Section 6.4. 
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For a collector current of 1mA and a transistor beta ftp of 100 we find at room temperature 

9- = 4 ^7 = ^W~ 4 A/ v (5.156) 

Pf n 

K 2 9 „=^ t =Sxl0- 3A /V 2 (5.157) 

A value of 4x10 ~ A AfV for corresponds to a value of 25000 for r n . 

For the AC conductance g B that corresponds to the base resistance we take a value of5xlO -3 A/V s 
corresponding to an AC resistance of 2000. At fairly high bias currents the base resistance starts 
to fall off with the current due to several effects. Hence the base resistance becomes nonlinear.. 
This will be explained in Section 6.4. Circuit designers might argue that this bias region is not; 
very realistic: in practice one would take a larger bipolar transistor for the given bias current,! 
such that the base resistance is smaller and that is does not fall off yet with the current. Neverthe-j 
less, we assume a nonlinear base resistance here just for illustration purposes. A value of 2 A/V^, 
is taken for K 2 . From the above values we find for the normalized nonlinearity coefficients of 
9n and g B 

= 20V~ 1 (5.158} 

K’ 2gB = 400V -1 (5.159} 

This means that g B is “more nonlinear” than for the given numerical values. 

With the above values H 2a evaluates to 0.76 2 F" 1 and HD 2 for an input amplitude of IF i^j 
0.411. If the base resistance would be linear, such that K 2gB = 0, then H 2a is equal to — 1.27F -1 | 
This value is larger than with a nonlinear base resistance and it has an opposite sign. This agai^ 
illustrates the compensating effects of the two nonlinearities. 

The ratio of the two contributions is found from equation (5.151) to be 



contribution of K 2gB 



contribution of K 2o 

r 



^ 2 9 b 9 it 



K‘ 



2 2 



'9 7T 



9b 



(5.160) 



In our numerical example this ratio is 1.6. In reality, the base resistance consists of an intrinsic 
part r Bi and an extrinsic part r Bex which can be considered as linear. This linear part has been 
neglected thus far. However, it will decrease the contribution of K 2gm , which describes th| 
second-order nonlinearity of r Bi , compared to the contribution of K 22gn * This has been checked 
with a symbolic computation using ISAAC of the second-order kernel of the voltage at node a id 
the circuit of Figure 5.18. With ISAAC the ratio of the contribution of K 2gBi and the contribution 
of K 2g v to the second-order kernel of the voltage at node a is found to be 



contribution of K 2gm = g Be * 

contribution of K 22gir K 22gir g 2 Bi gBex + 



(5.16t| 



In this equation g Bex = l/r Bex . If we take for g Bi and K 2gB . the same values as for g B anj 
K 2gB , namely 5xl0“ 3 A/F and 2 A/V 2 , and r Bex is taken equal to 1500, then the ratio in equaf 
tion (5.161) is now reduced to 0.89 instead of 1.6 with equation (5.160). 
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Figure 5. 1 8: Voltage division between the (linear) extrinsic part r Bex of the base resistance of a 
bipolar transistor, its nonlinear intrinsic part r B i and the nonlinear ?v 



From equation (5.161) it is seen that when g Bex goes to zero, which corresponds to an exci- 
tation of the voltage divider by a current source, then the nonlinearity of r Bi does not contribute 
anymore: only r n gives a contribution in this case. 



Third-order kernels For the computation of the third-order kernel transform of the voltage at 
node a, we will need the second-order kernel of all voltages that control a nonlinearity, since 
the nonlinear current sources of order three depend on these second-order kernels. Hence, in 
addition to H 2 < r we also need the second-order kernel of voltage v x , which is written as H 2v 
This kernel is the opposite of H 2l . This can be seen in Figure 5.17: the voltage over R\ in this 
circuit, which corresponds to H 2l is the opposite of the voltage over R 2 , which in this circuit 
corresponds to H 22 . Hence 



Hil = ~ ( gl +g 2 ) 3 ( K2si92 ~ (5 - 162) 

The nonlinear current sources of order three depend on both the first- and second-order 
kernels of the controlling voltages. Combining the general expression from Table 5.2 for the 
nonlinear current source of order three corresponding to a nonlinear conductance, with expres- 
sions (5.146) and (5.162) yields the third-order nonlinear current source inl 3 q that corresponds 
to R i: 91 



l NL3 



<n 



{gi + (J2) 4 



K 3 91 g2 (gi + 92) + 2K 2gi K 2g2 glg 2 - 2K\ g ^g\ 



(5.163) 



Using equations (5.145) and (5.151) we find for the third-order nonlinear current source i^i3 
that corresponds to R 2 : 92 



lN ^g 2 = ^ , 4 



(9l + 92) 



^3 g 2 gf (91 + 92) + 2K 2gi K 2g2 g x gl - 2 K\ g ^g\ 



(5.164) 



These 



current sources are now applied in the linearized network as shown in Figure 5.19. From 
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*NL3 g 




Figure 5.19: Circuit for the computation of the third-order kernels . 



this circuit the third-order kernel is computed again by applying Kirchoff s current law at nodfi| 
a. This yields 

(ffl + 92 ) v a — i NL3 91 + ^NL3 n = 0 (5. 165 j 

Now the unknown voltage v a in this equation is the third-order kernel transform of the voltag^j 
V‘2 , denoted by H^. We find 



h 3 = 1 J^1 ~ ts ± S JL (5.1661 

2 Si + 92 * 

and using equations (5.163) and (5.164) the third-order kernel of the voltage at node a becomes^ 

1 



H: 



3 2 



#3 a = 



(#i + 92) b “ 



^3 ffl #2 (5l + 92) ~ ^q 2 9l ( 9l + 92) 



92 * 



+ 2K 2Q1 K 2q2 gig 2 (gi ~ 92) ~ ^l gi 92 + 2K% Qt> g\ 



ig 2 . 



(5.161 



and the third harmonic distortion is found as 



HD 3 



4 H la 




It is seen that the third-order kernel becomes zero if the two nonlinearities are identical. 

Equation (5.167) is now evaluated for the example of the series connection of the base resis 
tance and r n of a bipolar transistor. The extrinsic part of the base resistance is neglected. Fc 
the first- and second-order nonlinearity coefficients the same numerical value are used as befor 
The third-order nonlinearity coefficient that corresponds to tv is found from equation (3.24): 






9tt 

W 



= 0.1 A/V 3 



(5.165 
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For the third-order nonlinearity coefficient K 3gB . that describes the third-order behavior of the 
(intrinsic) base resistance, a value of AOA/V 3 is taken. With these value H 3a is equal to -56.5V" -2 
and HD 3 for an input amplitude of IV" is 15.3. If the base resistance is completely linear, which 
means that K 2gBi and K 3gB . are zero, then H 3a is equal to -12.2V" -2 . Hence it is seen that the 
base resistance again slightly compensates the nonlinearity of r T . 

5.5.2 Nonlinear capacitive current divider 

Figure 5.20 shows a nonlinear capacitive current divider. The input current i in is split into the 



currents through the nonlinear capacitors. We will compute the first three harmonics of the 
current through each capacitor. The harmonics will be computed directly with the method of 
Section 5.3. 

The input current is sinusoidal: 



The nonlinearity of the capacitors is described as in Section 3.2.3. The current ii through 
capacitor Cy is given by (see also equation (3.51)) 




Figure 5.20: A nonlinear capacitive current divider. 



Un(t) = I in sin(uJit) 



(5.170) 




(5.171) 



The current through C 2 is i 2 : 




(5.172) 



First-order responses First, the linear components of the two currents are determined. To this 
Purpose, the circuit is linearized. The linearized circuit is shown in Figure 5.21. In this circuit it 
is seen that 



hn — jWl(Cl + C 2 )V\^$ 



(5.173) 
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Figure 5.21: Linearized equivalent of the capacitive current divider. 



Here V^ 10 indicates the complex amplitude of the first-order response of the voltage at node 1. 
The first subscript corresponds to the node number, the second subscript to the order of the 
harmonic of uj x . The third subscript is zero since we only apply one single frequency. 

From equation (5. 173) Vi^o is found to be 



Vi,i,o - 



dir 



4- Cf) 



(5.174) 



The complex amplitude of the first-order component of the current through capacitor C x is givenj 
by ! 



^1,1,0 — V h i i0 jLJiCi 



or, using equation (5.174) 



A, i,o - 



Ci 



C i + C 2 



I* 



(5.175)- 

;3 



(5.176) 



Similarly, we find for the complex amplitude of the first-order component / 2 ,i,o of the current! 
through C 2 : \ 



h,i,o - 



C 7, 



C1 + C2 



h. 



(5.177) 



Second-order responses Next, the second harmonics of the currents i\ and to are determined.. 
This is performed with the circuit of Figure 5.22. This is the linearized circuit of Figure 5.2t§ 
from which the external excitation has been removed. Instead the nonlinear current sources oi 
order two are applied. Since we are computing the second harmonics directly now, the value ofj 
the nonlinear current sources must be obtained from Table 5.5. In this way we find: 



iNL2 Cl - j^K 2c Vl lfi - i^K 2ci ( M(c £” +c y) 

lNL2 c 2 =jio 1 K 2c2 v hl0 = ju) l K 2 c 2 (jZ^eTTe^) 



(5.178]j 

(5.179} 
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Figure 5.22: Circuit used to compute the second-order responses. 



Applying Kirchoff’s current law at node 1 in Figure 5.22 yields 



^1,2,0 ■ 2^1 (Cl + C 2 ) — ~lNL2 Cl - i NL2 q 2 (5.180) 

Instead of the node voltage itself, the second-order harmonic of this node voltage has been taken 
as a node voltage. Also it is seen that the frequency is 2 juj x . This is in correspondence with the 
method for the direct computation of nonlinear responses. 

From equation (5.180) V 1)2j o is found 



^ 1 , 2,0 — 



iNL2 Cl + iNL2 C2 



2M(C : + C 2 ) 

Using equations (5.178) and (5.179) this becomes 



^1,2,0 - 



K 2 Cl + ^2 c 2 

2 (^ 1 ) 2 (C 1 +C 2 )3 



It 



(5.181) 



(5.182) 



From Section 5.2.6 we know that the second harmonic of the current through capacitor Ci is 
the sum of the current delivered by the nonlinear current of order two and the current through the 
linear capacitor Ci in Figure 5.22. Hence we obtain 



h, 2,0 - iNL2 Cl + 2j(JiCiVi i2 fi 

Using equations (5.178) and (5.182) we find after some algebra 



(5.183) 



J i, 2,0 = — 



I 2 

in 



(c 2 k 2( , ~C,K 2c ) 



jcvi (C\ + C2) 3 

T he second harmonic distortion is found by taking the ratio of I h2 ,o and J M>0 . This yields 



(5.184) 



HD o = 



r c * 



M (c, + c ,) 2 ' {cF 20 ' 1<2c \ 



(5.185) 



Iti 



h 18 Seen that & D 2 decreases when the frequency increases. Further, we see that the second 
armonic of the current through C\ is zero if C\ and C 2 are tracking nonlinearities, since then 
= aC l and K 2 „ = aK 2 „ . 



*c 2 
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In a similar way the second harmonic of the current through C 2 is found. It is given by 



^2,2,0 - 



I 2 

in 



jtoi (Ci + C 2 ) 3 



(c\K 2c2 -C 2 K 2Ci ) 



(5.186) 



which is seen to be the opposite of / 1)2 ,o- The second harmonic distortion of the current through 
C 2 is the same as HD 2 of the current through C x . 

Third-order responses For the computation of the third harmonics the nonlinear current source 
of order three are determined first. From Table 5.7 we find that the nonlinear current source of 
order three inls^ that corresponds to C\ is given by 



« nl 3 Ci — 3ju;i 



K 2c V h i$Vi,2$ + 



(5.187) 



Using equations (5.174) and (5.182) this becomes 



1'NL3r. — 



2 (Ci + C 2 ) (juj i) 2 



-K*„ K 2 „ + 






Cy 



Ci + C 2 



*C2 ) ^3 Cl 



(5.188) 



Similarly, the nonlinear current of order three corresponding to C 2 is found to be 



p 

^ in 



l NL3n„ ~ 



c 2 2 (Ci + C 2 ) 



~ k 2 C2 fac, +K2 C 2 ) | K 



3 c 2 



C 1 + C 2 



(5.189j| 



The complex amplitude of the third harmonic of the voltage at node 1 is found in the same way^ 
as in equation (5.181): 



^NL3 Cl + i nls C2 



Vl ' 3 ’ 0 3M(C ! + C 2 ) 

Using equations (5.188) and (5.189) this becomes 



(5.190) 



^1 ,3,0 — 



It 



2 (Ci + c 2 y 






Ci + C 2 



(5.191) 



The third harmonic of the current through C\ is the sum of %nl 3 Ci and the current through 
the capacitor C\ in the linearized network that is excited with the nonlinear current sources oj 
order three: 



^1,3,0 — ^NL3 Cl + SjWlCiVl^o 



(5.192| 
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Using equations (5.188) and (5.191) we obtain 



^1,3,0 - 77T 



7 3 



K-, ( , C 2 (Ch + C 2 ) - K- 2(; C ] (C l + C 2 ) 



4 (jwi) 2 (Ci + C 2 ) 5 L Cl 

- 2 Kl Ci C 2 + 2 Kl C2 C, + 2 K 2Ci K 2c , 2 (C, - C 2 ) 



(5.193) 



The third harmonic distortion is found by taking the ratio of /i j3)0 with One can verify 

that the third harmonic of the current through C 2 is the opposite of equation (5.193). The third 
harmonic is zero when Ci and C 2 are tracking nonlinearities: in that case, the part between the 
square brackets in the right-hand side of equation (5.193) is indeed zero. 



5.6 Numerical verification with other methods 

In the previous sections techniques have been discussed to analyze the behavior of a circuit 
that operates in a weakly nonlinear way. The larger the amplitude of the circuit excitation is, 
the larger the deviation will be between the weakly nonlinear behavior approximation and the 
circuit’s actual nonlinear behavior. Since it is generally not possible to estimate that deviation 
analytically, one needs to resort to a numerical simulator to verify the results. 

The classical approach for the numerical simulation of nonlinear circuits that are excited by 
one or more sinusoids, is to perform a time-domain simulation followed by a Fourier transform 
to see the spectrum of the output signal. With such approach, the voltages and currents are first 
computed as a function of time by integrating numerically the set of nonlinear differential equa- 
tions that describe the circuit. Usually, the initial time conditions of the circuit are such that some 
transient effects occur before the circuit is in a steady state. Hence the time-domain simulation 
must be performed over a period that is longer than the time required to let the transients die out. 
The sequence of timepoints that is considered for the Fourier transform must of course begin 
after the transients have died out. Sometimes, these transients remain in effect for a long time, 
for example in high-Q filters. 

Numerical integration has some drawbacks, as will be discussed in Section 5.6.1. Two major 
alternatives of this numerical integration are used in circuit simulation: shooting methods, which 
are discussed briefly in Section 5.6.2, and harmonic balance methods, discussed in Section 5.6.3. 
An excellent survey of these methods can be found in [Kund 90]. 

5.6.1 Numerical integration 

Numerical integration is used for example in SPICE with a so-called transient analysis. Although 
widely used, the classical numerical integration has several drawbacks. If, for example, the time 
constants in the circuit are much larger than the period of the excitation, then a lot of integration 
cycles need to be computed. Apart from the extra CPU time, this situation can also lead to an 
^cumulation of roundoff errors. 

Another example for which numerical integration becomes impractical is the simulation of 
an upconversion or downconversion mixer. Typically, the RF frequency is several orders of 
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magnitude higher than the baseband frequency or frequencies. Again, the number of timestepsj 
will be huge: the time interval over which the differential equations have to be integrated is ! 
determined by the lowest frequency, whereas the size of the timestep is determined by the highest! 
frequency response of the circuit. j 

In order to overcome these problems, the methods described in the following sections can bej 
used. 

5.6.2 Shooting methods 

Shooting methods integrate the circuits differential equations over several intervals of one period. 
On each iteration, the initial conditions are varied, trying to match the signals at the end of the 
period with those at the beginning. If they match, then those initial conditions are found that do! 
not cause transients, and so the steady state is found. With some modifications, this principle! 
can be extended to compute responses to more than one sinusoidal signal. Such responses are! 
denoted as almost periodic solutions. More details about shooting methods can be found in thef 
original papers [Apr 72, Skel 80] or in text books that present an overview [Vlach 83, Kund 90]. j 

The advantage of shooting methods over classical numerical integration is that the total num- : 
ber of timepoints, which is the number of timepoints in one period, times the number of required*] 
periods, is smaller. For example, the shooting method that has been implemented in [Dam 93]| 
yields a reduction of the CPU time with a factor 6, compared to numerical integration. 

5.6.3 Harmonic balance methods 

When the steady-state response of a nonlinear circuit is computed using a numerical integration 
rule, then the steady- state solution is constructed as a collection of time samples with an implied 
interpolating function. Typically, the interpolating function is a low-order polynomial. Assume 
now that the steady-state solution consists of a sum of sinusoids. For a good approximation of 
such solution using numerical integration, many time points are required, since polynomials fit 
sinusoids poorly. 

Harmonic balance methods, on the other hand, use a linear combination of sinusoids to build 
the solution. This is especially advantageous when the steady-state response contains sinusoids 
at widely separated frequencies. 

A representation of the steady-state solution as a series of sine and cosine functions has also 
been used in the method to directly compute harmonics and intermodulation products, described 
in Section 5.3 and Appendix C. This calculation method is restricted to weakly nonlinear behav- 
ior, whereas the harmonic balance methods are able to simulate strongly nonlinear behavior as. 
well. In Appendix C it is also made clear that with a representation of the steady-state solution! 
as a sum of sine and cosine functions, dynamic operations such as differentiation and integration?! 
reduce to a multiplication with frequency and a division by the frequency, respectively. In thisj 
way, nonlinear differential equations reduce to nonlinear algebraic equations. I 

With the calculation method explained in Section 5.3 the nonlinearities are described b)l 
polynomials of at most degree three, and all responses due to those nonlinearities of order higheij 
than three are neglected. With these assumptions the coefficients of the sine and cosine functions! 
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are computed. Harmonic balance methods, on the other hand, can handle arbitrary nonlinearities, 
that in general cannot be described accurately by a polynomial of degree three. In this case the 
coefficients of the sine and cosine functions that represent the steady-state solution, are computed 
by converting into the time domain and then back again [VdEi 89, Kund 90]. 

In order to describe strongly nonlinear behavior of a circuit in an accurate way it is clear that 
many sine and cosine functions will have to be taken into account. Since every node voltage 
and possibly some branch currents have to be described by a long series of sine and cosine 
functions, it is clear that harmonic balance methods require many memory resources for the 
computations. The situation even becomes worse when the nonlinear circuit is excited by more 
than one frequency, which is the case in mixers. However, in recent years drastic improvements 
in the efficiency of harmonic balance methods have been reported with the so-called Krylov 
subspace approach, allowing for example to simulate complete analog front-end chips at the 
transistor level with the harmonic balance method [Feld 96], 



5.6.4 Example: an emitter follower 

The validity of the low-distortion conditions that are implicitly assumed in the method of Sec- 
tion 5.3 for the direct calculation of nonlinear responses, is now checked for an emitter follower. 
This circuit is shown in Figure 8.47. The collector current of transistor Q x is lm^4 and the value 
of R e is Ufi. For this circuit the first three harmonics at the emitter are computed both with the 
calculation method of Section 5.3 and with a harmonic balance method [Kund 90]. 




Figure 5.23: An emitter follower. 

Figure 5.24 shows the three harmonics at the output of the emitter follower of Figure 5.23 as 
a unction of the amplitude of the input voltage source, which is a sinusoid at low frequencies, 
w'h t * le . ca ^ cu ^ at * on met hod of Section 5.3, the fundamental response increases proportionally 
|th the input amplitude, the second harmonic with the square and the third harmonic with the 
' rt P°wer of the input amplitude. This is an approximation that clearly is not valid anymore 
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input amplitude (Volt) 

Figure 5.24: The first three harmonics at the emitter of Q] as a function of the input ampli- 
tude , computed with a harmonic balance method ( solid line) and with the calculation method of 
Section 5.3 (dashed line). 



at large input amplitudes. Nevertheless the approximation is very good until amplitudes as high 
as 400 mV which is 40% of the product IcRe • Hence, the method of Section 5.3 is sufficiently 
accurate up to 40% of the full signal swing. Moreover, this method is very efficient since it only 
requires the solution of sets of linear equations. On the other hand, the numerical techniques 
described in this section require iteration and thus more computer resources in general. 



5.7 Summary 

1 

5 

In this chapter we explained how closed-form expressions can be obtained for the nonlinear j 
behavior of analog integrated circuits. In general, it is not possible to obtain closed-form expres- j 
sions for a circuit’s nonlinear behavior. Many techniques that are used to compute the nonlinear ] 
behavior numerically, such as the harmonic balance method [VdEi 89, Kund 90], would give] 
problems when they would be used to obtain closed-form expressions. The reason is that such] 
techniques use iteration. If iterations would be performed symbolically, then — in the best case! 
— this would yield large, uninterpretable expressions. 

Two methods have been explained and illustrated for the computation of nonlinear responses 
(harmonics and intermodulation products). The methods are very closely related. The first 
method computes Volterra kernel transforms. This is performed by repeatedly solving a lin- 
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ear circuit. From the knowledge of the kernel transforms, the wanted nonlinear responses can be 
computed using the relationships between Volterra kernel transforms and nonlinear responses. 

With the other method, the nonlinear responses are directly computed. The use of Volterra 
kernels is circumvented here, which is a significant simplification for multiple-input circuits. 
Just as with the Volterra series approach, the method computes harmonics or intermodulation 
products of voltages and currents in a weakly nonlinear circuit by repeatedly solving a linear 
circuit. 

Since with both calculation methods a linear circuit is solved, it is possible to obtain sym- 
bolic expressions which are functions of the linear small-signal parameters and of the nonlin- 
earity coefficients that explicitly express the nonlinear nature of the devices. These nonlinearity 
coefficients have been discussed in Chapter 3. 

With the methods explained in this chapter, a harmonic or intermodulation product is com- 
puted as a sum of several contributions, one for each nonlinearity coefficient. Since in practical 
circuits many contributions occur, it is impractical to generate a fully symbolic expression for 
the harmonic or intermodulation product. A procedure has been explained that discards the in- 
significant contributions with a user-defined error before the symbolic computations. After the 
application of this procedure usually many nonlinearities can be discarded. Then a symbolic 
expression can be generated with the few remaining nonlinearities. The resulting symbolic ex- 
pression is a hierarchical one, that can be pruned. This results into an interpretable expression 
that allows to obtain insight in a circuit’s nonlinear behavior. This approach will be illustrated in 
Chapter 8 with transistor networks. The nonlinearity coefficients used in the calculations there, 
will be discussed in the next two chapters for bipolar and MOS transistors. 



Chapter 6 



Silicon bipolar transistor models for 
distortion analysis 

6.1 Introduction 

In this chapter the most important nonlinearities in a bipolar transistor are discussed. The tram; 
sistor is assumed to work in the forward active region. The model that will be followed ini 
this chapter is the Gummel-Poon model [Getr 76]. This model is used now already for several 
decades. More recent models such as the VBIC95 model [Me And 95] are still based upon this- 
model. The region of quasi-saturation [Anto 88] is not considered here. This region is especially 
of interest for power transistors. Distortion caused by quasi-saturation in power applications i$j 
discussed in [DeVr 96]. 1 

The equivalent nonlinear circuit for a bipolar transistor that will be used throughout thisj 
book is shown in Figure 6.1. It consists of lumped elements only, although in reality the circuifj 




Figure 6.1: Nonlinear model of a bipolar transistor. 
elements have a distributed nature [Taft 91]. 

The base-emitter diode (between B and E in Figure 6.1), which is forward biased, is rep- 
resented by a nonlinear conductance r w in parallel with a junction capacitance and a diffusion 



6.1 Introduction 



181 



capacitance. The sum of these two capacitances is denoted as C w . Since the diffusion ca- 
pacitance at a sufficiently high forward bias is much larger than the junction capacitance, the 
nonlinearity coefficients of the latter are neglected. The base-collector junction (between B and 
C in Figure 6.1) is reversely biased. It is represented by a junction capacitance only, denoted as 
C [L , which is modeled in the same fashion as described in Section 3.4. 

The collector current, which flows between collector and emitter, is a function of two volt- 
ages, the base-emitter voltage and the base-collector voltage. The dependence on the latter volt- 
age in the forward active operation is only due to the Early effect. In the linearized equivalent 
circuit of a transistor, the Early effect is modeled by taking into account a resistance between 
collector and emitter. This looks as if the collector current would depend on the base-emitter 
voltage and the collector-emitter voltage. This convention is followed here as well, whereas the 
Gummel-Poon model assumes a dependence of the collector current on v BE and v BC . However, 
by substituting v BC with (v BE - v C e) in the Gummel-Poon equations, the collector current can 
be expressed as a function of v BE and vce- 

The Early effect is usually modeled by assuming a linear dependence of the collector current 
on the base-collector or collector-emitter voltage. This is only an approximation. More accurate 
models are given in this chapter or in [Joard 95, Me And 96]. Measurements on the nonlinearity 
of the Early effect are presented in Chapter 9. 

Three ohmic resistors are considered in the equivalent scheme. They connect the ’’intrinsic” 
transistor to the outside world via the terminals B’, E’ and C\ As will be discussed below, the 
base resistance r B is a nonlinear resistance that depends on the base current through the effects of 
current crowding, base conductivity modulation and base pu shout [Yuan 88, Sata 90, Fuse 95]. 
The ohmic resistors rc and r E are considered as linear elements. This is not exact, as explained 
in [Taft 9 1 , Fuse 95]: they decrease slightly with increasing bias current. However, their variation 
as a function of signal swing is not as drastic as for the base resistance, if at least the transistor is 
assumed to remain in the forward active region. It is believed that the importance of the resistive 
parasitics will increase for future technologies. Moreover, as the device current increases with 
scaling, an accurate modeling of the variation of these resistive parasitics with bias currents will 
become more and more important. 

The last circuit element to be considered in the equivalent circuit of Figure 6. 1 is the collector- 
substrate junction capacitance C cs . This capacitance is modeled as described in Section 3.4. 

Finally, it should be noted that frequency effects due to the distributed nature of stored charge 
in the base and emitter, are not taken into account with the simple model of Figure 6.1. The 
influence of non-quasi-static charge distributions in base and emitter is modeled for example 
m [Hamel 96]. These influences can be modeled by a circuit with lumped elements which is 
more complicated than the linearized equivalent of the equivalent circuit of Figure 6.1. A first 
attempt for a better high-frequency modeling, which is also implemented in SPICE, is a split of 

into two parts [Anto 88, Hspi 96], one part between B f and C, and the other part between B 
and C. 
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6.2 The collector current 

According to the Gummel-Poon model [Getr 76, Anto 88], the collector current i c can be con- 
sidered as a function of two voltages, v BE and v C e • The dependence on vce is due to the Early 
effect. This effect will be explained in Section 6.2.2. First, this dependence will be considered 
as linear. 



6.2.1 Collector current with a linear Early effect 



When high injection is not taken into account and the Early effect is linear, then the collector 
current i c is given by [Getr 76, Gray 93, Lak 94] 



i c = Is exp 



vbe 

n F V tj 



T ( VBE 

=/sexp U^. 



1 + 
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VBE 



Vap 



) 



( 6 . 1 ) 

i 

(6.2) 



in which I s , n F , Va F and V t are the transistor saturation current, the forward emission coeffi- 
cient. the forward Early voltage and the thermal voltage, respectively. The forward emission* 
coefficient is equal to one, in theory, but it is sometimes fitted to a slightly different value. j 

The total value of the collector current is the sum of the quiescent value Ic and the AC value| 
V A Taylor series expansion around the quiescent point Ic, Vbe, Vce leads to the expression! 
for the AC current given in equation (3.61), which is repeated here for convenience: j 

V ~9m' v be + ^2g m 'V$ e + K 3g?n -vjf e + - . . + 9o' v ce + 9o *^ce + K$g 0 ' v ce + * ■ ’ j 

+ ' V ^ce + K^^-vl-Vce + K 3gM •«*•«& + ■ • ■ ^ 

The meaning of the coefficients in this equation, together with their value that has been derived j 
from equation (6.2), is given in Table 6.1. In Table 6.1 it is seen that coefficients that comprise ; 
derivatives with respect to v C e of order higher than one, are zero. This is due to the modeling of 
the Early effect in a linear way. More realistic values will be obtained in the next section. 

From the values of Table 6.1 we find the second- and third-order normalized coefficients that 
describe the nonlinear dependence of the collector current on v be' 
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( 6 . 5 ) 



It is seen that these normalized nonlinearity coefficients are independent of bias conditions. 

The normalized nonlinearity coefficients for the dependence of the collector current on v B e\ 
are very large. For example, in Chapter 3, Section 3.3, it has been mentioned that the normalized 
second-order nonlinearity coefficient of a diffused resistor is about 0.5%/V. This is very low; 
compared to the value of K' 2g , which is about 2000%/F at room temperature! 
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Table 6.1: Nonlinearity coefficients of the collector current of a bipolar transistor obtained with 
the model of equation (62). 

At high collector currents, the injection of minority carriers into the base region is signifi- 
cant with respect to the majority carrier concentration in equilibrium. Since charge neutrality is 
maintained in the base, the total majority carrier concentration is increased by the same amount 
as the total minority carrier concentration. In [Getr 76, Lak 94] it is shown that at high injection 
levels the collector current asymptotes to 



i'C (high level) ^ exp 




( 6 . 6 ) 



In the Gummel-Poon model a unified equation describes the collector current, both for low and 
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high injection levels [Getr 76, Anto 88, Hspi 96]: 
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2isCxp te 



1 + 



1 + 



\ 



1 + 



4 Ig exp 

7 



VCE ~ VBE 

Vaf , 

( VBE \ 

\n F V t ) 



KF 



(6.7Y 



in which I KF is the forward knee-current [Getr 76, Anto 88, Lak 94]. This current is the value 
of the collector current at which high injection begins: for currents that are much smaller than 
Ikf, the logarithm of the collector current increases as a function of vbe with a slope 1 / (n F V t ). 
For currents much higher than I KF the slope is 1/(2 n F V t ). The value of Ikf can now be found 
as the current where the asymptotes with the two slopes intersect. 

Next, the nonlinearity coefficients are derived with the model of equation (6.7). Under high- 
injection conditions the collector current is proportional to exp (v B e/( 2n F Vt))j such that 
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and for the normalized nonlinearity coefficients 



( 6 - 8 ) 

(6-9) 

V! 

(6.10)1 



K' 2gm (high injection) = 



1 

4 n F V t 



K> gm (high injection) = 
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Compared to the low-injection situation (see Table 6.1) the normalized second-order coefficient 
is a factor 2 lower, while the third-order normalized nonlinearity coefficient is a factor 4 lower. 

Figures 6.2 and 6.3 show the normalized nonlinearity coefficients of order two and three as a 
function of the collector current. The parameters for these plots are: I s = 6.5xlCT 18 A, n F = 1.0 
and Ikf = 8.0 xlO -3 . It is seen that the normalized nonlinearity coefficients vary between the 
low-injection value (equations (6.4) and (6.5)) and the high-injection value (equations (6.11) 
and (6.12)). The value of the normalized coefficients is seen to decrease already at currents thatl 
are only a small fraction of I KF . j 

6.2.2 Nonlinearity of the Early effect I 

I 

The Early effect is due to the shortening of the neutral base- width as the collector-base voltage 
increases. By this increase, the base-collector junction gets more inversely biased, such that the; 
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Figure 6.2: Second-order normalized nonlinearity coefficient as a function of the collector 

current which is normalized to the forward knee current Ikf- 




Figure 6.3: Third-order normalized nonlinearity coefficient as a function of the collector 
current which is normalized to the forward knee current I KF . 



186 



Silicon bipolar transistor models for distortion analysis 



space-charge extends more in the neutral base. As a result, the length of this neutral region is 
reduced and the majority charge in the neutral base region, denoted by Q B , decreases. This 
is shown schematically in Figure 6.4. The extension of the space-charge layer into the neutral 



Av bc +v bc 




Qb 



Figure 6.4: Decrease of Qb with an increase o/vce or vqb- The hatched regions represent thS 
neutral regions. The white regions are the space-charge layers. 

) 

collector region is higher than the extension into the neutral base. This is due to the higher doping; 
of the collector. 

Since the saturation current I s is inversely proportional to Q B [Getr 76, Lak 94], the collector 
current increases as vce increases. This increase can be modeled with an output conductance g 0 : 



dig 

dvcE 



(6.13) 



This conductance is calculated as follows. The variation of the collector-emitter voltage A vce 
can be rewritten as Avqe = A vcb + A v B e- This is equal to A vcb* since the base-emitter 
voltage is kept constant. Equation (6.13) can then be rewritten as 



go= dic_ = dd^ dQs_ (614) 

dv CB dQ B dvcB 

The dependence of ic on Q B is through the saturation current Is , which is inversely proportional 
to Qb- The change of Q B with respect to v CB is nothing else but — since a slice of neutral 
base is replaced by a slice of space-charge layer. Hence, 



fc_ 

Qb 






Qb 



9o 



(6.15) 
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When this equation is evaluated for v CB = 0V\ then we obtain 



9o 



VCB=® 



c 

Qb o 11 



VCB— 0 



( 6 . 16 ) 



in which Q B o is the majority base charge at v C b — 0V\ The ratio C^/Qm has the dimensions of 
a voltage. This voltage is called the Early voltage Vaf * It is given by 

Vaf = ^!: cb=0 - (6-17) 

Qbq 

In most circuit simulators it is assumed that for the modelling of the Early effect, the base- 
collector capacitance C M does not change with bias [Getr 76, Anto 88, Me And 96], such that 
Vaf can be considered as a constant. This assumption yields a linear dependence of the collector 
current on v C e> In this way it is impossible to predict second- and third-order derivatives of the 
collector current with respect to vqe- If, on the other hand, the variation of is taken into 
account to model the Early effect, then the nonlinearity coefficients obtained in this way, corre- 
spond to measurements as will be described in Chapter 9. For a computation of the nonlinearity 
coefficients the reader is referred to Appendix D. The expressions of the nonlinearity coefficients 
are quite involved. Nevertheless, their value can be predicted qualitatively. From the discussion 
about the nonlinearity of junction capacitors in Section 3.4 it is clear that a junction capacitor 
behaves more and more as a linear capacitor when the reverse bias of a junction increases. In 
other words, a junction capacitance becomes more independent of the reverse bias when the lat- 
ter increases. As a consequence, the variation of the collector current with vce becomes smaller 
as v C e increases. This means that the output conductance will decrease when v CE increases. 
The output conductance as a function of v C e is shown in Figure 6.5. This plot is obtained with 
the following numerical values: I s = 6.5xl0 -18 , C ^ = 2 SfF at v B c = 0V\ Ikf — 3mA and 
V A F ~ 30V. The collector current at V BC = OV^ is 0.85mA. 

Since the output conductance decreases when Vce increase, the second-order derivative of 
the collector current with respect to Vce is negative, such that K 2go < 0. Figure 6.6 depicts the 
second-order nonlinearity coefficient K 2go as a function of Vce- The third-order coefficient K% go 
is shown as a function of Vce i n Figure 6.7. 

It is interesting to have an idea of the order of magnitude of the normalized nonlinearity 
coefficients. Figure 6.8 depicts the normalized nonlinearity coefficients K 2go and K f 3go . It is seen 
that the Early effect is in fact “quite linear”. The output conductance has a voltage coefficient 
that varies between 15% at low values of V C e and 3% at high values. 

Next, the cross-derivatives of the collector current with respect to both vce and v BB are con- 
sidered. Since it is seen that the output conductance is quite linear, it is reasonable to consider the 
Early voltage as being constant for the computation of nonlinearity coefficients that correspond 
to cross-derivatives in which only one differentiation with respect to v C e is performed. Hence, 
all values of Table 6. 1 are good approximations — at least at low injection — for the nonlinearity 
coefficients that are not zero in that table. The results of this section provide good values for the 
nonlinearity coefficients that are zero in Table 6.1. The coefficient ^ 3 gm ^ 2go corresponds to the 
only cross-derivative in which two differentiations with respect to vce arc performed. Its value 
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Figure 6.5: The output conductance g Q as a function of Vce- 




VCE 



Figure 6.6 : Second-order nonlinearity coefficient K 2go as a function of Vce- 

under low injection conditions can be obtained by dividing the value of K 2go by the thermal 
voltage Vj. 

6.3 The base current 



In the forward active region of operation, the base current is given by [Anto 88] 



Pf 



( qVBE \ 
\np kT ) 



+ I S e exp 



/ qVBE \ 
\n E kT ) 



( 6 . 18 ) 
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VcE 



Figure 6.7: Third-order nonlinearity coefficient K Sgo as a function ofVcE- 





Figure 6.8: Normalized nonlinearity coefficients K f 2g and K 3g as a function ofVcE • 

The first term is a factor /3p smaller than the collector current if for the latter high injection is 
neglected. The second term of this expression is caused by recombination and is only important 
at very low base currents: I$e is denoted as the base-emitter leakage saturation current, and tie 
is the base-emitter emission coefficient, which is close to 2. 

For the determination of the nonlinearity coefficients, equation (6.18) is developed into a 
power series around the quiescent point, and the AC part is identified with the series 

>b = Stt ■ v be + K- i<h ■ vl e + K 2 ^ ■ vll + ... 



(6.19) 
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in which 
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At very low base currents, one obtains 
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while in the mid-current region we find 



( 6 . 20 ) 

( 6 . 21 ) 

( 6 . 22 ) 



(6.23) 

(6.24) 

(6.25) 
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(6.26) 

(6.27) | 

(6.28) 



From the above expressions of the nonlinearity coefficients, it is seen that in the mid-current j 
region, and under the assumption that no high injection in the collector region occurs, the non- - 
linearities of the base current and of the collector current are tracking nonlinearities. Their 
nonlinearity coefficients only differ by a constant factor f} F and the normalized nonlinearity co- 
efficients are equal. At very low base currents and at high collector currents this is no longer 
true. 



6.4 The base resistance 

In modern bipolar processes, the role of the base resistance becomes more and more important: 
as the base-width becomes smaller, the section through which the carriers have to flow in the i 
base region becomes smaller, such that the base resistance increases. The base resistance is not 
constant. It decreases when the base current increases. Due to this current dependence, the value 
of the base resistance changes when the base current changes due to a sinusoidal excitation. 
This change in base resistance can cause distortion. This distortion can be modeled with the 
nonlinearity coefficients of the base resistance. These coefficients are discussed in this section. 



6.4 The base resistance 



191 



It is seen that the current density in modern bipolar transistors tends to increase. As a result, 
the effects that cause the base resistance to decrease, occur at lower currents than in older bipolar 
processes. This is especially important in high-frequency applications, since bias currents are 
usually high in these applications. 

The base resistance is a component that is difficult to model and difficult to measure. There 
are several effects that cause the base resistance to decrease as the base current increases: cur- 
rent crowding, base conductivity modulation, base-width modulation and base pushout [Lak 94, 
Taft 91, Yuan 88, Fuse 92, Fuse 95]. These effects are now shortly discussed. 

Current crowding This effect is best explained using Figure 3.9 of Chapter 3. As the base 
current flows through the active base region, a potential drop in the horizontal direction causes 
a progressive lateral reduction of the forward bias along the emitter-base junction. In other 
words, the diodes in the representation of Figure 3.9 close to x — 0 are less conducting than the 
diodes close to x = L. As a result, the current is concentrated close to x = L and the resistive 
path through the base has become shorter. In the limit, the intrinsic base resistance is bypassed 
completely and the only base resistance left is the extrinsic base resistance. 

Base-width modulation In Section 6.2.2 it has been pointed out that the quasi-neutral base- 
width changes due to a change of the extension of the space-charge layer between base and 
collector. The same is true for the extension of the space-charge layer between base and emit- 
ter [Yuan 88]. The modulation of both of these space-charge layers with the terminal voltages 
of the transistor affects the base resistance. The reason is that the intrinsic base resistance is 
inversely proportional to the width of the quasi-neutral base region. For example, assume that 
the emitter-base junction is forwardly biased and the collector-base voltage remains constant. 
Then the width of the neutral base region is modulated by the moving edge of the emitter-base 
space-charge region as vbe changes. When vqe increases, the emitter-base space-charge region 
shrinks and the neutral base region widens. This reduces Rbi, since the current can flow now 
through a wider cross-section. 

Base conductivity modulation When an npn bipolar transistor operates at high currents, the 
hole concentration (including the excess carrier concentration) in the base will exceed the con- 
centration of the acceptors in order to maintain charge neutrality. As a result, the base sheet 
resistance below the emitter decreases as the hole injection level increases. Hence, the base 
resistance decreases. 

Base pushout At low currents it is assumed that the charge in the space-charge layer between 
base and collector is only caused by the fixed ion charges, the charge of the mobile carriers being 
negligible. At high currents, however, this assumption is no longer valid. In an npn transistor, 
the negative charge of the electrons is no longer negligible compared to the positive charge of the 
fixed donor ions in the space-charge layer at the collector side. The two charges have an opposite 
sign, such that together they cause a decrease of the electric field in the collector region near the 
base. At very high currents, the electrical field becomes very small near the junction. This effect, 
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in conjunction with high currents, has been studied for example in [Whitt 69]. There it is found 
that at very high currents, the effective neutral base region extends into the collector region. This 
corresponds to an increase of the cross-sectional area through which the base current can flow, 
thereby lowering the base resistance. 

j 

6.4.1 Modeling of the current dependence 

In most versions of SPICE [Anto 88, Hspi 96] the model of the base resistance only takes into 
account current crowding. The value of the resistance is derived by starting from Figure 3.9. 
This figure shows that the base resistance is distributed over the base-emitter diode. From this 
figure it is seen that v(L) = v BE l . In order to obtain a more practical model, this distributed 
model is represented by an equivalent model which consists of a series connection of two lumped 
elements, a diode and a (nonlinear) resistor, which corresponds to the intrinsic base resistance , 
Rbi- The extrinsic base resistor R Bex should be placed in series with R B i . ; 

With the model used in SPICE, the effective intrinsic base resistance R Bi is chosen to dissi- 
pate the same power as the distributed intrinsic base resistance for the same base current: 

J i 2 B {x) Rm ^ dx = R Bi ■ i b (L) (6.29) 

in which Rmr is the total resistance of the resistor chain in the left part of Figure 3.9. This leads^ 
to the following expression for the intrinsic base resistance [Anto 88]: 

tan Z-Z * 

Rm ~ Rb ' t Z tan 2 Z (6 ' 30)l 

in which Z tan Z is a function of the base current, the base resistivity, the thermal voltage and 
the width of the base region. In SPICE [Anto 88, Hspi 96] Z is approximated by 

z « - 1 + V 1 + 144 W (6 31) 

(24/ 7T 2 ) yj 1 B /Ir B 

in which the model parameter I RB is the current at which the intrinsic base resistance falls down 
to half the low-current value. At very low currents, Z approaches 0 and, according to equa- 
tion (6.30), R Bi approaches R b% t/ 3. At high currents, Z approaches 7 r /2 and R Bi goes to zero. 
For a single-sided base contact, one can show [Taft 91, Chiu 92, Lak 94] that at very low base 
currents indeed R Bt = Rmr /3, whereas for double base contacts R Bi — R BiT /\2. 

Since the above model has been derived using power dissipation considerations, this model 
is often referred to as the power model for a base resistance. 

In [Taft 91, Chiu 92] it is shown that the above reasoning leads to incorrect values for the base 
resistance. This is not due to the nonlinearity of the circuit elements but rather to the nonlinearity 
of power as a function of current. Also, equation (6.30) is used in SPICE not only for the DC 



the emitter resistance is neglected in this figure. 
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base resistance but also for the AC base resistance. In [Taft 91, Chiu 92, Fuse 95], however, it is 
shown that the AC value of the intrinsic base resistance differs from the DC value. 

A better model for current crowding is presented by Taft and Plummer [Taft 91], which has 
later been improved by Chiu [Chiu 92]. The latter model takes into account base conductivity 
modulation by the excess carriers. The two models have been verified in [Asti 96], where it is 
shown that the model of Chiu is more accurate at higher currents, whereas the accuracy with 
both models is good at moderate currents. In Section 6.4.3 both the model of Chiu and the power 
model will be used for the determination of the nonlinearity coefficients. 



Other models The different effects of current crowding, base width modulation, base conduc- 
tivity modulation and base pushout can occur simultaneously. In fact, base width modulation, 
conductivity modulation and pushout ameliorate the effect of current crowding. A model for 
the base resistance that takes into account all these effects is very complicated. Such model is 
described for example in [Yuan 88]. This model is no longer an analytic one, it must be obtained 
by numerical integration techniques. In this model the base resistance is given by the following 
equation 



R B i = &Bi 0 * JbWM * f CM * f CROWDING * f PUSHOUT (6.32) 

in which R Bi0 is the base resistance at v B e — OK. The factors Jbwm , }cm> f crowding an d 
} pushout vary with between 1 and 0, and they model the influence of base width modulation, 
conductivity modulation, current crowding and pushout, respectively. When the bias current 
increase, these factors decrease. As mentioned above, the factor / crowding depends on the 
other factors. 

6.4.2 DC and AC base resistance and the nonlinearity coefficients 

In contrast with the implementation of the base resistance in most SPICE simulators [Anto 88, 
Hspi 96], in [Taft 91, Chiu 92] a distinction is made between the DC base resistance and the AC 
base resistance. An expression for the DC and AC resistance is now derived. The results of 
this derivation are not restricted for use with the models of [Taft 91, Chiu 92] only. In fact, they 
can be used for the power model as well. Although the values obtained with the power model 
are not exact, as stated in the previous section, they can be used for an estimation of the AC 
base resistance and its higher-order derivatives. This way of working can be used if the only 
information about the technology is a set of SPICE parameters, which are derived for the power 
model. 

After a derivation of the AC and DC base resistance, these resistances will be evaluated both 
for the power model and the model of Chiu. The values for the parameters of the latter model 
have been taken from the original paper [Chiu 92]. 

The base resistance is split into an intrinsic part R Bi and an extrinsic part R Be x : 



R B — R B i + R B ex 



(6.33) 
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The AC value and the DC value of the extrinsic part is assumed to be the same, since it is assumed; 
that this part is bias independent: 



RBex — T Bex (6.34) 

In the SPICE model for the base resistance, this extrinsic part is denoted by the model parameter 
RBM. In the rest of the derivation, R Bex is neglected. This is just done for the ease of the 
derivation: the results remain valid when R Bex is taken into account. R Bex only has to be placed 
in series with the AC or DC intrinsic base resistance. Further, the emitter resistance is neglected 
as well. With these simplifications, v B > E is given by v B > B +v BE , in which v BB > is the voltage drop 
over the intrinsic base resistance R Bi and v BE is the voltage drop over the diode in Figure 3.9b.; 
Hence, the DC base resistance R B i is found from the following relationship 



Vb>E — VbB' + VBE 

= RbI * ^B + VBE 



(6.35; 

(6.36; 



in which i B = I s /{3 F ex p {v BE /(n F Vt)). The relationship between the voltage drop over the^ 
intrinsic base resistance and the base current depends on the model that is used. By taking the 
derivative with respect to i B of both sides of equation (6.36), the AC base resistance r Bi is founC 
to be 



rBi = 



di B R 



B^Bi 



di B 
— Rbi T- i B 



dR 



Bi 



di 



b 



(6.37 

(6.38; 



For the description of the nonlinearity of the base resistance, the first and second derivative ol 
r Bi with respect to i B are required. Using algebra we find 
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(6.39; 
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(6-40) 



These expressions can now be used for the determination of the second- and third-order nonlin-| 
earity coefficients of the intrinsic AC base resistance. These coefficients, denoted by K 2 rBi an( ^ 
K 3rR . , are given by 



r, 1 dr B i 
K ^ = 2 • dir 

_ 1 (firm 
3rei ~ 6 ' di% 



(6.41) 



(6.42) 
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Since most nonlinearities that are discussed in this book are described as nonlinear admit- 
tances (conductances, transconductances, capacitances and multidimensional conductances), it 
is interesting to describe the nonlinearity of the intrinsic base resistance in terms of the nonlin- 
earity coefficients of the equivalent conductance g Bi = 1 /r Bi . In this way, the nonlinearity of 
the base resistance can be better compared to other nonlinearities which are described as ad- 
mittances. Using the expressions (3.40) through (3.42) for the computation of the nonlinearity 
coefficients of a conductance when the resistance is given, one finds 









(6.43) 

(6.44) 



These nonlinearity coefficients will be evaluated in the next section. 



6.4.3 Evaluation of the nonlinearity coefficients 

Having derived expressions for the DC and the AC base resistance, it is interesting to evaluate 
the difference between these two quantities. For this evaluation two base resistance models will 
be used. First, the power model will be used: this model is still the most widely used, even for 
modern bipolar transistor. Secondly, the model of Chiu [Chiu 92] is used. This model has been 
proven to be more accurate [Asti 96]. In addition, the nonlinearity coefficients K^ 9Bi and K 3gB . 
for both models will be discussed as well. 

Figure 6.9 shows the DC and the AC value of the intrinsic base resistance as a function of the 
collector current and evaluated with the power model and the model of Chiu. The parameters 
of the latter model are taken from the original paper of Chiu [Chiu 92]. With these parameters 
the AC and DC base resistance at low currents is found to be 5650. Further, the transistor beta 
equals 60. The parameters of the power model have been fitted onto the value of the DC base 
resistance as a function of the base current according to Chiu’s model. The only parameter of the 
power model that has to be determined in addition to the base resistance at low base currents is 
the parameter I RBj which is the base current at which the base resistance has fallen down to 50% 
of the value at low currents. This parameter can be easily determined by fitting. 

First, it is seen that for both models the intrinsic DC base resistance and the AC base resis- 
tance at low base currents are about equal. Indeed, at low currents, the base resistance does not 
change with the base current, and hence it can be regarded as a linear resistor. At higher currents, 
both the DC and AC resistance decrease, but the AC value is always lower. The reason for a 
difference between the AC and DC value is explained in Section 3. 2.2. 2. The intrinsic DC base 
resistance is the ratio of the voltage over the intrinsic part of the base region and the current that 
flows to the base contact through this region. When this voltage is evaluated at each base current, 
fhen the slope of this curve is the AC intrinsic base resistance. 

At high base currents both the DC and AC resistance evaluated with the model of Chiu are 
lower than with the power model. This is mainly due to conductivity modulation which is only 
taken into account in the model of Chiu. The increase of the majority carriers above the impurity 



196 



Silicon bipolar transistor models for distortion analysis 




^Bi Chiu 
O O -^Bi power 

^ ^ Bi Chiu 

f l?i power 



•c(A) 



Figure 6.9: DC and AC value of the base resistance as a function of the collector with the power 
model and the model of Chiu. \ 

i 

ij 

concentration lowers the conductivity in the intrinsic base region. Also, it is seen that at high 
currents the ratio between the AC and DC resistance with the model of Chiu is significantljl 
lower than with the power model. At high collector currents (or base currents) the AC intrinsic 
base resistance becomes so small that it is negligible compared to the extrinsic base resistance 
and tv. 

In order to have an idea about how strong the base resistance nonlinearity is, it is interesting 
to consider nonlinearity coefficients of the base conductance g^i — l/rsi- Figure 6.10 shows 
the second-order normalized nonlinearity coefficient K l 2 as a function of the collector current 
for both the power model and the model of Chiu. It is seen that at low currents the normalized! 
coefficients computed with the power model and the model of Chiu are of the same order of 
magnitude. At higher currents, K* 2gBi with the model of Chiu increases. This is due to the fact 
that the conductivity of the base region increases sharply. The same conclusion can be drawn 
for the third-order nonlinearity coefficients. The third-order coefficient K 3gB . obtained with the 
model of Chiu is shown in Figure 6.1 1 as a function of the collector current. 



6.5 Capacitors in a bipolar transistor 



In the weakly nonlinear equivalent circuit of a bipolar transistor (see Figure 6.1) three capacitors 
are present. These capacitors are nonlinear such that they can cause distortion. 

The capacitors C ^ and C C s correspond to junctions which in the forward active region are 
inversely biased. Hence, they can be modeled as in Section 3.4. 
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Figure 6. 10: Normalized nonlinearity coefficient 1^2 gij with the power model and with the model 
of Chiu. 



CO 




CQ 

OS 





ic (A) 



Figure 6.11: Third-order nonlinearity coefficient with the model of Chiu. 



The capacitor CV is a diffusion capacitance in parallel with a junction capacitance. The value 
°f the junction capacitance in forward active region at sufficiently high currents is negligible 
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compared to the value of the diffusion capacitance. At low currents, this is not true, and the 
junction capacitance needs to be taken into account. In the rest of this section it will be assumed 
that the junction capacitance is negligible. 

The diffusion capacitance originates from the variation of the excess charge of minority car- 
riers in the base as a result of a change of v B e • In Section 3.2.3 it has already been mentioned 
that the excess charge is given by 



Qd = Tpic (6.45) 

in which r F is the forward transit time. This transit time consists of several components [Getr 76 

1. the delay time t b , which can be interpreted as the base transit time. This is the average 
time in which minority carriers diffuse through the neutral base region from the emittei 
side to the collector side. 



2. the delay time r E associated with stored minority carrier charge in the neutral emittei 

region. I 

3. the emitter-base space-charge layer transit time teb SC l ■ 3 

4. the base-collector space-charge layer transit time tcb SC l • 

The delay time r B increases at high currents, due to base pushout: as the neutral base regioi 
effectively widens, it takes more time for the minority carriers to cross this region. Consequent!) 
t f becomes a function of the collector current. However, in this analysis the variation of r F wit 
the collector current will be neglected. Hence, the analysis is restricted to currents below tin 
region in which base pushout occurs. This is not a severe limitation in practice, since transistor 
are seldom biased in the base pushout region. j 

If a constant t f is assumed, then the diffusion capacitance associated with the charge Qd w 
found to be 



^ _ dQo 

r — i — T F (Jm 



dv 



(6.46j 
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It is seen that C w is directly proportional to g m . Under low-injection conditions g m = Ic/(n F Vt)i 
Hence we find for the higher-order derivatives 
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(6.48) 



The expressions for the nonlinearity coefficients of reveal that the nonlinearity of CV tracks 
the nonlinearity of g m . Hence they have the same normalized nonlinearity coefficients: 

1 



K' — K' — 

2 Cir 2 9m 2 n F V t 

1 



(6.49) 
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It is interesting to compare the nonlinearity of C n to the nonlinearity of C M and C cs . This can 
be done with a comparison of the normalized nonlinearity coefficients. At room temperature, 
Ko ~ 20 V” 1 whereas the second-order normalized nonlinearity coefficients KU and KL 

1 C-k Ccs 

are in the range of — 0.1V” 1 to -0.25V” 1 as pointed out in Section 3.4. Hence, a diffusion 
capacitance is by far more nonlinear than a junction capacitance. This is due to the exponen- 
tial dependence of the capacitance value on the voltage over the capacitance. The third-order 
normalized nonlinearity coefficient K$ c is about 267V” 2 , whereas the third-order normalized 
nonlinearity coefficients of junction capacitors are in the order of 0.2 V” 2 and lower. 



6.6 Summary 

In this chapter we discussed the nonlinearity coefficients that describe the different basic non- 
linearities of a bipolar transistor. Hereby we have used the Gummel-Poon model. In addition 
we considered the nonlinearity of the Early effect which is not modeled in the Gummel-Poon 
model. For the base resistance we have considered both the classical power model and the model 
of Chiu that takes into account current crowding and base conductivity modulation. 



Chapter 7 



MOS transistor models for distortion 
analysis 

7.1 Introduction 

Due to continuous advances in technology the MOS transistor has scaled down rapidly. Whereas 
3 (im CMOS was used in the middle of the eighties, technologies with effective gate lengths of 
0.35^m are in use in 1997. In these small devices several physical effects play a much larger 
role than in transistors of older technologies. Some of these effects have given rise to additional 
technological steps in the processing of a MOS transistor, such as the use of lightly-doped drains. 
As a result, a modern deep submicron transistor is a more complicated structure than a transistor] 
of older technologies. j 

The behavior of MOS transistors of old technologies can be approximated well by assuming 
that the current flow in the transistor is one-dimensional. On the other hand, for the modelling 
of a modern MOS transistor several two-dimensional and even three-dimensional effects need tc| 
be taken into account. ;i 

Due to the complex behavior of a MOS transistor, many MOS transistor models have beeh 
proposed. Some of these models have been listed in the references [VdWie 79, White 80, Liu 82, ; 
Gueb 83, Maes 84, Anto 88, Gar 87a, Sheu 87, Toh 88, Yu 88, Moon 91, Hspi 96, Park 92, Pow 9! 
Chow 92b, Gow 91, Gow 93, BSIM 95, Hua 93, Cheng 96, Enz 95, Matt 96, Klaas 96]. Many] 
of these models are in use. For example, commercial versions of SPICE [Hspi 96] support about] 
fifty MOS models, some of them being private to large IC companies. Moreover, models are con-j 
tinuously changing as a result of scaling and existing models may become inaccurate for small 
devices. ■ 

In the seventies the simple quadratic model of Shichman and Hodges [Shich 68] was used] 
to model MOS transistors in analog circuit design. This model has been implemented in SPICE] 
simulators as the level 1 model [Anto 88, Hspi 96], was used However, this model is outdated forj 
the accurate simulation of modern MOS transistors in deep submicron technologies. The reason; 
is that effects that were recognized in the seventies as second-order effects have become more 
important for scaled devices. The modeling of these effects has required and still requires much 
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research effort. 

A computation of the nonlinearity coefficients from the model equations requires that the 
model equations are sufficiently accurate and that the model parameters have been extracted 
accurately. However, the modeling of transistors for computer-aided design has been driven by 
the needs of digital circuit designers for years [Tsiv 93b]. Moreover, even if a model intrinsically 
could do a decent job over certain bias ranges of the device, it is often not given the opportunity to 
do so due to a poor parameter extraction. For example, for a digital circuit designer a reasonable 
I-V characteristic accuracy is important, whereas a wrong slope in those characteristics is usually 
of no great consequence. As a result, small-signal parameters that are obtained by differentiation, 
are not accurate. The situation is even worse for the values of the higher-order derivatives that 
determine the different nonlinearity coefficients of the transistor nonlinearities. 

In the analog design community efforts are done to overcome these accuracy problems at 
least for the small-signal parameters [Tsiv 93b, Gow 93, Enz95, BSIM 95]. If the accuracy 
on the small-signal parameters is met, then the accuracy problem is shifted to the higher-order 
derivatives. Since a good accuracy on these derivatives is seldom important in analog circuit 
design, except for harmonic and intermodulation distortion, which often are still secondary spec- 
ifications, little attention is paid to the accuracy of these derivatives. With the development of 
more analog integrated circuits for RF and telecommunications, specifications on nonlinear dis- 
tortion might become more important, which would then require an accurate characterization of 
nonlinear distortion. 

More than for the bipolar transistor, the reader should be aware that with existing MOS 
models that are described by analytical equations, nonlinearity coefficients can only be predicted 
with a limited accuracy. This will lead to errors on the prediction of harmonic or intermodulation 
distortion of a few decibels. If a better accuracy is required, then numerical techniques as used 
in device simulators will be required. One of the reasons for this lower accuracy compared 
to bipolar transistors is that in MOS transistors many effects, some of which are two- or three- 
dimensional, occur simultaneously. In order to end up with a MOS model that consists of explicit 
equations that can be evaluated efficiently, it is often assumed that the different effects are small 
enough such that they do not interact. This approach might yield a satisfactory accuracy on the 
current, but the error on the derivatives will tend to increase with the order of the derivative. 

The emphasis in this chapter is on the quasi-static behavior of a MOS transistor in strong in- 
version operation, both in the triode and saturation region. Strong inversion operation means that 
at least one end of the channel is strongly inverted. Weak inversion is briefly discussed, whereas 
moderate inversion, which is the regime between weak and strong inversion is not treated in this 
chapter. Other *' 'transition regions” such as the operating region around the onset of saturation, 
are not treated in detail. Their analytical treatment is not straightforward. Instead, it is assumed 
that a transistor is biased in an operating point that is sufficiently far from these transition regions 
and, in addition, it is assumed that the signal swings are small enough such that a transistor keeps 
°n operating in the same region. 

Since a MOS transistor is a four-terminal device, the drain current is a function of three 
terminal voltages. The nonlinearity coefficients that are needed to describe the three-dimensional 
nonlinear drain current are defined in Section 7.2. 

The largest part of this chapter is devoted to the calculation of these nonlinearity coefficients. 
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The nonlinearities of the capacitors in a MOS transistor will only be discussed briefly. 

The nonlinearity coefficients will be computed using different models although it is not the 
goal to present an extended comparison of many MOS models such as in the excellent work: 
of [Foty 96]. Aspects of the SPICE level 1, 2 and 3 models and the BSIM models will be consid-j 
ered, while some other models that are less popular will be mentioned where it is appropriate.: 
The nonlinearity coefficients will be evaluated for long-channel transistors as well as for short-! 
channel transistors with gate lengths down to 0.5 pm. Two reference technologies will be usedj 
for numerical evaluations, namely a 0.7 pm and a 0.5 pm technology. The most important SPICE 
parameters of these technologies for the SPICE levels 1, 2 and 3 are listed in Table 7.1. The 
meaning of these parameters will be discussed further in this chapter. 



SPICE 

parameter 


meaning 


“physical” 

parameter 


used 

in 

level(s) 


value in 
0.7 pm 
process 


value in 
0.5 pm 
process 


VTO 


zero-bias gate-source 
extrapolated 
threshold voltage 


V T o 


1,2,3 


0.75V 


0.57V 


TOX 


gate-oxide 

thickness 


iox 


1,2,3 


1.7xl0 -8 m 


10 _8 m 


GAMMA 


body-effect 

coefficient 


7 


1,2,3 


0.75V 1 ' 2 


0.69V 1 ' 2 


PHI 


surface inversion 
potential 




1,2,3 


o.sv 


0.9V | 


UO 


surface 

mobility 


To 


1,2,3 


0.047m 2 / (V.s) 


0.046m 2 / (V.s)' 


THETA 


mobility-reduction 

coefficient 


9 


3 


0.079F- 1 


0.129V A_1 ; 


VMAX 


saturation velocity 


Vsat 


3 


1.94xl0 5 m/s 


1.3xl0 5 m/s 


UCRIT 


critical field 
for mobility 
reduction 




2 


1.08xl0 7 V/m 




UEXP 


critical field 
exponent 




2 


0.124 




LAMBDA 


channel-length 
modulation factor 


X 


1,2 


0.036417 -1 





Table 7.1: SPICE parameters for level 1 , 2 and 3 of an n-MOS transistor in the 0.7 pm and 
O.bprn technologies that will be used in this book. 

It must be noted that some of these parameters are fit parameters and their value does not 
necessarily correspond to the value of the corresponding physical (or semi -empirical) parameter.: 
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For example, the value of the SPICE parameter VMAX is not equal to the saturation velocity. 
This issue will be discussed further in the subsequent sections. Level 2 parameters for the 0.5 fim 
transistor are not listed, since they were not available. For the 0.5 fim process, BSIM3 model 
parameters are available as well. Since the list of parameters for this model is long, they are not 
shown in Table 7.1. Instead, values will be given when they are needed throughout this chapter. 

The nonlinearity coefficients for the drain current will first be derived in Sections 7.4 and 7.5 
for the strong inversion regime without taking into account any effects that are caused by scaling 
down the technology. Hence, a thick gate oxide is assumed, such that the influence of the normal 
electric field, i.e. the field perpendicular to the channel, is neglected. A neglection of the normal 
field is reflected in the computations by setting the parameter 9 of Table 7.1 to zero, or, for the 
level 2 model, setting UEXP to zero. Further, velocity saturation will be neglected initially. 
Later in this chapter, in Sections 7.6 and 7.7 the influence of the normal field and velocity satura- 
tion on the nonlinearity coefficients will be considered in detail. Next, the following effects will 
be considered in Sections 7.8, 7.9, 7.10 and 7.1 1 : nonuniform doping effects, dependence of the 
threshold voltage on the channel length (drain induced barrier lowering) and width of the tran- 
sistor, the influence of source and drain resistances, channel-length modulation, drain-induced 
barrier lowering and the substrate current. This list does not cover all effects that occur in a 
MOS transistor. For example, the poly -gate depletion effect [BSIM 95] is not considered. 

Section 7.12 briefly covers the nonlinearity of capacitors in a MOS transistor in strong in- 
version. Finally, the nonlinearity of the drain current in weak inversion is briefly discussed in 
Section 7.13. 

Before the current equations are presented, it is instructive to see how an expression for the 
drain current is derived in general. This will be explained in Section 7.3. In this way the reader 
will have a better insight in the simplifications made in many models. This is important, since 
some simplifications may be too rough such that the error on some nonlinearity coefficients is 
very large. 

The analyses in this chapter will be performed on n-MOS transistors. The analysis for p- 
MOS transistors is similar. The same expressions can be used if absolute values for the terminal 
voltages are considered. Also, absolute values must be considered for the threshold voltage V to 
and for the Fermi potential. 

Finally, it must be remarked that the symbols that are used in this chapter are explained in the 
list of symbols at the beginning of this book. 



7.2 Nonlinearity coefficients of the three-dimensional drain 
current nonlinearity 

A MOS transistor is a four-terminal device, the terminals being gate, drain, source and bulk. The 
voltages in the transistor are either referred to the source, which is done for example in the SPICE 
Models level 1, 2 and 3 [Anto 88, Hspi 96], or to the bulk, as is done for example in [Enz 95] 
and partially in [Tsiv 88]. We will consider both reference systems in this chapter. 

The nonlinear equivalent circuit of a MOS transistor is depicted in Figure 7.1. This equiv- 
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'i 

alent circuit is valid for low and medium-high frequencies, typically up to a tenth of the cutoff! 
frequency [Tsiv 88]. MOS models that are valid up to higher frequencies are discussed for ex-j 
ample in [Tsiv 88, Park 92, Enz 95, BSIM 95]. 

Three nonlinear elements occur in the equivalent circuit of Figure 7.1: j 

- the capacitors C s b and C d b between source and bulk and drain and bulk. These will bej 
discussed in Section 7.12. 

- the drain current i D . This current is a function of three voltages. When the voltages are 
referred to the source, then the current is a function of the voltages v G s> v D s and vsb • 
When all voltages are referred to the bulk, then the current is considered as a function of : 

v gb-> v db an d v sb • : 



Cgd 




Figure 7.1: Nonlinear model of a MOS transistor. 

The other elements in the MOS equivalent circuit are most often considered as linear elements.: 
These are the source and drain resistances 1 r D and r s and the capacitors between the gate and: 
the other terminals, namely C gs , C gd and C g b. The resistors r D and r s will be neglected initially, 
until their influence will be discussed in Section 7.10. Although we consider the oxide capacitors: 
as linear elements in Figure 7.1, we will see that this is only a good approximation when the' 
transistor is in the saturation region. We will see that in the triode region the oxide capacitors arej 
bias dependent. 

For very small signals, the circuit of Figure 7.1 can be linearized. The linearized equivalent 
circuit of Figure 7.1 is shown in Figure 7.2. Hereby, it is assumed that the voltages are referred 
to the source. Then one defines 

di D di D di D ^ 

9m — TJ 9o — r\ 9 mb a [/-tj 

OVqS OVDS OVsb 

1 For sub-micron devices the gate resistance will become more and more important, especially at high frequen- 
cies [Klaas 96]. This means that an extra circuit element needs to be added to the schematic of Figure 7.1. 



7.2 Nonlinearity coefficients of the three-dimensional drain current nonlinearity 



205 



These coefficients define three components of the drain current, each of them being linearly 
proportional to one of the three controlling voltages of the drain current. 




Figure 7.2: Small-signal model of a MOS transistor with the source as a reference . 



Figure 7.3 shows the small-signal equivalent circuit of a MOS transistor when the voltages 
are referred to the bulk. The transconductances in this circuit are defined as 

di D _ di D _ di D 

9mg — r\ 9md — ~ 9ms — q 

UVqb ovob UVsb 

Here the same symbols are used as the ones defined in [Enz 95]. The small-signal parameters 




Figure 7.3: Small-signal model of a MOS transistor with the bulk as a reference. 



206 



MOS transistor models for distortio n analysis 

— — * — “ “ 

defined in equations (7.1) and (7.2) are nothing else but the first-order terms of the power series] 
description of the drain current as a function of three variables, in the same way as described in j 
Section 3.2.5. 

When signals of larger amplitude are applied to the MOS transistor, then the linear approx-; 
imation no longer holds and we have to describe the drain current with a nonlinear function of] 
three voltages. This function can be expanded into a three-dimensional power series, as we did inj 
Section 3.2.5 for a general three-dimensional conductance. Depending on the reference terminal: 
that is used (source or bulk), different nonlinearity coefficients will be used. 



7.2.1 Coefficients referred to the source 

When the drain current is described as a function of vqsj v ds and vsb* then the AC drain current 
can be described by the following three-dimensional power series 



id Qm'Vgs ^2g m ‘V g S "b ^3 g m ^gs ~b • • • 

+ <lo ' '»ds + K 2 g c ■ + K 3go ' V : ' ls + . . . 

—Qmb'Vsb — ' V sb ~ ^3g mb ' V sb + ■ • • 

+ K2 g m hg mb - V 9s' v sb + K 3 2 g m bg mb ' V %' Vsb + ^ 3 9m fc2 9rat ' V 9’' V sb + ‘ ■ ’ 
+ ■ V ^ Vd ° + K 3 29^9o * V< 9 S * Vds + ‘ 

+ K2 9m„^ ' Vsb ' Vds + KZ 2 g m ^9o ' V ^' Vds + K \M 0 + • • • 



+ k 3 



gm&g m b&9o 



•Vgs' V s b’Vd s + • • • 



It should be remarked once again that the terms of the powers of v sb only are negative. Thd 
reason is that the bulk transconductance g mb is usually represented as a controlled source flowing 
from the source to the drain, which is opposite to the direction of the source g m v gs . This yields 
a positive value for g m b- Hence, g mb is the first-order derivative times -1. For consistency, thdj 
coefficients K 2gmb and K$ gmb are adjusted in the same way. j 

The notation^ of the coefficients that occur in the series of equation (7.3) corresponds to thd 
convention made in Section 3.2.5. For clarity, the definitions of the nonlinearity coefficients are 
resumed in Table 7.2. $ 



7.2.2 Coefficients referred to the bulk 

When voltages are referred to the bulk, then the power series for the AC drain current is given 

by 

id — Qmg ■ v gb + ^2 Qrng ’ v g b + ^g mg * V gb + • * • 

+ gmd-Vdb + K 2 Qmd ■ Vdb + K $g md ' V db + '” 

~~ 9ms * v sb “ K 2 g ms ‘ V sb — gm S ’ V sb + • • ■ 
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9m 


di D 


3 %9m&£9o 


1 3% 


dv G s 


2 dv 2 GS dv DS 




1 d 2 iD 


3 g m h2g 0 


1 3 3 i D 


2 dvg S 


2 dv GS dv 2 DS 




ldH D 


k 2 x 

Qmu£9rnb 


d 2 i D 


6 Bvq S 


dv GS dv SB 


9 mb 


dio 


K Q 

2^171^97716 


1 dH D 


dv S B 


2 dv 2 GS dv SB 




1 d 2 ii) 


K-x 

9m,^^9mb 


1 d 3 i[) 


2 d V SB 


2 dv GS dv 2 SB 


^ hmb 


1 d 3 io 


k 2 t 

9mb&9o 


d 2 i D 


^ d y SB 


Ovsb^VdS 


9o 


di D 


K h g mb lcg 0 


1 0 3 id 


9vds 


2dv 2 SB dv DS 




1 d 2 i D 


^ 3 g mb &2g 0 


1 d 3 ip 


2 dv 2 DS 


2 dv SB dv 2 DS 


K 3 9o 


1 d 3 io 


^ 3 g m &g m b&go 


d 3 i D 


6 dv 3 DS 


dvcsdvsBdvos 


k 2 . 


d 2 i D 






dv GS dv DS 



Table 7.2: Definition of the nonlinearity coefficients for the AC drain current as a function of the 
terminal voltages referred to the source . 



+ ^ 2 9ms&9m. ' V 9b- V sb + K 3 2gmg & gms -Vgb'Vsb + K 3 grngk2grns -Vgb'V 2 b + ■ ■ ■ 

+ - V 9»- V ^ + K h 9mg ^ 9md "^db + K 3gMmd -V 9 yV 2 db + ... 

+ - V ^ V “» + K h 9m ^ Smd <- V d» + K * gMmd + ■■■ 

+ K h mg u 9m ^ 9md -V9»-Vsyv db + . . . (7.4) 



The definitions of the nonlinearity coefficients used in this equation are given in Table 7.3. In 
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9 mg 


din 


2 gmg&gmd 


1 d 3 ip 


dVGB 


2 dv^ffdvDB 


K Zg ms 


1 d 2 i D 




1 d 3 io 


2 dv% R 


2 dv GB d v 2 nn 


9mg 


1 d 3 i& 


k 2 x 

9mg<^9ms 


d 2 i D 


6 dv%ft 


dVcB^VsB 


9ms 


dii) 


K * 

^9mg^9ms 


1 d 3 io 


dv S B 


2 dv% R dv S B 


k 2q 

^ 9ms 


1 d 2 i D 


gmg&^gms 


1 dPin 


2 dv 2 R 


2 dvasdv^n 


9ms 


1 d s io 


K 2 . 

9ms &Z-9md 


d 2 i D 


6 dv 3 R 


OvsB^VoB 


9md 


d%D 


K, 

2 9ms&£9md 


1 d 3 i D 


dv D B 


2 dv% R dv DB 


^ 2 9md 


1 d 2 i D 


3 gmsfo2g rn( i 


1 d 3 i D 


2 


2 dv SB dv 2 nR 


^ 3 9md 


1 d 3 i D 


3 gmg&£9ms ^9md 


d 3 iD 


6 dVnn 


dvcB^VsB^VoB 


k 2 . 

9mg<3C9md 


d 2 i D 






dVGBdVDB 







Table 7.3: Definition of the nonlinearity coefficients for the AC drain current as a function of th <| 
terminal voltages referred to the bulk. 

Figure 7.3 it was seen that the orientation of the current source controlled by v S b differs frond! 
the orientation of the other two controlled sources. This explains the three negative terms ii| 
the series expansion of equation (7.4). This is similar to the different sign of the terms that ar^ 
proportional to the derivatives with respect to v S b in equation (7.3). 



7.2.3 Relationship between the coefficients of the two reference systems 

The coefficients defined in the Sections 7.2.1 and 7.2.2 are not independent. This is clear since 
they describe the same drain current but in terms of derivatives to other voltages. In Appendix E 
the relationship between the two sets of coefficients are computed. The main results of these 
computations are given here. 
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First, it is found that nonlinearity coefficients that are proportional to a derivative with respect 
to vos on ly, are identical to nonlinearity coefficients that are proportional to a derivative with 
respect to vq B only. This means that 



(7.5) 

(7.6) 

(7.7) 

A similar identity is found for derivatives with respect to v DS and v DB - This yields 



9 mg 9m 

^ 2 9mg — 

K 3 9mg — 



9md — 9o 

^ 2 9md — ^ 2 9 o 
^ $ 9md ~~ K 3 9o 



(7.8) 

(7.9) 
(7.10) 



The relationships between g mb and g ms and the corresponding higher-order derivatives are some- 
what more complicated. One finds 



9 mb — 9 mg 9md 9ms (7.11) 

At vos = Of 7 we will see that g mg is zero. Since at v DB = OF the role of source and drain is 
identical, it is clear that derivatives of the drain current with respect to v DB are identical with 
derivatives with respect to v SB . This means that g md and g ms are equal. Using to equation (7. 1 1) 
we find that g rnb is zero. However, we will see that there are many MOS models for which the 
role of source and drain is not identical at v DS = 0V\ This is not correct, and such models must 
be handled with care when a transistor needs to be modeled accurately around v D s — 0V. 

The expression of K 2g7nb in terms of nonlinearity coefficients that are referred to the bulk, is 
given by 



and for K* n 

l) 9mb 



K 2 



9mb 



K? - Ko 

2 9mg 2 g mg hg md 

2 9md 



- K 



2 e ~b 

Qms ^9md 9ms 



(7.12) 



K- 



3 9mb 



K Zgmg K hgmg &Cg md ^ 3 2g m g &9n 



- K- 



o 



K 



3 9mg^2g ms 
TS 

9m.d&9md&9' 



- K* - K-k 

*9md ly h grnd &gr, 



- K- 



3 9md&29n 



+ K 3 9ms ~ K ‘ 



(7.13) 



Tor nonlinearity coefficients that are proportional to cross-derivatives, similar relationships can 
be derived. 

In later sections, when nonlinearity coefficients will be computed with both reference sys- 
lems, the reader can verify that the above relationships hold, apart from the roundoff errors. In 
a ddition, the above relationships can be used to find the nonlinearity coefficients with a given 
re ference system from the nonlinearity coefficients with the other reference system. 
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7.3 Basic relations for the drain current in strong inversion 



Figure 7.4 depicts an n-MOS transistor in strong inversion. It is assumed that vqs > 0» vsb > 0 




bulk 



Figure 7.4: Cross section of an n-MOS transistor in strong inversion. 

and v DS > 0. When the gate potential is sufficiently high compared to the potential of source anti 
drain, an inversion layer or channel is formed right below the gate oxide. In the triode region off 
operation, this inversion layer stretches from the source to the drain and it has a negative charged 
The length of the channel is L and the width (perpendicular to the figure) is W. It is assumed that j 
the inversion layer is of infinitesimal thickness. This approximation is referred to as the charge-i 
sheet model [Tsiv 88]. Below the inversion layer a depletion layer is present which consists of; 
fixed negative ions. When vos > 0 then a drain current %o flows from the drain to the source. Itj 
is assumed that the current in the channel is caused by drift of the electrons into the x— direction] 
and not by diffusion of electrons. Under these assumptions, the drain current i D at point x in thej 
channel is found as [Sodi 84] ■ 

i D (x) = W (-Q' T {x)) v(x) (7.14) 

in which (— Qj(x)) is the negative inversion layer charge per unit area and v(x)is the velocity 
or drift velocity of the carriers. This velocity is assumed to be proportional to the electric field | 
in the x— direction, also referred to as the lateral or longitudinal field E x . The constant ofj 
proportionality between velocity and electric field is the surface mobility 

v(x) — fiE x (x) (7.15) 

The surface mobility is nothing else but the mobility of electrons in the inversion layer rightl 
beneath the interface between silicon and the gate oxide. 
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The lateral field at position x is given by 

^ , v dVcB , n 

E x {x) - dx (7.16) 

in which vcb is the voltage difference between point x in the channel and the bulk. 

In this book we only consider the MOS transistor in a steady-state situation. In this situation, 
the current is constant along the channel such that we can omit the argument x from i D (x). Then 
we find from equation (7.14): 



i D dx — Wfj, (-Qj) dv C B 



Integrating from x = 0 to x = L yields 




i D dx = W 




M {—Q'i) dv C B 



(7.17) 



(7.18) 



or 



w r° B 

1 D = — (i (-Qj) dv CB (7.19) 

^ Jv SB 

This integral equation forms the basis for a drain current model in the triode region. The ana- 
lytical computation of this integral depends on the different physical effects that are taken into 
account in a MOS model. 

The surface mobility \x can vary along the channel and it can depend on bias voltages. This 
will be discussed in Section 7.6. For the most simple models, however, it is regarded as a con- 
stant. It is set equal to the constant which is in fact a fit parameter. Its value is roughly equal 
to about half of the mobility in the bulk [Tsiv 88]. If the mobility is constant, it can be placed 
outside the integral. 

The inversion layer charge per unit area is given by [Tsiv 88] 

Q\ — —C ! ox - Vfb — <t> ~ vcb — 1\J $ + vcb^ (7.20) 

In this equation, Vp B is the flat-band voltage [Tsiv 88, Lak94]. For the 0.7 fim process, the 
parameters of which have been given in Table 7.1, Vp B = —0.72V. 

The parameter 0, sometimes referred to as the surface inversion potential can be obtained 
from measurements. It is roughly equal to |2<3> F | 4- 6kT/q [Tsiv 88], 4> F being the Fermi poten- 
tial [Sze 85, Tsiv 88,Lak94]: 

Na 

$ F = v t \n— (7.21) 

Hi 

in which N A is the concentration of acceptors in the bulk and rii is the intrinsic carrier concentra- 
tion. At room temperature (300 degrees Kelvin) the value of is approximately 1.45x 10 lo cm~ 3 . 
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Further, the parameter 7 is the so-called body-effect coefficient [Tsiv 88, Lak 94]. This is 
given by 



7 = 



y/2qe S iN A 
CL 



The symbol C' ox is the gate oxide capacitance per unit area: 



(7.22) 





(7.23) 



Here t ox is the gate-oxide thickness and £ ox is the dielectric permittivity of silicon, which is 
about 34 .bpF/m. The last term in equation (7.20) is the charge per unit area of the depletion 
layer underneath the inversion layer: 



Q'b = -jC’ 0X yJv + v C B (7.24) 

This charge is not constant along the channel, since it depends on v C b? the voltage difference 
between a point in the channel and the bulk. 

The above equations will serve as the basis for the derivation of the expression of the drain 
current with the inclusion or neglection of different effects, as discussed in the next sections. 



7.4 Drain current in the triode region without small-geometry 
effects 

The expression for the current in the triode region is obtained by computing the integral in equa- 
tion (7.19). When small-geometry effects are neglected, the mobility can be considered as a 
constant such that it can be put outside of the integral. 

For hand calculations and in engineering models for the drain current [Toh 88], the variation 
of the thickness of the depletion layer along the channel is neglected. Instead, this charge is con- 
sidered as a constant, and its value is taken equal to the depletion layer charge at the source end. 
The current equation will first be derived for this case, and the consequences for the nonlinearity 
coefficients will be discussed. Next, in Section 7.4.2 the variation of the depletion layer along 
the channel will be taken into account. 



7.4.1 Uniform depletion layer 

As mentioned above, the thickness of the depletion layer is often considered as a constant along 
the channel and taken equal to the thickness at the source side of the channel. In this case, it is 
also appropriate to refer the voltages to the source. The integral in equation (7.19) yields 






Mo C' 0X W 



^(vgs - Vr) VDS 



(7.25) 



L 
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The parameter V T is the gate-source extrapolated threshold voltage [Tsiv 88] or briefly the 
threshold voltage , given by 



V T = V FB +<t> + 7 \Lf> + VSB (7.26) 

= V T0 + 7 (vV + Wss- v^) (7-27) 

with 

Vro = Vpb + <j> + (7.28) 

Equation (7.25) is widely used for hand calculations, even for small-geometry transistors. The 
reason is that, despite its low accuracy, it is very simple compared to more accurate models. 
Equation (7.25) is implemented in the level 1 MOS model of SPICE [Anto 88, Hspi 96]. In 
SPICE, the expression for the current as given in equation (7.25) is multiplied with a factor 
(1 + LAMBDA • v DS ), LAMBDA being the model parameter that takes into account channel- 
length modulation in the saturation region (see below). This makes no physical sense, it has 
merely been done to obtain continuity in the transition from the triode region to saturation. 

Using equation (7.25) the nonlinearity coefficients defined in equation (7.3) can now be de- 
rived. Their expression is given in Table 7.4 together with the numerical values at Vps = OV and 
Vds = 0.45 V for a n-MOS transistor with W = 320 pm and L = 14 pm. For both values of Vos 
we have taken V G s = 1.9V and Vsb = 1.3 V. The model parameters used for the evaluation of 
the expressions are taken from Table 7.1 for the 0.7 pm process. The drain current at V DS = 0V 
is zero, while for V DS = 0.45 V the current is 0.5mA. 
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Table 7.4: Nonlinearity coefficients (according to equa- 
tion (7.3)) of the drain current in the triode region using the 
model of equation (7.25). Numerical values are obtained for 
a transistor with W = 320/im and L — 14 //m with the 
model parameters of the 0.7 pm process (see Table 7.1). 



It should be mentioned once again that the values of this table are not realistic for smal 
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geometries. 

Some interesting conclusions can be drawn from Table 7.4. First, it is seen that g m is constant 
with respect to v G s> This is due to the linear dependence of vqs on the drain current in the triode 
region. As a result, K 2gm and K^ gm are zero. Also, it is seen that at Vds = OV, g m is zero, and 
it increases linearly with v DS . 

Next, it is seen that the output conductance decreases as V DS increases. At V DS = OV, its 
value is ji^C ( 0X W ( V GS — V T ) /L. It is zero when V D s — Vgs ~ Vr- This corresponds to the 
point where the saturation region starts. This is discussed in the next section. Since g 0 changes 
with V D s, the derivative of g 0 with respect to v D s is not zero, and hence K 2go is not zero. The 
normalized second-order nonlinearity coefficient K 2go is found to be 



(729 » 

which, for this example, equals 0.682V -1 at Vds = 0V. It is seen that this normalized nonlin- 
earity coefficient is minimal at Vds = 0V. Further it is seen that the third-order nonlinearity 
coefficient K 3n is zero. 

'-’i to 

Next, consider the nonlinear dependence of the drain current on vsb- The drain current de- 
pends on V S b through V T . The coefficients g m ^ K 2gmh and K 3grnb are proportional to Vds - Hence 
for zero Vds they are zero. Further, it is seen that even if Vsb = 0V, g-mb and its nonlinearity 
coefficients are not zero. The normalized second- and third-order nonlinearity coefficients K 2gmb 
, and KL are given by 

,J 9mb 



K' = — 



£ 9mb 



K' = - 



4(<A + V 
1 1 



^ 9mb 



8(^ + V 5j 



(7.30) 

(7.31) 



It is seen that these normalized coefficients only depend on V S b and not on other voltages. Also, 
they decrease as V SB increases. This can be seen as follows. The dependence of the current or 
V T on V SB is caused by the depletion layer underneath the inversion layer. The thickness of this 
layer depends onVs B - As Vsb increases, the thickness of the depletion layer increases as well, 
but the change is less pronounced at high values of Vsb- This effect has also been seen with the 
nonlinearity coefficients of a junction capacitor (see Section 3.4), which is also determined by a 
depletion layer. 

Next, consider the coefficients that are determined by cross-derivatives. Due to the linear 
dependence of the drain current with respect to v G s , the cross-derivatives in which more than 
one differentiation is performed with respect to v GS , are zero. Further, as g rn is independent of 
Vs B' K 2 „ s ,if 3 po and Kz * , are zero as well. 

9m&2gmb 9m^9mb^9o 

Since g m is proportional to vds-> the nonlinearity coefficient K 2 _ is not zero. This offers 

a * * 9m*&9o 

an interesting application as will be shown in the next section. 
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7.4.1.1 Application: a single-transistor mixer 

Referring to the power series of the drain current as a function of the transistor’s terminal voltages 
(equation (7.3)), this series contains a term K 2g ^ go V gs v ds . Assume now that v gs and v ds are sine 
waves: 



v gs = Ai sin (wi t) (7.32) 

v ds = A 2 sin (u 2 t) (7.33) 



When these values are substituted into the term K 2g & g v gs v ds then it is seen that the drain current 
contains a frequency component at the sum frequency u>i + to 2 and at the difference frequency 
\coi - uj 2 \ ■ The amplitude of these two components is given by 



component at ± uj 2 \ 



— A\A 2 



k 2 



gm&go 



(7.34) 



These components are the desired components for a frequency translation performed by a mixer. 
Hence, a MOS transistor in the triode region can be used as a mixer. This mixer belongs to the 
category that we termed as weakly nonlinear mixers in Chapter 2. One input signal is applied 
between the gate and the source, the other signal between drain and source. When the transistor is 
biased with Vds — OV", then the amplitude of the component at the sum or difference frequency 
is given by 



component at |o^i ± v 2 \ 



— A\A 2 



Mo C' ox W 
2 L 



(7.35)] 



and it is seen to be independent of bias conditions. This principle is used for example in [King 97, 
Borre 97]. 

As an example, assume that the single- transistor mixer is used as an upconverter. The transis- 
tor is processed in the 0.7 fim process. The size of the transistor is W = 320 {im and L = 

The transistor is biased in the strong inversion region and Vds = OF. A local oscillator signal 
is applied between the gate and the source with an amplitude of 0.31 6V, which corresponds to 
0 dBm. The baseband signal is a sinusoidal differential signal with an amplitude of IV. It is 
applied between the drain and source terminals of the transistor. The output of interest is the 
component of the drain current at the frequency that is the sum of the baseband frequency and 
the local oscillator signal. With these data it is found that the amplitude of this component is 
0.344mA. 

The mixer operation can be interpreted as follows: in strong inversion, a conductive channel 
exists between drain and source. When an AC voltage v ds is applied over the channel, an AC 
current from drain to source results. When the gate bias varies according to a second AC voltage, 
then the conductivity of this channel is modulated and the AC drain current is modulated by this 
second AC voltage as well. 

In Chapter 8 this mixer type will be studied more in detail. 
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7 1 4.1.2 Formulation of the current in terms of v CIh v DB and v S b 

Equation (7.25) can be rewritten in terms of the voltages vqb> v db and v S b as follows: 

i D — - Vfb — <t> — 7\/^-b^SB) ( V DB — Vsb ) — \ (v B B ~ V SB )) (7.36) 

It is seen that this equation is not symmetric with respect to v DB and v SB ■ This is not correct: 
if the potentials at the source and drain are interchanged, then the only difference should be that 
the drain current changes sign [Tsiv 88]. The asymmetry in equation (7.36) will lead to errors in 
the derivatives. The reason for this asymmetry is that the threshold voltage has been considered 
as being constant over the whole channel, and it has been taken equal to the threshold voltage at 
the source. This assumption corresponds to a uniform depletion region below the inversion layer. 
Nevertheless, this assumption is widely used. In the next section we will consider a drain current 
model that takes into account the variation of the depletion layer along the channel. This model 
is symmetric with respect to source and drain. 

7.4.2 Nonuniform depletion layer 

If the threshold voltage is not considered as a constant over the channel, then the integration of 
equation (7.19) with a depletion layer charge that is variable along the channel (equation (7.24)) 
yields the current in terms of v GB , ^db and vs B \ 

Id = / ° j(^GB — Vfb - 0) ( V DB - VSb) ~ \ {^DB ~ V SB ) 

- §7 [(</> + v DB f 2 - (<t> + VSB?' 2 ] } (7.37) 

Equation (7.37) clearly shows the symmetry of source and drain. It can be written in the form 

io = [g ( vqb , v DB ) ~ 9 (' v gb , ^b)] (7.38) 

with the function g{vcB: v) given by 

g{vGBi v) = (v GB - Vfb - <t>) v - \v 2 - §7 (</> + b) 3/2 (7.39) 

From the expression current we can draw the following conclusions for the derivatives of the 
drain current: 

• expressions for the derivatives of i D with respect to v DB are opposite to the expressions of 
the derivatives with respect to v S b ■ 

• derivatives of with respect to v GB of order higher than one are zero since the function g 
is linear with respect to v GB . 

• derivatives of the form d n iD/dv^ B dvg t g 17 ^ are zero. 
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Moreover, since the function g{v G£h v) is quite simple, the expressions of the derivatives are 
quite simple as well and the power series coefficients defined in equation (7.4) can be derived 
easily. Expressions for these coefficients are listed in Table 7.5. This table also contains numer- 
ical values of the nonlinearity coefficients evaluated for an n-MOS transistor with an effective 
channel length of 14^m and a width of 320/xm, biased with a gate-bulk voltage of 3.21/ , a 
source-bulk voltage of 1.3V and a drain-source voltage of OV and 0.45F. 
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Table 7.5: Nonlinearity coefficients of an n-MOS transistor in strong inversion (triode region) in terms of voltages referred to the 
bulk . They have been computed with the symmetric model of equation(7.37). The function g is defined in equation (7.39). The 
numerical values have been obtained for a transistor with W = 320 pm and L = 14pm with the model parameters of the 0.7pm 
process (see Table 7.1). 
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For Vds = OF" the numerical values of the derivatives with respect to vdb are opposite to the 
derivatives with respect to Vsb ■ Indeed, at vds — OK the role of source and drain is equivalent. 
This should be reflected as well in the values of the nonlinearity coefficients. However, since g ms , 
K 2gms and Kzg-ms h ave b een defined as the opposite of the first three derivatives with respect to 
VsB , they have the same value (and not the opposite value) as g md , K 2grnd and Kz Qmd , respectively. 
For Vds / OK, of course, the numerical values are different. In this case, the channel is no longer 
symmetric with respect to source and bulk. 

Most designers are still more familiar with terminal voltages that are referred to the source, 
instead of the bulk. Equation (7.37) can be rewritten in terms of v GS , v D s and v$b- This yields 









L 



{ ( VGS — Vfb — <t>) V DS 



2 V DS 






L 



„ Q /O 



(7.40) 



This equation is implemented in the level 2 model of SPICE and it is therefore referred to as the 
level 2 model equation for the triode region. In addition, the complete level 2 model [Hspi 96] 
incorporates some small-geometry effects as well, but these effects are discussed later. The 
nonlinearity coefficients that arise from equation (7.40) are evaluated in the Section 7.4.4, where 
they are compared to nonlinearity coefficients derived from the simple drain current model of 
equation (7.25) and from a model in which the variation of the thickness of the depletion layer 
along the channel is approximated. This model is discussed in the next section. 



7.4.3 Simplification: linearly varying depletion layer 

For numerical simulations of large circuits containing many transistors, the time a computer 
needs to evaluate the model equations is very critical. Equation (7.40) contains | powers. The 
evaluation of these powers is expensive from a computational point of view. In several models 
such as the level 3 model [Liu 82] and the BSIM model [Sheu 87, BSIM 95], the | power depen- 
dence has been replaced by a numerical approximation, in order to speed up numerical circuit 
simulations. For both the level 3 model and the BSIM model the expression of the current (with- 
out taking into account small -geometry effects and other effects such as a nonuniform doping) 
has the form 



uqC'W ( Tr a \ ^ 

%D ~ L v ' GS 2 Vds ) VdS (7-41) 

in which V T is given by equation (7.27). The parameter a is found by expanding the | term in 
equation (7.40) that contains v DS , into a power series, and keeping the terms in vds and v 2 DS . 
This yields 2 



2\A j> + vsb+ 7 
2y/ <j> + vsb 



(7.42) 



2 In the Berkeley SPICE implementation an error is made in this series expansion. This error is not corrected in 
other implementations [Hspi 96, Eldo 91] in order to remain compatible with the SPICE versions of Berkeley. 
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and for the current 



i D — 



Mo C'W 



(vGS — VfB — 4>) Vos 



V DS 



- 2 uV ~ • v DS 

4 y(j) + VsB 



(7.43) 



As an example, consider the data of the 0.7 (im and the 0.5 fim process of Table 7.1. For v$b — 
1.3V we find that the value of the parameter a of equation (7.42) is about the same for the two 
processes, and it equals 1.25. 

In the rest of this chapter, equation (7.41) or (7.43) will be referred to as the level 3 model of 
SPICE although the actual level 3 model takes into account more effects as the ones discussed 
in this section. For example, the parameter a takes into account small-geometry effects as well. 
This has also been done in the BSIM model [Sheu 87, BSIM 95]. In addition, a better accuracy 
of a for long-channel devices is obtained for high values of vsb by providing an extra correction 
factor 3 . Finally, in hand calculations the model derived with a uniform depletion layer is extended^ 
with a parameter S as follows [Tsiv 88]: j 






/i ° °£ — [i v GS ~ V T ) v DS - f (1 + &) v 2 ds ] 



(7.44)] 



If S is set to zero, then we obtain equation (7.25). When 5 is set to 7 / (2 y/<j> + v S b) then 
obtain equation (7.41). For hand calculations, however, S is often treated as a constant. A gooc 
compromise between accuracy and simplicity for not too high values of v DS and v S b is to set 6 
equal to 7 / (4^) [Tsiv 88]. 

The Taylor series approximation made in the level 3 model and the BSIM model or in equa- 
tion (7.44) corresponds to the simplification that the contribution of the depletion layer charge 
to the value of the inversion layer charge varies linearly along the channel. Indeed, if expression 
(7.24) for the depletion layer charge along the channel is expanded into a Taylor series arounc 
vsb and only the linear term is kept, then one finds, using the parameter a ] 






Qb ~ —C’ 



ox 



(p/V 4> + Vsb + (a - 1) ( v CB - «sb)) 



(7.451 



and the corresponding charge in the inversion layer 



Q\ = -C'ox ( v gb - v S b ~ V FB - 4>- 7vV + ^sb - a ( v C b ~ v S b )) 

If this value is used to compute the drain current with the integral of equation (7.19), then onJ 
will obtain expression (7.41). J 

In fact, the linear approximation is a compromise between a uniform depletion layer along! 
the channel on one hand, and a more precise variation on the other hand, given in equation (7.24)1 
The approximation made above is one of the many examples where accuracy is sacrificed for| 
computational speed. The error with this approximation is small for the current. An evaluation! 
of the error for the derivatives will be given in the next section. However, one can already see inj 

3 This correction factor had a fixed value in the early versions of the BSIM model but in version 3 this can bej 
fitted using the parameter KETA. 
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advance that with the approximation given in equation (7.43) or equation (7.44) the third-order 
nonlinearity coefficient K^ go is zero, since the dependence of the current on v^s is quadratic. 
This is not correct as can be seen from the more accurate expression (equation (7.40)) which 
contains a | power term that comprises v DS . 



7.4.4 Comparison of nonlinearity coefficients 

Expressions for the nonlinearity coefficients that are derived from the accurate level 2 expression 
for the drain current, equation (7.37) or equation (7.40), are quite complicated. Nevertheless, 
some interesting common points and differences can be pointed out with the equations derived 
with a uniform or a linearly varying depletion layer. First, it is seen that the dependence of the 
drain current on v GS is identical for the levels 1, 2 and 3. Hence, all nonlinearity coefficients 
that depend upon a derivative with respect to v G s including cross-derivatives that contain at least 
one differentiation with respect to v GS are the same for the three models. 

Table 7.6 lists the values of the nonlinearity coefficients as they are derived from the ac- 
curate level 2 expression of equation (7.37). The values are compared to the values obtained 
with the simple level 1 model of equation (7.25) and with the level 3 model (equation (7.43)). 
The nonlinearity coefficients for the level 1 model can be found using the expressions listed in 
Table 7.4. 

The nonlinearity coefficients that comprise a derivative with respect to v G s are not listed, 
since they are the same for the different models, as mentioned above. The nonlinearity coeffi- 
cients have been evaluated for the same transistor dimensions and operating points as used in 
Tables 7.4 and 7.5. 

The error between the nonlinearity coefficients obtained with the level 2 model and with the 
other two models is computed as follows. When the nonlinearity coefficients obtained with the 
three models are all found to be zero, then the error is 0%. Else, when a nonlinearity coefficient 
computed with the level 2 model is not zero, then the signed relative error is given by 



7 _ . , (value found with level 1 or 3) — (value found with level 2) ^ ^ 

signed relative error [%] = 100 

( value found with level 2) 

(7.47) 



As a result the error can be negative. When a nonlinearity coefficient obtained with the level 2 
model is found to be nonzero, while it is found to be zero with one of the other two models, then 
the error is -100%. 

It is seen that the level 3 model is a more accurate approximation than the level 1 model. 
Indeed, for the level 3 model the error on the nonlinearity coefficients is quite small except for 
the coefficients K and K Sgo . For the latter coefficient both level 1 and level 3 yield a 
value of zero. This is not correct: the value differs from zero due to the | power dependence of 
the drain current on v DS (see equation (7.37)). Also it is seen that the error on the nonlinearity 
coefficients obtained with the level 1 and level 3 models, increase with the order of the derivative. 
For example, the relative error on the derivatives of the current with respect to v S b increases from 
4-9% to 27% for level 1 and from 0.83% to 6.9% for level 3. 
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coeff. 


evaluated at 

V GS = l.W 

v DS =ov 

V sb = 1.3V 
“level 2” 
model 


error 
with 
“level 1” 
model 


error 
with 
“level 3” 
model 


evaluated at 
Vgs = 1*9 V 
V DS = 0.451/ 

V SB = 1-31/ 

“level 2” 
model 


error 

with 

“level 1” 
model 


error 

with 

“level 3” 
model 


Id 


0A 


0% 


0% 


0.444777^4 


12% 


0.45% 


9 mb 


OA/V 


0% 


0% 


0.2A2mA/V 


4.9% 


- 0.83% 


^ 2 Q™h 


OA/V 2 


0% 


0% 


- 26.1/j.A/V 2 


- 16% 


-2.7% 


^ 3 9mb 


OA/V 3 


0% 


0% 


5.67fiA/V :i 


27% 


-6.9% 


9o 


l.OOmA/V 


0% 


0% 


0.377mA/V 


64% 


3.4% 




- 1.37 mA/V 2 


-20% 


0% 


- 1.35mA/V 2 


19% 


1.5% 


K *. 


22 An A /V 3 


- 100% 


- 100% 


igshA/v 3 


- 100% 


- 100% 


k 2 . 

9mb&9o 


- O.bObmA/V 2 


0% 


0% 


- 0.51 3mA/V 2 


10% 


1.7% 


K o 

<2 9mb^9o 


67.3nA/V 3 


0% 


0% 


b0.3nA/V 3 


34% 


9.4% 


K , , 

W 2 flo 


67.3/zA/V 3 


- 100% 


0% 


50.3/j.A/V 3 


- 100% 


34% 



Table 7.6: Nonlinearity coefficients of the drain current in the triode region , obtained with the 
accurate model of level 2 ( equation (7.37)). The relative errors on the nonlinearity coefficients 
obtained with the models of level 1 (equation (7.25)) and with the level 3 model (equation 7.43) 
are given as well. Transistor dimensions are W ~ 320 pm and L — 14 pm. The model pa- 
rameters are the ones from the 0.7 pm process listed in Table 7.1. Nonlinearity coefficients that 
comprise a derivative with respect to vqs are not listed since they are the same as in Table 7.4 . 
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7.5 Drain current in saturation without small-geometry ef- 
fects 

When the drain-source voltage vp$ of a transistor in the triode region increases, the drain end 
of the channel becomes less inverted. From a certain value of v DS the drain end is no longer 
strongly inverted. In other words, the inversion layer gets pinched off. For even larger values of 
v DS , a larger part of the channel is pinched off. Then the transistor is said to be in the saturation 
region. This situation is shown in Figure 7.5. The value of v DS at which the transition from the 
triode region to the saturation region occurs, is denoted as the saturation voltage vdsat . 

The above representation is very simplified and it leads to physical inconsistencies, as we 
shall see below. Nevertheless, it gives an initial idea about the transistor operation in saturation. 





P 



P 



Figure 7.5: Simplified schematic representation of the situation at the onset of saturation (left) 
where v DS = v DS at andforv DS > v DS at (right). 



An exact computation of the current close to the onset of saturation is difficult. The reason 
is that the channel at the drain end is no longer strongly inverted, and the basic equations of 
Section 7.3 that rely on strong inversion operation along the complete channel are no longer valid. 
Nevertheless, it is common practice to use the strong inversion relationships as a starting point for 
the derivation of v DS at * The resulting error on v D sat is small in many applications [Tsiv 88]. 

A common practice to obtain v DS at is to find the value of v DS for which the drain current 
becomes independent of v DS * In other words, v DS at is found by solving the equation 



dip 

dv DS 



= 0 



(7.48) 



for v Ds . This corresponds to the situation that at the onset of saturation, the charge Q\ of the 
inversion layer at the drain end becomes zero. In fact, Q ! j = 0 is not correct, since the carriers 
would then have to travel with infinite drift velocity through the pinched-off region in order to 
obtain a nonzero current. 

Just as for the triode region, the nonlinearity coefficients will first be derived for the simpli- 
fying assumption that the depletion layer underneath the channel is uniform along the channel, 
after which the variation of the thickness of this depletion layer is taken into account. 
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7.5.1 Uniform depletion layer 

When equation (7.25) is used for the expression of the drain current, then setting di^/dvos to 
zero and solving for v DS yields the following value for v DS at- 



vdsat = vgs - Vt (7-49)1 

i 

The current in the saturation region is obtained by substituting v DS at for v D s in the current 
equation for the triode region (equation (7.25)). Doing so, one obtains 



ids at — 



Mo C' 0X W 
L 

Mo C’„W 
2 L 



(v G s ~ Vt) vdsat — 
(vqs ~ Vt) 2 



v dsat 



(7.50) 

(7.51) 



This expression is seen to be independent of v DS . However, this is not correct. When v DS \ 
increases, a larger portion of the channel gets pinched off. As a result, the length of the inverted 
part of the channel decreases. Since the current is inversely proportional to the effective channel: 
length, it increases as v D $ increases. This effect, denoted as channel length modulation id 
very often modeled by multiplying the current of equation (7.51) with a factor (1 + A vds) of 
i/(i — A vds), i n which A is called the channel-length modulation factor [Anto 88, Lak94j 
Hspi 96]. Doing so, the drain current becomes 



'i'D — i*D sat (1 -T Au£>s) — ^ 2 °£ — (vqs — Vt) 2 (1 + ^v DS ) (7.52, 

The current ids at is the value that is found when the dependence of the current on vds is ne- 
glected. With this model for channel-length modulation the drain current is linearly dependenl 
on vps- As a result, the first derivative of the drain current with respect to v D s is a constant. This 
derivative, which is nothing else but the output conductance is given by ; 



di D _ , . 

9o — — A ■ iDSAT 

vds 



(7.53 



A constant g 0 means that the slope of the drain current in the transistor characteristic is assumec 
to be constant, as shown in Figure 7.6. A modeling of the channel-length modulation in this way 
is very poor [Tsiv 88]. In the level 2 model of SPICE channel -length modulation is modeled wit! 
A as well, but instead of multiplying the current expression without channel-length modulation 
with a factor (1 + A .vds)> a division by (1 — A vds) is performed. By this division the slope is 
no longer constant even if A is a constant. Nevertheless, this model is not accurate enough foi 
a good modeling of the output conductance [Hspi 96, Tsiv 93b] 4 . Many other models also giv^ 
rise to a poor model for g 0 in the saturation regime, such as the level 3 model [Tsiv 93b, Hspi 96| 
and the early BSIM models [Sheu 87], as illustrated in [Gow 91, Hspi 96]. The discussion of aj 

4 In the level 2 model it is possible, depending on the specified parameters, to let A either be a constant, or a mor^ 
complicated expression, but in both cases a poor model for the output conductance results. \ 
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Figure 7.6: Simplified transistor characteristic with a constant slope in the saturation regime . 

more accurate modeling of the output conductance is postponed until Section 7.1 1. Meanwhile, 
the simple model of the output conductance according to equation (7.53) will be used. 

Equation (7.52) is the expression for the drain current in saturation as it is implemented 
in the SPICE level 1 model [Anto 88, Hspi 96]. Although the accuracy is poor for modern 
MOS transistors, this equation is still often used for hand calculations thanks to its simplicity. 
Equation (7.52) reveals that the drain current depends on the square of v GS • This is why this 
model equation is often referred to as the square-law model for MOS transistors. 

The nonlinearity coefficients that are obtained with the quadratic model have already been 
given in Table 3.2. 

In Table 3.2 it is seen that, due to the quadratic dependence of the drain current on v GS the 
third-order derivative of the drain current with respect to v GS is zero. Hence 

= 0 (7.54) 

This is an oversimplification as we shall see in later sections. The second-order nonlinearity 
coefficient K 2gm is not zero. The normalized second-order nonlinearity coefficient K 2g is given 




1 

2 {V GS ~ V T ) 



(7.55) 



F° r V GS — V T = 0.2 V this coefficient equals 2.6V~ l . 

It is interesting to note that this value is much smaller than the value of the normalized 
nonlinearity coefficient K' 2gm for a bipolar transistor. In Section 6.2 this was found to be about 
V (2 V t ) under low injection conditions, or about 20E -1 at room temperature. In contrast with a 
bipolar transistor the normalized nonlinearity coefficient K 2 of a MOS transistor can still be 
adapted by the bias conditions: it decreases as V G s ~ Vt increases. 

The simple modeling of the channel-length modulation using A involves a g Q that is constant 
with respect to v DS , and, hence, K 2go and K^ go are zero. This is not realistic, as will be explained 
ln Section 7.11. 
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Consider now g mb and its derivatives. The normalized nonlinearity coefficients K £ andl 

are easily derived from Table 3.2. They are given 



K' _ 1 1 ( 1 + J^TV^ 

4 (4> + V SB ) V Vgs-Vt ) 

K' = 1 1 ( 1 i 

3 9^ 8 (4, + V SB f V Vgs-Vt ) 



(7.56) 

(7.57) 



Compared to the corresponding normalized nonlinearity coefficients in the triode region (equa- 
tions (7.30) and (7.31)), it is seen that the absolute value of the coefficients is somewhat larger 
here. 



7.5.2 Nonuniform depletion layer 

If variation of the depletion layer along the channel is taken into account, then the current in thei 
saturation regime needs to be derived from equation (7.37). Following the same procedure asl 
above, one finds for v B sat [Tsiv 88 ] 



7 



7 



vdsat = v GS -(f)- V FB + ~rr ~1\ v gs V fb + vsb + ~r 



(7.58 



Substitution of this value into equation (7.40) yields the expression for the current in the satura 
tion regime 



ids at — 



Mo C' 0X W 



L 



( vgs ~ Vfb - 4>Y 



— h(vGs,v SB ) 



(1 4 - A vds) 



(7.591 



in which h(vGs, v sb) is given by 



7 4 7 3 7 T , . , 7 2 , 7 2 



h(v G s, v S b) =-^ - y y v gs ~ Vfb + v SB + — + — (tto - V FB + v SB ) 



+ §7 



[(f) + vsb + vdsat ) 3 / 2 ~ (<t> + v sb ) 3 ^ 2 



(7.60; 



Equation (7.59) is implemented in the level 2 model of SPICE. 

It is seen that h(vcs, vs B ) is zero if 7 is zero. Hence, if the body-effect coefficient is verij 
small, then the transistor operates as a square-law device. For scaled devices, however, this is n^ 
longer the case, since the body-effect coefficient becomes relatively more important [Tsiv 88 ]. i 

From equation (7.59) it is seen that the dependence of the drain current on vqs is not purely 
quadratic anymore. This is due to the second term in h(vcs , v$ B ) which contains a square rod 
that comprises v G s and to the | power that contains vdsat • Also, v B sat is no longer linearlj 
dependent on v G s as can be seen from equation (7.58). As a result, the third-order derivative ol 
the drain current with respect to v G s is no longer zero such that K Sgm is not zero anymore anc 
third-order distortion will arise. 
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7.5.3 Simplification: linearly varying depletion layer 

In this section the drain current in the saturation region is derived for the simplifying assumption 
that the thickness of the depletion layer changes linearly along the channel. This assumption is 
made in the level 3 model. Also, the approximation made in the BSIM model is discussed briefly 
as well. 

In order to obtain the level 3 equation for the drain current in saturation, one must first obtain 
the value for v DS at • Following the same approach as above, one must start from the expression 
for the current in the triode region (equation (7.41)), compute dio/dv DSi set this to zero and 
solve for v DS . This yields 



vdsat — 



vps ~ Ft 
a 



(7-61) 



with a given in equation (7.42). The parameter a only depends on v S b and hence v DS at is 
linearly proportional to vqs • The value for v DS at obtained in this way must then be substituted 
in the drain current expression for the triode region, which yields 



i>DSAT ~ 



Mo C„w 
2 aL 



0 v gs ~Vt) 



2 



(7.62) 



It is seen that the current in this model again depends on the square of v G s — Vt, just as with the 
simplified model that relies on a uniform depletion layer along the channel (equation (7.51)). 

The expression for the current in saturation with the BSIM model is derived by stating that 
at the onset of saturation the velocity of carriers at the drain end becomes equal to the saturation 
velocity. This will be discussed further in Section 7.7. For long-channel transistors, the value of 
v dsat is also given by equation (7.61), with, however, an adapted value of a in order to have a 
better accuracy for high values of v S b (see also Section 7.4.3). Consequently, the current in the 
saturation region for large transistors (and neglecting channel-length modulation) also depends 
on the square of vqs ~ Vr- 



7.5.4 Comparison of nonlinearity coefficients 

Table 7.7 lists the numerical values of the nonlinearity coefficients that have been derived using 
the accurate model of equation (7.59), denoted in this chapter as the level 2 model. The values 
have been obtained for an n-MOS transistor with W = 320 (im and L = 14 /j,m, fabricated 
in the 0.7 fim process with the model parameters of Table 7.1. Also, the deviations with the 
values obtained with the simple quadratic model (level 1) and with the level 3 model are listed. 
The modeling of channel-length modulation has been omitted. As a result, no relevant values 
are obtained for nonlinearity coefficients that comprise derivatives with respect to v DS . The 
discussion on modeling the output conductance in saturation is postponed until Section 7.1 1. 

It should be noted that the values for the level 1 model can be found by using the expressions 
listed in Table 3.2, in which A is set to zero, in order to neglect the effect of channel-length 
Modulation. 
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coefficient 


value 

(“level 2” model) 


deviation 
with “level 1” 
model 


deviation 
with “level 3” 
model 


‘Id sat 


0.470 mA 


31 % 


-0.85 % 


9m 


1.29 mA/V 


30 % 


-1.5 % 




0.888 mA/V 2 


29 % 


-2.5 % 




8.34 iiA/V 3 


-100 % 


-100 % 


9mb 


0.313 mA/V 


39 % 


-2.2 % 


^ 2 9mb 


-79.3 \iA/V 2 


63 % 


6.6 % 


^ 3 9mb 


14.1 fiA/V 3 


118 % 


-23 % 


k 2 . 

9m&£9mb 


—0.406 mA/V 2 


46 % 


-4.9 % 




25.0 iiA/V 3 


-100 % 


70 % 


9m &2 9m.b 


25.0 nA/V 3 


183 % 


-51 % 



Table 7. 7: Nonlinearity coefficients for the drain current in the saturation regime , accordin\ 
to the accurate model of equation (7.59). Values are computed for an n-MOS transistor wit 
W = 320 pm, L = 14 pm, V G s = 1.9V, V DS = 1.45V, V SB = 1.3V and with the modi 
parameters of the 0.7 pm (See Table 7. 1 ). Also, the deviations of the level 1 model and the level - 
model are listed. 



From Table 7.7 it is seen that the nonlinearity coefficients obtained with the level 1 mode 
deviate considerably from the values obtained with the level 2 model. The errors for the level 
model are usually smaller. However, it is seen that with the level 3 model Kz 9ni is zero. This i; 
due to the simplification in the level 3 equations, that give rise to a quadratic dependence of th< 
current on v GS — Vf- On the other hand, the lower-order derivatives of the drain current wit! 
respect to vqs , corresponding to g m and K 2gTn , are much more accurate than with the level 
model. 

Other nonlinearity coefficients for which the “level 3” approximation yields large errors 






‘^9m^9mb 



and Ks 



9m &C2-9mb 
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7.6 Effective mobility 

Until now we have set the surface mobility equal to fi Q , which is constant along the channel and 
independent of the applied voltages. In reality, the mobility of electrons is reduced by several 
effects and it depends on the position in the channel and on the applied voltages. 

The electric field that is perpendicular to the direction of the nominal current flow, referred to 
as the normal field or vertical field, accelerates the electrons towards the interface between silicon 
and the gate oxide, where they suffer collisions in addition to the collisions with the crystal 
lattice and with ionized impurity atoms. These collisions reduce the mobility of the electrons. 
This effect is more severe for modern technologies than for older ones. The reason is that the 
thickness of the gate oxide scales down as the minimum channel length decreases [Tsiv 88]. Due 
to this thinner oxide the normal or vertical electric field is higher. In this way, mobility reduction 
due to the normal field is often considered as a small-geometry effect. 

In literature many models have been published for the mobility of electrons in the inversion 
layer [Sab 79, Schw 83, Liang 86, Hua 90]. In these models the mobility reduction is modeled 
in an empirical or semi-empirical way by taking into account different physical phenomena, such 
as Coulomb scattering, scattering due to the surface roughness and phonon scattering. Each of 
these effects contributes to the reduction of the mobility. 

7.6.1 Mobility model of Sabnis and Clemens 

In [Sab 79] a relationship is found between the surface mobility and the average normal electric 
field E e ff that is experienced by carriers in the inversion layer. This relationship only holds if the 
mobility is limited by phonon scattering. The relationship fails at low temperatures (e.g. 77K) 
when coulombic scattering becomes important [Hua 90]. 

The normal field, averaged in the vertical direction, is given by [Sab 79, Tsiv 88, Koh 89] 

Or + Q' 

E eff = - 7 (7.63) 

£si 

in which Q\ and Q' B are given by equation (7.20) and equation (7.24), respectively. 

Many empirical forms have been formulated to model the universal relationship between 
mobility and average normal field. A formulation on which many transistor models are based is 
given by 



Mo 

1 + cvoEeff 



(7-64) 



m which /i 0 and a& are fit parameters [Tsiv 88]. Note that /i 0 is the same parameter as the one 
used in the previous sections to model the mobility. 

In equation (7.63) it is seen that the average normal field depends on the depletion layer 
charge and the inversion layer charge. Since these charges depend on the position in the chan- 
nel, it is clear that the mobility depends on the position in the channel or on the voltage 
difference between a point in the channel and the bulk. 
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We recall that the surface mobility fi appears in the integrand of the expression for the draj 
current, equation (7.19). Since fx is no longer seen as a constant, it cannot be moved outsi<j 
the integral, as was done in the previous sections. One can try to determine fx as a function)! 
v C b and then compute the integral in equation (7.19) to obtain an expression for the current. | 
general, this is very complex and, depending on the model for \x , it might lead to an integral tl| 
cannot be solved analytically [Groen 94]. j 

'I 

An alternative approach which is widely used is to define an effective mobility (x eff such thi 
when it is used in the expression j 



in — 





id is predicted correctly. Since the electric field and hence fx at each point in the channel depei 
on the terminal voltages, it is expected that to make equation (7.65) give the same result j 
equation (7.19), fx e ff will be a function of the terminal voltages. In the next section, sevefj 
models for this function will be presented that are derived from the mobility formulation j 
equation (7.64). J 



7.6.2 Drain current in the triode region 

Before presenting the drain current expression, the effective mobility fx e ff will be computed. Tlj 
assumptions and simplifications made in this computation will of course influence the accuracy 
on the drain current expression, and, even more, the accuracy on the derivatives. Initially, we Wl 
take into account the variation of the depletion layer along the channel without simplification, | 
we did in Section 7.4.2. J 

Using the mobility model of equation (7.64), one can prove that ji e g can be approximate^ 
by [Merck 72, White 80, Gar 87a, Tsiv 88] 



(7.66 

where / M is a function of the transistor terminal voltages that will be discussed below, and) 
is an empirical parameter, the so-called mobility-reduction coefficient . It can be approximate 
by [Gar 87a] i 

9 = — (7.6 i 

2 tox^norm j 

) 

in which v norm is a proportionality constant with the dimensions of velocity. It is approximate!! 
equal to 2.2 xlO 9 cm/s. Equation (7.67) reveals that 9 increases as the gate oxide thickness dfi 
creases. Since t ox decreases with scaling, 9 will increase. In other words, mobility reduction w$| 
become more important when devices scale down. Apart from equation (7.67) other empiric^ 
equations for 9 are used [Tsiv 88], but the dependence on t ox is the same. | 

For the 0 . 7 fxm process we find from Table 7 . 1 that fx 0 = 0.047m 2 /(U.s) and t ox = 1.7xl0" 8 l 
Equation (7.67) then yields 9 = 0.062U -1 . This does not correspond to the value of 0.079U r l 






Mo 



1 + 
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from Table 7.1. The reason is that the latter value is a fit parameter rather than a more physical 
parameter. However, the same argument could be given for the parameter v n() rm , but this pa- 
rameter has been determined by measurements with different technologies with different oxide 
thicknesses [Gar 87a]. 

The function in equation (7.66) is a function of the transistor terminal voltages vgb> v db 
and vsb [White 80, Tsiv 88]. It is found to be 



fv = (vgb ~ Vfb ~ 0 ) - \ {vob T - vsb) + § 7 " 



vdb ~ vsb 



or, in terms of vqs > v ds and vsb 



£ ( t/ i i 2 + vds) 

j)i — ( VGS - VfB ~ <t>) ~ 2 V DS + 3? 



(i , \3/2 



(7.69) 



With the value of fi e ff from equation (7.66), an expression for the current can be derived. It 
is obtained by replacing the mobility /z 0 with in previous expressions of the drain current in 
the triode region. Since we assume in this section that the depletion layer charge varies along 
the channel, as we did in Section 7.4.2, the value for ii e g given in equation (7.66) is to be used 
in conjunction with the accurate model equation for the drain current (equation (7.37) or (7.40)) 
that takes into account the variation of the depletion layer charge as well. In this way, the current 
in the triode region in terms of voltages referred to the bulk, is given by 



1 d - 1 7 C' ox — {(«gb - V FB - 4>) (vdb ~ vsb) - § ( v 2 DB - v 2 SB ) 



1 + // 



It 



{<t> + v DB f /2 - {(/> + vsb) 3/2 ] 



(7.70) 



/p given by equation (7.68). The only difference of this expression with the expression 
that does not take into account mobility reduction (equation (7.37)) is the factor (1 + / M ) in the 
denominator. 

When voltages are referred to the source, then the drain current is given by 



^D 



l 1 0 



W 



l + /« °*L 



Cox~~r - Vfb ~ <t>) v ds ~ \v 



2 

DS 



— §7 (0 + v sb + vds) 3 ^ 2 ~ {<t> + ^s#) 3 ^ 2 j | 

w dh ffi now given by equation (7.69). 



(7.71) 



ymmetry of source and drain We recall that the accurate “level 2” expression of the current 
in the triode region is symmetric with respect to source and drain, in the sense that, when the roles 
°f v SB and v DB are interchanged, then the current simply changes sign. On the other hand, it is 
seen that, when in the expression for in terms of voltages referred to the bulk (equation (7.68)), 
e ro * es °f v sb and vdb are interchanged, then / A does not change. As a result, the drain current 
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expression (7.70) exhibits the same symmetry as the expression that does not take into account 
mobility reduction. 

For later use we rewrite the drain current as follows 

id — — mobred (vgb, v db, vsb) [9 (v G b, vdb) ~ 9 {vgb,vsb)} (7.72) 

in which mobred(v GB , v db ,v S b) is given by 



mobred {v G b,v DB) v S b) 



1 

1 + //i 



(7.73) 



The function g (v G b, v SB ) is given by equation (7.39) and is found in equation (7.68). 

When the expression of / M is evaluated for v DS = OV or v DB = v B b , then the last term 
contains a division by zero. However, the numerator is zero as well, and the value of the last 
term is well defined. It can be computed by taking the limit of this term for v DB ~ v SB • This 
yields , 



u 



VDB—^SB 



= {VGB — VfB — 4>) — V SB + jV v SB + <t> 



(7.74 



Simplifying assumption The derivation of the expression for the effective mobility has beer 
skipped in this book. Interested readers are referred to [Merck 72, White 80, Tsiv 88]. Neverth& 
less, it is interesting to mention that in the derivation a simplifying assumption has been made 
the electric field in the direction of the current flow in the channel is assumed to be constant 
and given by v DS /L. This is not exact: the electric field increases along the channel from drait 
to source when a positive v DS is applied. The simplifying assumption is only a good approxi- 
mation for low values of v B s f ar from the saturation region. It can be questioned whether this 
assumption leads to a large error, not only on the current, but also on its derivatives. To thijj 
purpose, the current expression (7.70) and its derivatives has been compared to the complicate! 
exact expression [Merck 72] and its derivatives without the simplifying assumption of a constarij 
electric field along the channel. With the model parameters of the 0.7 gm process of Table 7.1] 
the error is never larger than 3%. I 



Further simplification to a uniform depletion layer When the width of the depletion layer i| 
assumed to be uniform along the channel, then f ^ simplifies to [Merck 72, White 80, Tsiv 88] j 



fn = Vgs -Vt + 27 y/<t> + v S B - 



VDS 



(7.7f 



This value still depends on v DS . In [Pow 92] this term is dropped. Very often, is furthei 
simplified to 



fn = v G s — Vt 



(7.76 
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This is done for example in the level 3 model equation and also in many other models [Merck 72, 
Klaas 76, White 80, Sodi 84, Gar 87a, Sheu 87, Enz 95] 5 . With this simplification the drain cur- 
rent model for the triode region reduces to 






to c , w 
1 + 0 ( Vgs — Vt) ° x L 




V T ) v DS 




(7.77) 



This equation is very often used for hand calculations. Note that this equation is again not 
symmetric with respect to source and drain. 

It should be noted that the value of 9 that is used in equation (7.77) is not the same as the 
value used in equation (7.68): for both equations 9 is usually determined by fitting measured 
values for the current in the triode region at low v^s values and vsb = 0 V onto one of the two 
equations [Anto 88]. Since the measured data are of course the same for the two equations, while 
the equations themselves are different, a different value for 9 will result. 

Equation (7.77) contains some oversimplifications. The dependence of the mobility reduction 
on v S b is only through V T . This means that mobility reduction would become less severe as v SB 
increases. This is not correct: an increase of v S b makes the bulk more negative compared to 
the source. As a result, the electrons are more pushed into the direction of the surface. This 
has the same effect as an increase of the gate voltage. Hence, (i e g should decrease as v$b 
increases. In order to model this effect, a term which is linear in v B b , is very often added to 
fn [Chow 92b, Gow 91, Matt 96], which results in an effective mobility 



1+0 ( vqs — Vt) + 9 b vsb ^ ^ 

In Section 7.6.5 it will be investigated whether an accurate modeling of the dependence of fi e ^ on 
v SB will largely influence the nonlinearity coefficients that correspond to derivatives with respect 
to v S b- If so, then the term 9 b v S b in equation (7.78) is important. 



7.6.3 Drain current in the saturation region 

For the determination of the current in the saturation regime, a value for vdsat needs to be deter- 
mined first. This is done as before, by putting di[)/dv£>s equal to zero and then solving for Vos- 
However, if this procedure is applied with the current equation (7.71), then putting di D /dv D s 
equal to zero leads to an expression from which Vdsat cannot be computed analytically. Hence, 
v dsat must be computed by iteration. This approach is not followed in numerical circuit simu- 
lators, since iterations require too much computation time. Instead, a simpler expression is used 
for the current, such that v DSAT can be computed analytically. Of course, such simplification 
mtroduces an error. The error on v DSAT and the drain current is small, but the error on the 
nonlinearity coefficients can be high, as we will see in Section 7.6.5. 

Although the mobility reduction due to the normal field has been derived here starting from the universal 
mobility model of Sabnis and Clemens, published in 1979 [Sab 79], many transistor models published before 1979 
model the mobility reduction in the same way as expression (7.77). The derivations were based on other insights 
a nd interpretations. 
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Although v DS at cannot be computed analytically when we start from the complicated drains 
current model of equation (7.7 1 ), it is still possible to compute explicit expressions for the deriva- 
tives of the current in terms of the terminal voltages and v DS at ■ This is shown in Appendix F. 
Expressions obtained in this way will be used to evaluate the nonlinearity coefficients in later 
sections. The iterations that are required to find v DS at require more CPU time than the evalua-i 
tion of a simplified explicit expression for v DS at • This is not a problem: the analog circuits the] 
distortion of which is computed, are fairly small. Moreover, the number of iterations is usually] 
very low if a good initial value is used for v d $at • Such value can be obtained from a simpler) 
model that uses an explicit expression for Vdsat • Also, the enhanced accuracy on the nonlinear-; 
ity coefficients might be preferred to shorter simulation times with less accurate results for the 
distortion. 



Saturation regime with a simple model of mobility reduction and a uniform depletion layer 

If the mobility reduction factor / M is independent of v DS , then the value of v DS at is unaffected 
by mobility reduction. For the simple model of equation (7.25) combined with being equal to 
{ v gs — Mr), one obtains for the current in saturation (without channel -length modulation) 



'f'DSAT — 



Mo 



1 + 0(v GS -V T ) ° x L 



W 

Cox~t( v gs - v T y 



, 

(7.79) J 



This equation is widely used for hand calculations. With this equation a good agreement is 
obtained with measurements on the nonlinear relationship between the drain current and v GS foi 
devices with channel lengths down to Ifim [Gar 87b], at least for v BS = OV and v GS not toe 
high. The accuracy of this simple model will be further investigated in Section 7.6.5. 



7.6.4 Other mobility models 



Although most modern transistor models implicitly rely on the mobility model of Sabnis and 
Clemens, as we did in the above sections, some drain current models published in literature use 
other mobility models. For example, in [Pat 90] the model of Schwarz and Russek [Schw 83| 
is used in order to compute distortion of a transistor in the triode region. The results for long! 
channels and low gate voltages qualitatively correspond to the results reported in [Groen 94] at] 
low gate voltages. In the same paper, the model of [Hua 90] is used in order to explain distortion) 
measurement results on single-transistor circuits at high gate voltages. \ 

l 

7.6.4.1 The mobility model of Frohman-Bentchkowsky : 

•I 

One of the earliest models for the dependence of mobility on the normal field is the one froni 
Frohman-Bentchkowsky that has been implemented in the level 2 model of SPICE. It is givens 
by [Froh 68, Anto 88, Hspi 96] 



UCRIT. s si 



-i UEXP 



C f ox (v GS -V T ~ UTRA.v ds ) 



(7.80) 
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in which UCRIT and IJTllA are fit parameters. The parameter UCRIT is denoted as the critical 
field for mobility reduction. A problem with this model is that the factor between the square 
brackets can become larger than one at some bias conditions, even with realistic values for the 
parameters in this model. This is physically not correct: the effective mobility will not increase 
due to the vertical field. In order to solve this problem, the effective mobility is set equal to mo if 
the factor between the square brackets becomes larger than one. Hence, the mobility variation as 
a function of v G s has a discontinuity. Such discontinuity can give rise to phantom harmonics or 
intermodulation products in numerical circuit simulations! The level 2 model of is not used 
anymore in modern MOS models of deep sub-micron devices. 

7.6.4.2 The mobility model of Liang et al. 

The empirical model of Liang et al. [Liang 86] for the mobility dependence on the average nor- 
mal field has been developed at the University of Berkeley. It is used for example in [Toh 88] and 
it forms the basis of the mobility model of the most recent versions of the BSIM model [BSIM 95], 
With this model, /i R fj is given by 

^ = 1 + ( E^JW 0 f (7 ' 81) 

The values of /z 0 , £0 and v are different for holes and electrons. They are given in Table 7.8. In 





Mo (cm'V(V.s)) 


E 0 {MV /cm) 


V 


electrons 


670 


0.67 


1.6 


holes 


290 


0.35 


1.0 



Table 7.8 : Coefficients fi Q , E 0 and v to be used in equation (7.81 ). 



order to make this expression of practical use, the average vertical field E eff is approximated by 

an expression in terms of the terminal voltages of the transistor. One finds in a semi-empirical 
way [Toh 88] 



E t 



eff 



Vgs + Vt Vp + V a 



Ot 



ox 



3t f . 



(7.82) 



in which, V a « 0.5V for typical n + polysilicon gate devices [Toh 88]. 

The evaluation of the mobility model of equation (7.81) is time consuming since it contains 
a power function. In order to avoid this power function, a Taylor series expansion of equa- 
0n ^ ’^1) * s use d i n the last BSIM versions, and the coefficients of this Taylor series are left to 
e determined using experimental data. The final expression for the effective mobility has been 
extended with a dependence on v SB , and is given by [BSIM 95] 



Veff = 



ll 0 



1 + 



UA ^ + 2Fr + UB ( ^ + 2V V 

^ OX \ tox / 



(7.83) 



(1 -UC- v SB ) 
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in which UA , UB and UC are to be determined experimentally. This equation shows again thaj 
mobility decreases when t ox decreases. The equation shows some similarity with equation (7.78) ■ 
but it has a higher-order term in v GS . 



7.6.5 Evaluation of nonlinearity coefficients 

Having modeled the mobility reduction due to the normal field, it is interesting to investigate thejj 
influence of mobility reduction on the nonlinearity coefficients. The drain current equation fron| 
which the nonlinearity coefficients are derived is equation (7.70): this the most accurate equation^ 
we considered thus far. We will also discuss the impact on the nonlinearity coefficients of the^ 
different simplifications to the mobility model. It also has to be stressed that the nonlinearity^ 
coefficients computed in this section do not include yet other effects such as velocity saturation^ 
or the influence of a nonuniform doping. The influence of these effects is discussed in later 
sections. i 

We will only discuss the coefficients # m£ ,, K 2 9mg and Kz 9mg that are proportional to derivaj 
tives of the drain current with respect to v G s only, and the coefficients # ms , K 2 9ms and K 3gma tha 
are proportional to derivatives with respect to vsb- In the triode region, at low values of v B $ 
the nonlinearity coefficients that are proportional to derivatives with respect to v BB are simila 
to g ms , I^ 2 9ms and K$ gma ■ ! 

Next, we will compare the nonlinearity coefficients obtained with different mobility models 
In this comparison we will consider nonlinearity coefficients with the source as a reference. 

7.6.5.1 Triode region 

First, the nonlinearity coefficients for the triode region are considered. The voltages are re 
ferred to the bulk, such that we will consider the nonlinearity coefficients that are defined i^ 
equation (7.4). The n-MOS transistor that we will consider in this section has the model paj 
rameters of the 0.7/im process listed in Table 7.1. The value of 9 that is used in conjunction 
with equation (7.70) is different from the value given in Table 7.1. This table mentions mod^ 
parameters for the SPICE level 3 model, which models the mobility reduction more simply will 
equation (7.76). The new value of 9 has been obtained by performing a least square fit with th< 
more accurate value of of equation (7.69) onto the value of from equation (7.76). This fij 
procedure is best performed in the triode region at a very low value of v B s (typically 50 m V) 
since this is the region of operation in which the value of 9 for the level 3 model has been ex 
tracted. The new value of 9 obtained in this way is 0.05V -1 , which is lower than the value of i 
to be used with the level 3 model. J 

Figure 7.7 depicts == di D /dv GB as a function of V GB . The other terminal voltagd 
are V DB = 1.45' V and V SB = IV. If mobility reduction is neglected, which corresponds ti 
0 = 0V -1 , then the current is linearly dependent on v GB » such that is constant. This haj 
also been noticed in Section 7.4.2. However, g mg decreases when 9 > 0, and it is no longej 
independent from v GB . In other words, the mobility reduction causes a degradation of the (gate 1 
)transconductance, and it causes a nonlinear dependence of the current on v GB . 
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Figure 7. 7: g mCj as a function ofV GB , computed from the drain current model of equation (7. 70) 
and with different values of 9 for an n-MOS transistor in the triode region with W = 320 pm 
and L = 14 pm. The model parameters of the 0.7 pm process are used except for 9. Further 
Vdb = lAbV and V SB = IV. 



Consider now the second-order nonlinearity coefficient K 2gmg , which is the second-order 
derivative (multiplied with 1/2) of the drain current with respect to v GB . Figure 7.8 depicts 
^ 2 9 m g as a function of V GB in the triode region. Since g mg is a decreasing function of V GB , 
^ 2 9mg is negative for 9 > 0. The nonlinear dependence of the drain current on v GB is very 
weak. Around V GB = 317 the second-order normalized nonlinearity coefficient KL is around 
0.05F- 1 . 

Finally, the third-order nonlinearity coefficient K 3gmg is shown as a function of V GB in Fig- 
ure 7.9. As for the second-order, we can conclude that the third-order nonlinearity coefficient 
is very small: the third-order normalized nonlinearity coefficient for 9 = 0.05F -1 is about 
5x10 3 ]/“ 2 for the V GB range of Figure 7.9. 

Next, the derivatives with respect to v$ B are considered. Figure 7.10 shows the small-signal 
parameter g ms ~ —di B /dvs B as a function of Vs B . The voltages V GB and V BB have been kept 
fixed to 4V and 217 ? respectively. It is seen that g ms does not change drastically as 9 becomes 
larger than zero. 

Figures 7.11 and 7.12 depict the second-order nonlinearity coefficient AV and K 2 
respectively, as a function of Vsb- 

Figure 7.12 shows that for 9 — 0.0517' 1 K 3gms goes through zero at V SB = 1.417. The fact 
! ^3 g ms can be made zero by applying an appropriate bulk bias, has been noticed for example 

[Pat 90, Groen 94], This is only possible due to the effect of mobility reduction. Indeed, with 
^ ' 0 ^3 grns remains positive for all values of V SB . 
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Figure 7.8: K 2gmg as a function of V GB , computed from the drain current model of equa- 
tion (7.70) and with different values of 9 for an n-MOS transistor in the triode region with 
W = 320 pm and L — 14 pm. The model parameters of the 0.7 pm process are used except 
for 9. Further V DB = 1.45V andV S B — IV. 
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Figure 7.9: K s 9mg as a function of Vqb, computed from the drain current model of equal 
tion (7.70) and with different values of 9 for an n-MOS transistor in the triode region with 
W — 320/^m and L = 14 pm. The model parameters of the 0.7 pm process are used excepi 
for 9. Further V DB = 1.45 V and Vsb — IV. 

The zero-crossing of K$ gma at some value of V SB forms the basis of the harmonic suppression 
technique described in [Pat 90]: when an AC voltage v^s is applied over a MOS transistor witfl 
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Figure 7.10: g ms as a function ofV SIh computed from the drain current model of equation (7.70) 
and with different values of 9 for an n-MOS transistor in the triode region with W = 320 pm 
and L = 14 pm. The model parameters of the 0.1pm process are used except for 9. Further 
Vdb = 2V and V G b = 4V\ 

Vds ~ 0V , then the second and third harmonic can be suppressed by applying a fraction of the 
AC voltage at the bulk and another fraction at the gate, as shown in Figure 7. 13. 

Comparison of nonlinearity coefficients obtained with different mobility models The func- 
tion mobred defined in equation (7.73) is always of the form 1/(1 -j- ff). In many models 
is simplified to (v G s — Vt) (see equation (7.76)). Compared to the more exact expression of 
given in equation (7.69), this simplified expression does not contain any dependence on Vos- 
Also, the dependence of mobility reduction on v SB is wrong, as mentioned in Section 7.6.2. Nev- 
ertheless, the simple expression of is widely used due to its simplicity. In addition it leads to a 
closed-form expression for v DS at - It is now investigated how much the nonlinearity coefficients 
obtained with the simple expression for deviate from the nonlinearity coefficients obtained 
w ith the more exact expression for f^. To this purpose, the nonlinearity coefficients have been 
computed for an n-MOS transistor of the 0.7 pm process with the two expressions for /^. The 
value of 9 that needs to be used in conjunction with the simple expression for is obtained from 
the set of SPICE level 3 model parameters. For the value of 9 that is to be used with the more 
exact expression of / M , no measurement data are available. A realistic value of 9 can be obtained 
y fitting, as mentioned above. For a more complete comparison, however, it is interesting to 
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Figure 7.1 1: K 2gms as a function of V S b, computed from the drain current model of equa- 
tion (7.70) and with different values of 9 for an n-MOS transistor in the triode region with 
W = 320 pm and L = 14 pm. The model parameters of the 0.7 pm process are used except 
for 6. Further Vdb — 2V and Vqb — 4 V. 




Vsb (V) 



Figure 7.12: Ks gms as a function of Vsb > computed from the drain current model of equm 
tion (7.70) and with different values of 9 for an n-MOS transistor in the triode region wm 
W = 320 pm and L = 14/im. The model parameters of the 0.7 pm process are used except 
for 9. Further Vdb = 27V and Vqb — 4V \ 
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Figure 7.13: Measurement setup for the technique described in [Shou 93] to suppress the har- 
monics of the drain current of a transistor in the triode region . The parameters a and (3 are 
numbers between 0 and 1. 



compare the nonlinearity coefficients for several values of 6. The comparison made in this sec- 
tion is limited to the nonlinearity coefficients that correspond to derivatives with respect to one 
single voltage. Nonlinearity coefficients that correspond to cross-derivatives are not considered 
here. 



Figure 7.14 shows the error between the nonlinearity coefficients that have been computed 
with the simple mobility reduction model of equation (7.76) and the coefficients computed with 
the more exact model of equation (7.69). This simple model corresponds to the mobility reduc- 
tion model of SPICE level 3, and hence the value of 9 that is to be used with this model can be 
taken from the list of SPICE level 3 parameters (Table 7.1). With the more exact model, three 
values of 9 have been considered: first the value that has been obtained by fitting as explained 
above. This value is 0.05 V -1 . Next, the same value as for the simple model (0.079V -1 ) is used, 
and finally, a value in between the two previous values is taken, namely 0.065V' 1 . The other 
model parameters have been taken from Table 7.1. For each coefficient the error has been re- 
ferred to the value obtained with the simple model, and it is expressed in %. The nonlinearity 
coefficients are computed at one operating point in the triode region, namely for v DS = 0.45V, 
v gs = 1.9V and v SB — 1.3V. The transistor dimensions are W = 320 pm and L = 14 pm. 

It is seen that for the value of the first-order derivatives, which are nothing but the small -signal 
parameters g m , g 0 and g mb , the deviation between the simple mobility reduction model and the 
more complicated one is smaller than 20%, and the error is minimal for 9 = 0.05V -1 . One 



could conclude that for hand calculations on linearized circuits the use of the simplified mobility 
reduction model is justified. Although we mentioned in Section 7.6.2 that the dependence of the 
simplified mobility reduction model on v S b is wrong, it is seen that the deviation of g mb obtained 
with the more exact model and g mh obtained with the simple mobility reduction model is small. 
This means that mobility reduction does not largely influence the value of g mb . 

Consider now the nonlinearity coefficients which are proportional to the higher-order deriva- 
tives. It is seen that the deviation between the simple mobility reduction model and the more 
exact one increases with the order of the derivative that is considered. Also, the value of 9 that 
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Figure 7.14: Relative error in % between the nonlinearity coefficients of a n-MOS transistor in 
the triode region (W = 320 gum, L = 14pm, v DS = 0.45V", v GS = 1.9V , v S b = 1.3V") computed 
with the simple mobility reduction model of equation (7.76) and the coefficients computed with 
the more exact model of equation (7.69). With the latter model three values of 6 have been 
considered: 0 — 0.05V" -1 , corresponding to the white bars , 0 = 0.065V" -1 , corresponding to the\ 
hatched bars, and 6 = 0.079V" -1 , corresponding to the black bars. 



was found to give the smallest deviation for the current and its first-order derivatives, does not 
necessarily yield the smallest deviations for the higher-order derivatives. 

It is seen that for the nonlinearity coefficients that are proportional to the second- and third- 
order derivatives with respect to v S b, the error between the simple and the more complicated 
mobility reduction model remains smaller than 40%. In Section 7.6.2 it was mentioned that 
the dependence on v S b of the mobility reduction is modeled wrong with the simple mobility 
reduction model of equation (7.77). The effect of this wrong modeling on the second- and third- 
order nonlinearity coefficients is limited to less than 40%. This can be explained by the fact that 
the influence of the variation of the depletion layer along the channel has a larger influence on ■ 
the coefficients K 2gmb and K 3gmb than mobility reduction. 

For the nonlinearity coefficients proportional to v G s and v D s the deviations can be much ; 
higher, as seen in Figure 7.14. For the nonlinearity coefficient K 3go , which is proportional to : 
d 3 i D /dvi )S , the error even exceeds 100% ! Recall that with the simple drain current model of 
level 1, equation (7.25), where a uniform depletion layer is assumed and mobility reduction is 
neglected, the third-order derivative d 3 i D /dv 3 DS is zero. When the variation of the depletion 
layer width along the channel is taken into account, then the drain current expression contains 
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| powers that contain v DS , which give rise to a positive third-order derivative with respect to 
vds- With the introduction of the simple mobility reduction model this third-order derivative is 
just divided by a factor 1 + 0(vqs — Vt) which is independent of v B s * The deviation of more 
than 100% between K 3go obtained with the simple mobility reduction model and K 3go obtained 
with the more exact model, now shows that the dependence of mobility reduction on v DS is 
important. The dependence on v DS can be explained qualitatively as follows: mobility reduction 
is due to the vertical field, which is not purely determined by v GB : it is clear that for v DS > 0 the 
vertical field at the drain end of the channel is different from the field at the source end. In other 
words, the vertical field, and hence the mobility reduction varies along the channel, which yields 
a dependence on v B s- 



7.6.S.2 Saturation region 

When the more exact mobility reduction model of equation (7.69) is used, then v DS at cannot 
be computed explicitly, as mentioned in Section 7.6.3. Nevertheless, explicit expressions can be 
obtained for the derivatives in terms of the terminal voltages and v&sat- In this section a compar- 
ison is made between the nonlinearity coefficients for a MOS transistor in saturation, computed 
with the more exact mobility reduction model and with the simple model of equation (7.76). 
Derivatives with respect to v B s are not considered, since these are primarily determined by ef- 
fects such as channel-length modulation, as will be discussed in Section 7.1 1. 

Figure 7.15 shows a comparison between the simple and the more exact mobility reduction 
model for the coefficients g m , K 2gm , K 3gm , g mb , K 2gmb and K 3gmb . 

In the saturation region the dependence of the coefficients g m , K 2grn and K$ 9m is not only 
through vqs but also through v DSAT : apart from channel-length modulation effects, which are 
not considered in this section, the expression of the drain current in saturation is the same as for 
the triode region but with v DS replaced by v DS at , which in turn depends on v G s and v S b- The 
same holds for the dependence of the coefficients # m6 , K 2gmb and K 3g 

It is seen that just as in the triode region the deviation between the simple mobility reduction 
model and the more exact model increases with the order of the derivatives. 



7 .7 Velocity saturation 

All models for the drain current derived so far are based upon the assumption that the drift 
velocity of carriers is linearly proportional to the longitudinal electric field. The constant of pro- 
portionality is the mobility, as stated in equation (7.15). This assumption is correct as long as the 
drift velocity is small compared to the thermal velocity of carriers v saty which is about 10 7 cm/s 
for silicon at room temperature. As the drift velocity approaches the thermal velocity, its field 
dependence will begin to depart from the linear relationship: the velocity will not increase much 
anymore. This saturation effect is referred to as velocity saturation [Sze 85, Mull 86]. Since in 
that situation the carriers attain energies above the ambient thermal energy, they are often charac- 
terized as hot carriers. Also, the thermal velocity v sat is often referred to as the saturation veloc- 
lty Different values have been reported for the value of v sat [Coen 80, Coop 8 1 , Sze 85, Gar 87a] 
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Figure 7.15: Relative error in % between the nonlinearity coefficients of a n-MOS transistor in 
the saturation region (W = 320/ira, L = lAfim, v DS — 1.45 V, Vqs — 1-9V, vsb = 1-3V7 
obtained with the simple mobility reduction model and the coefficients obtained with the more 
exact model With the latter model three values of 9 have been considered: 9 = 0.05 V -1 , 
corresponding to the white bars, 9 = 0.065V \ corresponding to the hatched bars, and 9 
0.079V 7 " l , corresponding to the black bars. 



ranging from 5xl0 4 m/s to 1.2xl0 5 m/s for electrons and from 4xl0 4 m/s to 8xl0 4 m/s for 
holes. The dependences on gate-oxide thickness, doping concentration and other processing 
conditions have not been established [Gar 87a, Koh 89] although v sat appears to be relatively 
independent of the gate field. Values for v sat that are used in MOS models can vary over an 
even larger range, since these values are obtained by fitting. In this way, v sat is rather a fitting 
parameter than a physical parameter. 

Intuitively, we can say that the characteristics of short-channel devices will be more influ- 
enced by velocity saturation than long-channel devices. If we assume for simplicity that the 
lateral electric field is constant along the channel and given by v DS /L, then it is clear that for the 
same vds* the electric field in a short-channel device will be higher than in a long-channel de- 
vice. As a result, velocity saturation will occur at lower drain-source voltages for a short-channel 
device. The real situation is more complicated than the above reasoning, which only gives a 
qualitative idea. 

Velocity saturation is a second mechanism that decreases the mobility of carriers. Whereas 
the previous section discussed the mobility reduction due to the presence of the normal electric 
field, this section deals with mobility reduction due to the lateral electric field. Many authors refer 
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to mobility reduction only to address the influence of the normal field, whereas the influence of 
the lateral field is just referred to as velocity saturation. 

Before deriving a model for the drain current including the effect of velocity saturation, 
different models that relate the velocity to the electric field will be considered. 



7.7.1 Velocity-field models 



An empirical model for velocity saturation relates the drift velocity v of the carriers and the 
longitudinal electric field E x as follows [Sodi 84, Sze 85, Mull 86, Matt 96] 



v = 






1 + 




n- 1 fn 



(7.84) 



Here fi eff is the effective mobility, given by one of the models of Section 7.6, E c is the critical 
electric field , given by 



E r = 



^sat '^sat 



f^eff 



0 



(! + U) 



(7.85) 



and n is a fitting parameter between 1 and 2. According to several authors [Sodi 84, Sze 85], the 
best value for electrons is n = 2, whereas n = 1 gives the best results for holes. 

In order to have a first quantitative idea about the effect of velocity saturation, we evaluate 
E c for the O.T^m reference process of Table 7.1. Assume that the mobility is not reduced, such 
that fi e ff = fj,Q — 0.047ra 2 /(V.s). The velocity v sat is taken equal to 10 5 m/s. Then E c is found 
to be 2.13MV7m. Assume that a transistor is biased in the triode region. The average lateral 
electrical field can be estimated as vds/L. If v^s — 0.7V and L = 0.7 fim then the lateral field 
equals 1 MV jm and the ratio E/E c equals 0.47. 

Equation (7.84) can be used in equation (7.14) to derive an expression for the drain current. 
However, if n ^ 1, then this leads to difficulties to obtain an analytical expression for the drain 
current. This is shown in Appendix G. In this appendix several approximations are suggested 
to obtain a closed-form expression for the current. This issue will be discussed further in this 
section. 

In order to obtain a simple transistor model various simplified expressions are used to model 
velocity saturation. In Figure 7.16 three models are shown for the relationship between the 
electron velocity and the electric field. A very accurate model for electrons, referred to as model 1 
in Figure 7.16 is the model of equation (7.84) with n = 2. A second velocity-field model, in 
Figure 7. 1 6 referred to as model 2, is derived from equation (7.84) by setting the fitting parameter 
71 e 9 u ^l to 1 . Then the relationship between velocity and field reduces to 



v = 



f^effEx 

, E x 

+ ^7 



(7.86) 



With this model it is seen that the velocity is underestimated compared to model 1 . In addition, 
it is seen that the velocity deviates earlier from the linear relationship than with model 1 . This is 



v (m/s) 
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E x (V/m) 

Figure 7.16: Comparison of three commonly used velocity -field models for velocity saturai 
tion [Sodi 84]. | 



Cj 



explained by the fact that in model 1 the term ( E x /E c ) 2 is much smaller than the term (E x /E { 
in model 2 as long as E x <C E c . In fact, velocity saturation occurs much more abruptly witfc 
model 1 than with model 2. 

A third model, referred to as model 3 in Figure 7.16, has been proposed in [Sodi 84]. It is i 
piecewise model, given by 



v = 



i^eff E x 

~~E~ X ' 



1 + 



Er. 



— Vsat: 



E X <E C 



E x > E c 



(7.87 



where E c is now given by 



E c — 2 V sa t/ P'eff 



(7.88] 



which is a factor two larger than the value of the critical field used in models 1 and 2. It is seel 
that with the piecewise approximation of model 3 the velocity of carriers is equal to v sat at th< 
critical field, whereas in the two other models the electric field E x must be much larger than tl 
critical field E c for the velocity to approach v sat . Compared to model 2, the piecewise model 
has a steeper slope at high fields and it has a better correspondence with model 1 . As a resuli 
model 3 is widely used in many modem transistor models [Toh 88, Moon 91, BSIM 95]. 



7.7.2 Drain current in the triode region 

In Appendix G expressions for the drain current in the triode region are derived using the mod- 
els 1,2 and 3. These expressions are now briefly discussed. 
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7.7.2. 1 Drain current with the simple velocity-field models 

For both model 2 and 3, the drain current is found to be (see Appendix G) 



I'D 



z / IvL ~ ~ ^ (?;ds “ Wsb) ~ 5 



§7 



LE C ) 

\ 3/2 



(0 + VDB ) 3/2 - (0 + ^5b) 3 ^ 2 ] | 



(7.89) 



The value of the critical electric field is either given by v sat / gL e g (model 2) or 2v sat / (i e ff (model 3). 
Expression (7.89) is the extension of equations (7.37) and (7.70) that take into account a nonuni- 
form depletion layer. The effective mobility fi e ff is equal to jjl q / (1 4- Of f) and is given in 
equation (7.68). 



1 . 1 . 2.2 The functions large , mobred and hot 

It is seen that equation (7.89) is the product of three factors: the first factor is the drain current 
that has been derived in Section 7.4.2 without taking into account mobility reduction and velocity 
saturation. We denote this factor as the function large : 



large ( Vgb , Vdb, v SB ) 



to C'W 



-b 



{ (yGB — VFB — <t>) ( V D B — V$b) — \ ( V DB ~ V SB ) 

0 + v DB f 2 ~{cj> + VSB ) 3/2 ] } (7.90) 



The second factor models the mobility reduction due to the normal field and is denoted as the 
function mobred. This function has been defined in equation (7.73). It is clear that the function 
mobred (v G b, v db^sb) is never larger than one. 

The third factor models velocity saturation, and is written as hot (v GB , v D b, v$b)- Using the 
velocity-field models 2 and 3, the function hot is given by 



hot {vgb, vdb, vsb) = 1 /( 1+ ^ VDB le VSB ' ) > ) (7-91) 

and it should never be larger than one. This function depends on v GB through the critical electric 
held E c : this is equal to v sat / fi e ff (velocity-field model 2) or 2v sat /^ e ff (model 3), and fi e ff 
depends on v GB , vdb and v SB since it is equal to /i 0 • mobred {v GB , vdb , vsb)- 
The resulting drain current can then be written as 



t D = mobred (v GB , v DBl v SB ) ■ hot ( v GB , v DB , v S b) ■ large (v GB , v DB , v SB ) (7.92) 

Many designers prefer to reason with voltages referred to the source. Then the drain current 
can be rewritten as 



t D - mobred (v GSi v D s , vsb ) ■ hot (y GSi v D s , v SB ) ■ large ( v GS , u 5j5 ) 



(7.93) 
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with the functions mobred, hot and large given by 

M oC' ox W 



large ( vqs , vds , v sb) — — £* — |(^gs — Vfb ~ <t>) Vds — \vds 



- §7 [(<t> + VSB + v DS f 2 -(</- + VSB?' 2 } } (7.94) 



mobred (v G s,v D s,Vsb) =1/(1 + Of? (vgs,v D s, vsb)) 



hot ( v gs ,v ds ,v S b ) =1 



1 + 



vps 

~LE r 



) 



(7.95) i 



(7.96) 



In previous sections, we saw other models for the functions large and mobred. As a result, 
many possibilities can be combined in order to obtain a drain current model. As an example we 
consider the functions large , mobred and hot in a simplified representation of the BSIM3 model. 
The function large in this model is given by 



W 



large ( v GS , v DS , v S b) = -7-^0^ [(u G5 - V T ) v DS - \av% s ] 



(7.97) 



in which parameter a depends on the bulk bias (see Section 7.4.3). The function mobred for the 
BSIM model is given by (see Section 7.6.4.2) 

1 



mobred (vqs, v D s , v S b ) = 



1 + 



UA VGS + 2VV + UB f ^ + 2V A 

tpx V t ox J 



(1 — UC • vsb ) 

(7.98) 



Velocity saturation in the BSIM model is modeled with velocity-field model 3, such that the 
function hot is given by equation (7.96) with E c = 2v sat /fj, e ff. 

1 . 1.23 Merging of the functions mobred and hot 

It is seen that both the functions mobred and hot are of the form 1/(1 + x), in which x depends- 
on model parameters and on the terminal voltages. In several MOS models [Merck 72, White 80/ 
Gar 87a] it is assumed that the effect of mobility reduction due to the normal field and velocity^ 
saturation are so small that they can be merged into one factor. Indeed, if the product of mobrem 
and hot is represented as 1 



mobred • hot = 



1 



1 + x 1 + y 



(7.99) 



and if both x and y are much smaller than one, then 



1 



1 



1 



1 



1 + x 1 -\-y \ + x +-y + xy 1 +x + y 



(7.100) 
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This approach is often used in hand calculations with very simple models for the functions 
rnobred and hot. When the effective mobility is written as = /i 0 /(l + 0(v GS — V T )) 
(see equation (7.77)) and velocity saturation is modeled as in equation (7.96) then, using the 
approximation made in equation (7.100), one obtains for the drain current in the triode region 



i D = 



large 



1 + 0(vgs ~ Vt) + 



vps 

LE C 



(7.101) 



Using the function large of equation (7.97) one obtains 



i D 



W 

T 



Mo C' m 



(' v gs ~ Vt) v ds — \av 2 DS 
1 + 0(vqs ~ Vt) + 

JjEjc 



(7.102) 



Let us consider the error on the drain current that is made by the approximation of equa- 
tion (7.100). With the model parameters of the 0.7 (im process we have V T = 0.75V, /i 0 = 
0.047m 2 /(V.s), 0 = 0.079V -1 and v sat = 1.94xl0 5 m/s. If v GS - V T — 0.2V and v D s = 0.1V, 
then the factor 0(v G s — Vt) equals 0.0158, which is considerably smaller than 1. The critical 
electric field, given by v sat /[i e ff equals 4.19MV/m. Hence, for a transistor with a channel length 
of 0.7 fim the term v D s/(LE c ) equals 0.034 , which is much smaller than one as well. In this 
situation, the error made by merging the two factors into one term is 0.05%. When v G s — V T 
equals IV and v DS is 0.5 V, then the factor 0(v G s ~ Vt) equals 0.079 and v DS /{LE c ) equals 0.17. 
The error made by merging the two factors is 1%. The error on the nonlinearity coefficients can 
be larger. This is further discussed in Section 7.7.4. 

An interesting observation is that for this technology velocity saturation has a larger influence 
on the drain current than mobility reduction due to the normal field. Indeed, 6{vqs ~ Vt) is 
larger than v DS /{LE c ) for the two considered bias points. This is usually the case for submicron 
technologies. 



7. 7.2.4 Drain current with the more accurate velocity-field model 

In Section 7.7.1 it has been pointed out that the velocity-field model 1 is more accurate for 
electrons than the models 2 and 3. The disadvantage of using the more accurate velocity-field 
model is that it is impossible to obtain a closed-form expression for the drain current since the 
integral given in equation (7.19) cannot be computed analytically. In Appendix G an approximate 
expression is derived for the drain current. This is given by 

i D = mobred (v G b,v db ,v S b) ■ hot (v G b^db,v S b) * large {v G b, v D b, v S b) (7.103) 

with the function hot now given by 



1 




hot (VcBi VdBi v sb) 



(7.104) 
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Accurate expressions for the functions large and mobred are given in equations (7.90) and (7.95),; 
respectively. This yields the final expression of the drain current 






Mo C'„W 
L 



{(^GB - Vfb - <t>) ( V D B - Vsb) - \ ( VdB ” v Ib) 



- §7 [(0 + v DB f 12 - (<j> + ^ 5 b ) 3/2 ] | * 



+ 0L 



1 + 



vdb — vsb \ 2 

, LE o ) 



(7.105)1 



This accurate expression will form the basis for the evaluation of nonlinearity coefficients inj 
Section 7.7.4. 

Equation (7.103) is also used in [Grot 84]. In this reference, this equation has also been' 
compared to the more exact value of the drain current obtained with numerical integration. The 
error made with equation (7.103) is very small. 

The function hot as given in equation (7.104) does not change when vsb and vdb are in*! 
terchanged. From Section 7.6.2 we recall that this is also true for the function mobred of equa*j 
tion (7.73). On the other hand, when the role of v DB and vsb is interchanged in the function! 
large , then this function changes sign. When the three functions are combined to form the drain!] 
current, then it is seen that the latter changes sign as v B b and vsb are swapped. This is important] 
to model the drain current and its derivatives around vos = OF, as will be explained in the next! 
section. j 



7.7.2.S Modelling around v DS = 0V 

Consider a MOS transistor that is biased in strong inversion with v DS = OF. Assume now that a 
sinusoidal voltage is applied over the transistor: ! 



Vds = >lsin (cot) 



(7.106): 



This situation is depicted in Figure 7.17. In this way, vds is negative during half of the pe- 
riod. If v DS is negative and velocity saturation is modeled with the function hot given byf 
1/(1 + v ds /(LE c )), then hot becomes larger than one for negative v DS values. This is physiol 
cally impossible, since it would imply that the drain current increases due to velocity saturation! 
Clearly, the function hot which was seen in the previous section to be symmetric with respect tcfl 
source and drain when the accurate velocity-field model is used, is no longer symmetric wheii 
the simple velocity-field models 2 or 3 are used. This problem could be solved by taking the| 
absolute value of v DS . Then the function hot becomes 



hot ( vqs > vds, v sb ) = 1 j ^1 + 



vds 

LEr 



(7.107)1 



However, this function will give problems when derivatives or nonlinearity coefficients need to 
be evaluated. The derivative of the drain current with respect to v DS contains the derivative of 
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Figure 7.17 : A MOS transistor in the triode region with Vds — OV and with a symmetrical 
sinusoidal input excitation. 



the function hot with respect to vds * From equation (7.107) we find that, if E c is assumed for 
simplicity to be independent of vds-> this derivative is given by 



dhot _ 1 

dv °S ( Ks | \ 2 

( le c ) 



1 \vps\ 
LE C vds 



(7.108) 



This derivative does not exist for v DS = 0V since the last factor is undefined for zero vds- 
Hence, the velocity-field models 2 and 3 are not only less accurate than model 1 to model velocity 
saturation, but they also give problems to compute derivatives at Vds = 0V\ 



7.7.3 Drain current in the saturation region 

The drain current in the saturation regime can be determined in the same way as we did before 
in Sections 7.5 and 7.6.3: first, vdsat is determined from solving din/dvDs = 0 for vds, 
after which vdsat is substituted into the drain current expression for the triode region. When 
velocity saturation is neglected, as we did in previous sections, then the condition dio/dv D s — 0 
corresponds to the physically impossible assumption that the inversion layer charge is zero, such 
that the drift velocity should be infinite in order to allow for a finite, nonzero drain current. This 
assumption can now be corrected with the inclusion of velocity saturation into the transistor 
model. 



7.7.3. 1 Drain current in saturation with the simple velocity-field models 

As we saw in previous sections, the expression for the drain current in saturation starts from the 
expression of the current in the triode region. Let us describe the velocity-field relationship with 
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model 2 (equation (7.86)). If the depletion layer is assumed to vary linearly along the channel, 
then the drain current in the triode region is given by (see Appendix G) j 



' — W VeffC'ox [( V GS ~ Vt) VPS ~ ^Wps] 

lD ~ L 1 +v ds /(LE c ) 



(7.109* 



with E c given by v sat /fi e ff • Assume now for simplicity that \i 6 q is independent of v DS - Whed 
vdsat is determined from equation (7.109) by solving din/dv^s — 0 for v D s, then one easily 
finds [Tsiv 88] fl 



vdsat = LE C 



'1 + 2 ( v gs ~ Vt) _ 1 



aLE r 



( 7 . 110 )’ 



This value is smaller than the value of ( vqs — Vt) /a that is obtained in the absence of velocity! 
saturation effects (see equation (7.61)). If LE C goes to infinity, which corresponds to the absence! 
of velocity saturation, then vdsat again approaches (vqs — Vt) /a. J 

Let us now consider the value of the inversion layer charge at the drain end when vos equafei| 
the value of v DS at given in equation (7.1 10). Using equation (7.46), this charge equals 



Q^drain = ~^ ox ( V ° s Vp d Vqsat) (7.1 1 1) 

This charge is larger than zero since vdsat < ( vgs ~ Vr)/a. This is a more realistic situation^ 
compared to the situation where velocity saturation is neglected. Indeed, without velocity satu- 
ration the onset of saturation is reached when Qr = 0 which means that the electrons have 
to drift with an infinite velocity near the drain end of the channel. \ 

Instead of deriving v DS at in the classical way, an alternative approach can be followed^ 
which leads to exactly the same value of vdsat- Recall that the current can be written as (see! 
equation (7.14)) 

ID = w. (-<&(*)) .v(x) (7.112) 

At the onset of saturation it is assumed that the velocity of carriers at the drain end is equal tb 
v sa t • With this assumption, the drain current in the saturation regime (neglecting the dependency 
on vps for example by channel-length modulation) is also given by 1 

ft 

iDSAT = W.(-Q' Idmin ).v sat (7.113) 

' $ 

Using equations (7.1 1 1) and (7.1 10) one can easily compute that this expression is identical t$j 
equation (7 . 1 09) evaluated at v dsat • 

As v DS is increased above v D sat » the channel consists of two parts: one part, which startii 
from the source in which the velocity is field-dependent, and one part, close to the drain, wheifi 
velocity saturates. In the latter part, the electric field is very high, but not infinite, as was assume 
implicitly in the derivations of Section 7.5. In fact, the pinch-off condition that the mobile charge] 
becomes zero at the drain end, never occurs, even for a long-channel transistor. 
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The assumption that the velocity of carriers approaches v sat at the drain end when saturation 
starts, is also used to determine v D sat when velocity saturation is modeled with the piecewise 
velocity-field model. With this model, the expression of v D sat is somewhat simpler than with 
model 2: 



E c L(vgs ~ Vr) 

V DSAT TP T i t r 

a E C L + vqs “ Vt 



(7.114) 



This expression has again been obtained by assuming that ii e g is independent of vds- The value 
of the saturation voltage given in equation (7. 1 14) is somewhat smaller than with model 2. Also, 
it does not correspond anymore to dio/dvDs = 0- This is due to the piecewise approximation in 
the velocity-field model. Again, this expression reduces to ( vqs ~ Vt) / a for transistors with a 
long channel. On the other hand, if ( v GS - V T ) /a is kept constant and L is scaled down, then t ox 
will be smaller as well, according to the scaling laws. As a result, 9 increases. Consequently, \x e Q 
decreases, which causes a slight increase of E c . However, the net result is that the product LE C 
will decrease. This means that v DS at will decrease. In other words, the v DS range over which 
the transistor operates in the triode region becomes smaller when the channel length decreases. 

When the value of vdsat given in equation (7.1 14) is substituted into equation (7.109), then 
the current in the saturation region becomes 



ins at — Wv aat C f 0X ( vqs - Vt ~ a vdsat) (7.1 15) 

This model, of course, does not take into account yet effects such as channel-length modulation 
that determine the output conductance. However, the model of the output conductance that will 
be given in Section 7. 1 1 is based upon equation (7. 1 15). 

7.7.3.2 Merging of the functions mobred and hot 

In Section 7.7.23 a drain current model has been presented in which the product mobred. hot 
was merged into one single function. In [Gar 87a] this model is used in conjunction with the 
piecewise velocity-field model of equation (7.87). In this reference, the saturation voltage vdsat 
is computed with the assumption that at the onset of saturation, the velocity of carriers is equal 
to v sat‘ The value of v DS at found in this way is given by 



vdsat — 



[1 + 0 ( vqs ~ Vt)] ( v G s ~ Vt) 



a 



1 + 0 + 



Mo 



QiOVgal L 



(v G s — Vr) 



(7.116) 



in which a is defined in Section 7.4.3. The corresponding drain current is given by 

Mo C' 0x w (i vas - Vrf 



idsat = 



aL 



1 + (^ + O ~ y) ( V GS - Vr) 



(7.117) 
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In conjunction with velocity-field model 2, equation (7.1 17) is often simplified to [Hspi 96] 



iDSAT = 



IM>C' 0X W ( Vos - Vrf 

1 + + J^j^ ) ( V GS — Vt) 



Introducing the function mobhot 



mobhot(v G s,v S B) 



1 



1 + 




(v GS — Vt) 



the drain current given in equation (7.1 18) becomes 



iDSAT — 



Mo C'„W 
aL 



(' vgs - Vt ) 2 



mobhot (v gs ,v S b) 



(7.118) 



(7.119) 



(7.120) 



The function mobhot indicates how much the drain current is reduced by the combination of 
mobility reduction due to a vertical field and velocity saturation. This function is always smaller 
than 1. 

Equation (7.1 18) is widely used for hand calculations with submicron devices. As an exam- 
ple, consider a 0.7 fim transistor fabricated with the 0.7 fim technology the parameters of which 
are listed in Table 7.1 and with v G s — 1-9F and vsb = 1317. Then the value of the function 
mobhot is 0.763. 



7.7.3.3 Drain current in saturation with the more accurate velocity-field model 

When the more accurate velocity-field model 1 (equation (7.84)) is used, then vosat is deter- 
mined starting from the drain current expression of equation (7.103). If the effective mobility 
is assumed to be independent of v os and the charge of the depletion layer is assumed to vary 
linearly along the channel, then setting dio/dvos equal to zero and solving for Vos requires the 
determination of a third-order polynomial in Vos- This leads to a very complicated expression. 

If more accurate expressions for the effective mobility are used, such that it has a depen- 
dence on v DS and if the variation of the depletion layer along the channel is modeled more 
accurately, then setting dio/dvos to zero leads to a complicated expression from which v D s 
cannot be solved explicitly anymore. Instead, v D sat must be determined by iteration. This can 
be performed efficiently: using for example expression (7.1 14) as a starting point, a good initial 
approximation is already obtained, and very few extra iterations are required. Once Vdsat is 
known, the drain current in saturation can be obtained by substituting the value of v D sat into the 
expression for the drain current in the triode region (see equation (7.103)). 

Since v D sat cannot be computed explicitly, it is impossible to express the drain current in 
terms of the terminal voltages of the transistor: vosat cannot be eliminated from the expression 
of the current. Consequently, the derivatives of the current with respect to a terminal voltage 
will also contain v D sat • When computing the derivatives of the current with respect to v G s or 
vsb one must take into account that vosat is a function of these two voltages. In Appendix F 
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it is explained how these derivatives can be computed. These derivatives will be used when the 
nonlinearity coefficients are obtained. 

The drain current in terms of vqs-> Vsb and v DS at is found from equations (7.94), (7.95) 
and (7.104) to be 



'i>DSAT 



™ — VfB — <f>) VDSAT — 2 V DSAT 

- §7 + vsb + v DS at) 3 ^ 2 ~ {<t> + ^5s) 3 ^ 2 ] | 



1 

1 + 



1 




( 7 . 121 ) 



It should be noted that the dependence on v DS through effects such as channel-length modulation 
is not included here. 



7.7.4 Evaluation of nonlinearity coefficients 

With the effects that have been studied thus far in this chapter, we have obtained the accurate 
drain current expressions of equation (7.105) and (7.121). These equations model different ef- 
fects that influence the nonlinearity coefficients: 

• the nonlinear relationship between the drain current and the terminal voltages. This relation 
is also nonlinear in the simple SPICE level 1 model: for example, the drain current in the 
triode region depends on v 2 DS , which gives rise to a nonzero second-order nonlinearity 
coefficient K 2go . 

• the variation of the depletion layer width along the channel. This gives rise to terms with 
| powers in the drain current expression. These terms give rise to other values for the 
nonlinearity coefficients than obtained with the level 1 model. 

• mobility reduction. 

• velocity saturation. 

In Section 7.8 and in subsequent sections we will discuss some additional effects that influence 
the drain current and the nonlinearity coefficients. 

Some nonlinearity coefficients are primarily determined by only one of the above effects, 
whereas other ones can be largely influenced by more than one of these effects. It is instructive 
to know which effect primarily determines a nonlinearity coefficient. This can be accomplished 
with the approach that has been discussed in Section 3.5 to determine the dominant terms of the 
expression of a nonlinearity coefficient. 

When we derive the nonlinearity coefficients from equation (7.105) and (7.121) then we 
will assume that the critical field E c is independent of the terminal voltages. This is not exact, 
since E c = v sat /fi e jj and depends on the terminal voltages. Nevertheless, the error on the 
nonlinearity coefficients due to this simplification remains smaller than 1%. 
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The model parameters that will be used are the ones of the 0.7 fim process, listed in Table 7.1. 
However, in Section 7.6.5. 1 it has been mentioned that the value of 9 that is to be used in conjunc- 
tion with the accurate mobility reduction model of equation (7.69), should be 0.05 V -1 instead of 
the value from Table 7. 1 that is to be used with the mobility reduction model of equation (7.76). 
Also, the value of v sat that will be used in the next sections is 10 5 m/ s, which is the value that is 
assumed to be the saturation velocity in silicon at room temperature. This value will be used in 
conjunction with velocity-field model 1 of equation (7.84). This is about two times smaller than 
the fitted value from Table 7. 1 that is to be used in conjunction with the velocity-field model 3 of 
equation (7.86). 

7.7.4. 1 Nonlinearity coefficients for the triode region 

First, the variation of the nonlinearity coefficients is investigated as a function of the channel 
length. To this purpose, the nonlinearity coefficients that correspond to derivatives with respect to 
one single voltage v G s, vds ovvsb * are evaluated for three transistors with a fixed value of W/L 
but with a different channel length. Also, the bias point is identical for the three transistors. For 
the three transistor sizes the bias point corresponds to an operating point in the triode region far 
enough from the saturation region. Figure 7.18 compares the nonlinearity coefficients obtainedj 
for a channel length of 3 yum to the nonlinearity coefficients computed for a channel length of 
1 jirn and 0.7/zm. The values for the 3 jim transistor have been taken as a reference and the figurd 
shows the relative error with the coefficient values obtained for the two other channel lengths. 

Velocity saturation is modeled with the function hot of equation (7.104). This function de- 
pends on vds only since we neglect the dependence on v GS and v S b through the critical field E c . 
Hence, the derivatives with respect to v GS and v S b are all given by the function hot multipliec 
with the derivatives of the product large • mobred. As a result, the relative error for a given 
channel length is the same for the derivatives with respect to v G s only and vsb only. ] 

Consider now the coefficients g Q , K 2go and AT 3ffo , which are proportional to derivatives of the^ 
current with respect to v D s. It is seen that the error between the coefficients for a 3 fim channel 
and shorter channels (1 fim and 0.7 pra) increases with the order of the derivative. Recall that] 
with the simple SPICE level 1 model the drain current depends on the square of v DS > Hence, th6 
nonlinearity coefficient K 3go is zero with this model. When the variation of the depletion layef 
width along the channel and the mobility reduction dependence on vds are taken into account^ 
then a nonzero K$ go is found. However, it is seen that for short-channel transistors the influenced 
of velocity saturation on K 3go is very large: the error between K Sgo for a 3fim transistor and 
K^ go for a 1 fim transistor is more than 250 %, while for a 0.7 fim transistor this error increases 
above 300 % ! This indicates that velocity saturation is the main effect that determines Ks go . 

7.7.4.2 Approximate expressions for the nonlinearity coefficients in the triode region 

Using the approach explained in Section 3.5 it is possible to find approximate closed-form ex- 
pressions for the different nonlinearity coefficients. This will be illustrated with the nonlinearity 
coefficients of the drain current as a function of the voltages v GB , vdb and vsb- The approx- 
imation will be made for a transistor in the 0.7 {im process with L = 0.7/7/m, W = 16/im,: 

I 
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Figure 7.18: Relative error in % between the nonlinearity coefficients of a n-MOS transistor in 
the triode region (0.7 fim technology ; W/L = 160/7, v DS = 0.25V, vqs = 1*9 V, v$b = 1-3V) 
with L = 3 pm and the nonlinearity coefficients for a transistor with the same bias and W/L but 
with L = 1 pm (white) and L = 0.7^m (black). The vertical scale has been broken, in order to 
represent the low errors and the very high errors on one plot. 



V G b = 3.2V, Vdb = 1.55V and V S b = 1.3V. For this transistor it is found that V T = 1.17V 
and vos at = 0.55 V. This value has been obtained by iteration as explained in Section 1.73.3. 

Table 7.9 lists approximate expressions for the nonlinearity coefficients of the given transistor 
that is biased in the given bias point of the triode region. Also, the deviation from the exact 
expression is given. This deviation is expressed as the signed relative error: 



signed relative error [%] — 



(approximate value) - (exact value) 



100 



(7.122) 



exact value 



Table 7.9: Approximate expressions of nonlinearity coefficients of an n-MOS transistor in strong inversion (triode region). The 
approximation is made for a transistor with L = 0.7 pm, 11 = 10pm , Vgb ~ 3.21/, 1 V DB = 1.551/ and \ sb = 1-3V- The model 
parameters of the 0.1pm process ( see Table 7.1) have been used for the numerical evaluation , except that v sat ~ 10 5 m/s and 
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We now interpret the expressions given in Table 7.9. In addition, we will explain how the 
approximate expressions of Table 7.9 are obtained with the approach explained in Section 3.5. 

Approximate expressions for g md9 K 2gmd and K 3gmd According to equations (7.8) through 
(7.10), these coefficients are also equal to g 0 , K 2go and K $ go . 

First we consider the coefficient This is the first-order derivative of the drain current 
with respect to v DB - This can be computed as follows: 

Smd = [ large{v GB , v DB , v S b ) ■ mobred(v GB , v DB , v SB ) ■ hot(v GB , v DB , u S £>)] 

OVOB OVOB 

(7.123) 



This derivative can be elaborated further: 



dlarge _ . _ , dmobred , , j dhot , . . 

9md — t; * rnobred • hot 4 large • hot -1- — large ■ mobred (7.124) 

ovdb u v db 9vdb 



The derivatives in this equation can be obtained by differentiating the expressions for large , 
mobred and hot , which are given in equations (7.90), (7.95) and (7.104), respectively. A numer- 
ical evaluation of the three terms in equation (7.124) for the operating point we are considering, 
shows that the first term in equation (7.124) is much larger than the two other terms. Hence we 
can approximate g m( i by the first term: 



9md ~ 



dlarge 

d v DB 



• mobred ■ hot 



(7.125) 



This approximate expression shows that g md is mainly determined by the variation of the function 
large with v^b- Using the expressions for large , mobred and hot from equations (7.90), (7.95) 
and (7.104) yields the expression for g md given in Table 7.9. 

Next we consider the second-order coefficient K 2n : 

Umd 



^ 2 9md 



1 d 2 i D 1 dgmd 



2 dv 2 DB 



2 dv £> b 

The right-hand side of this equation can be computed from equation (7.124): 



(7.126) 



= - 






d 2 large d 2 mobred d 2 hot 

mobred * hot 4- — ■ large • hot 4- — = — ■ large • mobred 



d y DB 



dv 2 DB 



9v 2 db 



n dlarge dmobred , , dlarge dhot 

4- 2 • — — hot + 2 • ■■ * • m,obred 



4- 2 • large 



& V DB dVf)B 

dmobred dhot 



dv 



DB 



dv 



DB 



dv 



DB 



dv 



DB 



(7.127) 
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Expressions for the derivatives in this equation can be obtained by differentiating the expressions j 
for large , mobred and hot twice. An evaluation of the terms in equation (7.127) for the given j 
operating point shows one dominant term, which can be used as an approximation for K 2gmd : 



K, 



9md 



1 d 2 large 

2 9 v %b 



• mobred * hot 



(7.128) 



This shows that K 2gmd is mainly determined by the variation of the function large with respect ■ 
to v DB . 



Using equations (7.90), (7.95) and (7. 104), this expression for K 2gmd reduces to the one given 
in Table 7.9. 

Consider now the third-order coefficient K 3gmd . This coefficient is given by 



Ks gmd = - 



i dH D 1m 

3 dv 



6 d y b B 



'9md 

DB 



(7.129) ; 



The right-hand side of this equation can be found by differentiating the right-hand side of equa- 
tion (7.127) with respect iov DB . Elaboration of this derivative yields 



K o 

3 0md ft 



d 3 large d 3 mobred d 3 hot . 

mobred • hot H • large • hot + — -= — * large ■ mobred 



9 y DB 



9vqb 



9 v 3 db 



d 2 large dmobred d 2 large dhot 

+ 3 • „ 0 — • — • hot + 3 • —^—3 — ■ — mobred 



+ 3 
+ 3 



dv 2 DB dv DB 
dlarge d 2 mobred 
9vob 

dlarge d 2 hot 
dv 



9v 2 db 



hot + 6 



DB 



9 y2 DB 



■ mobred + 3 ■ large 



dv 2 DB dv DB 
dlarge dmobred dhot 
dv DB dv DB dv DB 
d 2 mobred dhot 



9 v db 



dv 



DB 



+ 3 • large 



dmobred d 2 hot 



dv 



DB 



dv 2 DB 



(7.130) 



A numerical evaluation of the terms of K 3gmd in the given operating point shows that there are 
four dominant terms, which can be used as an approximation for A" 3 : 



K 3 



9md 



t , , / 1 d 3 large , dlarge 

\ • mobred * ~ ^ 

V 9 v a db dv DB 

, d 2 larqe dmobred , 

+ 5 ' “FT o hot 

dv DB dv DB 



d 2 hot 

d v DB 



+ 



d 2 large 

9 v db 



dhot \ 
dv DB ) 

(7.131) 



These terms are listed in Table 7.9. 

With the simple “level 1” model of equation (7.25), the dependence of the drain current on 
v DB is quadratic, which implies that K 3gmd is zero, as we found in Table 7.4. When the variation 
of the depletion layer is taken into account, as we did in Table 7.5, then the dependence of i D on 
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vdb through | powers in addition to the quadratic dependence, yields a small positive value of 
/Vi,,,,,,; • When both mobility reduction and velocity saturation are taken into account, as we did in 
this section, we obtain a negative value for K :igi . Looking at the four terms of the approximate 
expression of K 3gmd we see that K 3gmd is determined by several effects. Further it is seen that 
the four terms are larger in absolute value than K 3(Jmd . This means that the dominant terms 
partially cancel. Such cancelation of effects leads to a value for the nonlinearity coefficient that 
is difficult to predict: the effects that have been taken into account in these computations are just 
an approximation of the real situation and in reality the cancelation of the effects can give a small 
value that may exhibit a large relative deviation compared to the expression obtained in Table 7.9. 
It is even possible that the sign of the real coefficient is different from the (negative) sign we found 
here. Finally, it should be noted that small nonlinearity coefficients that are determined by the 
compensation of different effects can be determined by minor effects that have not been modeled 
here. 

The reader may have noticed that we did not explicitly write the expression for K 3 in 
terms of model parameters and terminal voltages. If we would do so, we would end up with a 
lengthy expression which is even much more difficult than the expression shown in Table 7.9. 
The latter expression has been obtained by preventing the routines that compute the approximate 
expressions to express the derivatives in terms of model parameters and terminal voltages. In 
this way, an expression is obtained that qualitatively shows the dependence of a nonlinearity 
coefficient on certain effects. 



Approximate expressions for g mg , K 2gmg and K 3gmg According to equations (7.5) through 
(7.7), these coefficients are also equal to g m , K 2gm and K 3 . 

We first consider the coefficient g m g , which is proportional to the first derivative of the drain 
current with respect to vgb ■ When this derivative is computed from the drain current expression 
of equation (7.105), then it is seen that v GB occurs inside the curly braces of this expression, as 
well as in /„ and in E c . As a result, an exact expression of the derivative is very complicated. An 
approximate expression is given in Table 7.9. 

It is seen that g mg or g m is primarily determined by the dependence of the function large on 
vgb- The dependences of the functions mobred and hot on v GB give a negligible contribution. 
Indeed, for the given transistor in the given operating point the signed relative error that is made 
by neglecting these two dependencies, is only —2.6%. 

We see that g mg is proportional to V DS . This means that g mg or g m is zero for V DS = OV. It 
should be noted that we are making an extrapolation at this moment: the expression in Table 7.9 
is an approximate expression that is valid for V DS = 0.45V, and care should be taken when this 
expression is used at other bias voltages. However, it has been controlled that the extrapolation 
to V DS = QV is justified here. 

Consider now the second-order nonlinearity coefficient K 2gmg which, according to equa- 
tion (7.6), is also equal to K 2grn . The coefficient K 2gmg is proportional to the second-order 
derivative of the drain current with respect to v GB . In"order to compute this derivative, one 
should take care to not only differentiate the dominant term that determines g rng , which is the 
one given in Table 7.9. The derivative of the terms that have been neglected, should be taken 
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into account as well. This is a general rule that has to be taken into account when interpreting j 
approximate expressions of derivatives that have been computed with the routines described in J 
Section 3.5. In this case, however, the derivatives of the small terms of g mg are again negligible j 
compared to the derivative of the dominant term of g mg . This dominant term is given by (see ; 
Table 7.9) 



W 1 

9mg ~ (V DB ~ Vsb) * 




(7.132) 



Two factors in this expression depend on v GB , namely the factor 1/(1 + Bf g ) and the function] 
hot through the critical field E c . Hence, the derivative of g mg with respect to v GB is a sum of| 
two terms: one term is determined by the derivative of with respect to v GB . The other terrm 
is determined by the derivative of the function hot with respect to v GB . The latter derivative is 
not zero, since hot depends on v GB through E c . However, this term turns out to be very small 
compared to the term that contains the derivative with respect to / M . This means that K 2grng i$ 
primarily determined by the variation of mobility reduction with v GB . For K 3gmg or, equivalently, 
for K 3gm , the same conclusion holds. Note that if 9 is zero, then the expressions for K 2(Jmg andJ 
K$ gmg of Table 7.9 are zero. This does not mean that the nonlinearity coefficients are reallyl 
zero. It merely means that the approximate expressions are not valid anymore, since other terms,! 
determined by the dependence of the function hot on v GB will become dominant. 

Approximate expressions for the normalized second- and third-order nonlinearity coefficients 
can easily be derived from the expressions of g mg , K 2gmg and 7f 3ffmg in Table 7.9. They are given] 
by 



IS' — IS' ~ 

2 9mg ^9m 1 Q j ^ 

TS> TSt ^ 

hmg hm ~ (l -f Ofjj) 2 



(7.133| 



(7.134): 



The accuracy of these expressions is questioned in [Groen 94], especially at large gate-bulk volt^ 
ages and for non-uniformly doped substrates. This will be further discussed in Section 7.8.4.] 



Approximate expressions for g ms , K 2gms and K;\ (hns These coefficients are proportional td 
derivatives with respect to v SB - The expressions for the functions large , mobred and hot that are 
given in equations (7.90), (7.95) and (7.104) are symmetric with respect to source and drain. Asj 
a result, the exact expressions for the derivatives of i B with respect to v$ B can be found from tha 
derivative of the same order with respect to v DB by interchanging the role of v DB and v$ B . This 
is not necessarily true anymore for the approximate expressions since v DB and v SB can have a 
different numerical value. Nevertheless, it is seen that for the operating point used in Table 1.9 
this symmetry still holds for g m5 and K 2gms . For the approximate expression of K Zgms given in) 
Table 7.9 this is no longer valid. From this approximate expression it is seen that this coefficient! 
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is mainly determined by the variation of the function large with v$b and by velocity saturation. 
Indeed, the last factor of the approximate expression of K$ gms originates from the second-order 
derivative of the function hot with respect to v SB * This derivative is found from equation (7. 104): 



d 2 hot 







5/2 

L A E* 



(7.135) 



The first term turns out to be much smaller in the given operating point. Hence d 2 hot jdv\ B can 
be approximated well by the first term of equation (7.135): 



d 2 hot 

® V SB 




(7.136) 



This explains how the expression for K 3gms in Table 7.9 is found. 



Approximate expressions for nonlinearity coefficients proportional to cross-derivatives Fi- 
nally we consider approximate expressions that are proportional to cross-derivatives. It is seen 
that the approximate expression for #2 is identical to the approximate expression for 

^ 2 9 m^ 9 md' apart from the sign * Their exact numerical values are not exactly opposite, which is 
due to effects that are not modeled in the approximate expressions of Table 7.5. The interpreta- 
tion of other nonlinearity coefficients is left to the reader. 



7.7.4.3 Nonlinearity coefficients for the saturation region 

In Section 7.6.3 it has been mentioned already that with the use of the mobility reduction model of 
equation (7.69), v DS at and hence the drain current cannot be computed explicitly. Instead, their 
value must be obtained by iteration. Nevertheless it is possible to obtain closed-form expressions 
of the nonlinearity coefficients. These expressions can be obtained using the method explained 
in Appendix F. The closed-form expressions are functions of the terminal voltages and v DSAT . If 
in these expressions an approximate formula for v DSAT , for example the closed-form expression 
of equation (7.1 14), is used, then v B sat is eliminated from the expressions for the nonlinearity 
coefficients. 

Just as in the previous section, the nonlinearity coefficients are first computed for different 
channel lengths. Only the nonlinearity coefficients are computed that correspond to derivatives 
with respect to v G s only and to v S b only. No cross-derivatives are considered and no derivatives 
with respect to v DS are considered. The latter ones are determined by effects such as channel- 
length modulation, which are discussed in Section 7.1 1. 

Figure 7.19 shows the relative error in % between the coefficients computed for a channel 
length of 3 fim on one hand and the coefficients computed for a channel length of lfmi and 
0.7/^m, on the other hand. For the three channel lengths the value of W/L is kept constant and 
the bias conditions are identical. 
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Figure 7.19: Relative error in % between the nonlinearity coefficients of a n-MOS transistor inf 
the saturation region (W/L = 160/7, v^s — 1-45V, vqs = 1-9V, vsb = l-3Kj with L = 3 prrfy 
and the nonlinearity coefficients for a transistor with the same bias and the same Wj L but witA 
L = 1 pm (white) and L - 0.7 firm (black). Notice that the vertical scale has been broken , z>f 
order to represent the low errors and the very high errors on one plot. 

The transistor with a channel length of 3 pm is long enough such that the influence of velocity 
saturation, which is more severe for short channels, is reduced. The shorter the transistor is, thi 
larger the influence of velocity saturation is. This is seen in the figure: the deviations on th( 
nonlinearity coefficients increase when the channel gets shorter. Also, the deviations are highe| 
when the order of the nonlinearity coefficient is higher. For example, the error between thq 
coefficient K 3(Jrn for a3^m transistor and this coefficient for a 0.7^m transistor is more thaij 
400% ! From this one can conclude that the value of K 3gm is highly dependent on the velocityi 
saturation effect. ! 

7.7 .4.4 Approximate expressions for the nonlinearity coefficients in the saturation region 

As mentioned above, expressions for the nonlinearity coefficients can be obtained with the api 
proach described in Appendix F. However, these expressions are very complicated. Even if thi 
approximation routines described in Section 3.5 are used, the approximate expressions are stil 
too lengthy to interpret. In order to obtain interpretable expressions we will derive nonlinearit] 
coefficients from the simpler drain current model of equation (7.120) and we will evaluate th4 
error with the coefficients obtained with the approach of Appendix F applied to the more accu- 
rate model of equation (7.121). The evaluation will be made for a transistor fabricated in thti 
0.7pm technology of Table 7.1 with W = 16 pm, L = 0.7 pm, V G s = 1-9V", Yds = 1-45V* 



7.7 Velocity saturation 



269 



and Vsb = 1.3V. In this way we find that V r ~ 1.17V, v DS at = 0.55V, and the drain current 
is 0.385mA. In this value, the effect of the output conductance (channel-length modulation and 
other effects) is not included. For comparison, the drain current computed with the level 1 model 
of equation (7.51) is found to be 0.55mA. 

Approximate expression for g m From the model of equation (7. 120) we find 

9m = ' k) ^' ' (Vos ~ V T ) ■ mobhot 2 • ^2 + (0 + (V GS - V r )) (7.137) 

with the function mobhot given by equation (7.119). The value of the function mobhot for the 
given transistor and the given bias point is 0.763. 

The value of g m obtained with the model of equation (7.121) is 0.987m. A/ V for the given 
transistor in the given bias point. The signed relative error on the value of g m obtained with 
equation (7.137) is -9.4%. This means that the value given in equation (7.137) is a slight under- 
estimation in the given operating point. 



Approximate expression for K 2gm Next we evaluate K 2(Jm with the drain current model of 
equation (7.120). We find 



K 2 



Qm 



w 

Po ^ ox 



2a ( 1 -b ( 0 + 



Mo 

v S atL y 



(V GS - V T ) 



(7.138) 



With the values from Table 7.1 the signed relative error on equation (7.138) for the given tran- 
sistor in the given bias point is —23.3% compared to the numerical value obtained with the more 
accurate drain current model of equation (7.121), which is 0. 523mA/ V 2 . This means that equa- 
tion (7.138) yields an underestimation of K 2gm in the given operating point. 

The second-order normalized nonlinearity coefficient K } 2g is found from equations (7.137) 
and (7.138): 



(' + (" + £l) ^ -’w) { 2+ { e+ ^z) (l/ “ - ^>) - ^ - w 

(7.139) 

It is seen that mobility reduction and velocity saturation make K* 2 smaller. This corresponds 
to the assertion that a submicron transistor behaves more linearly than a long-channel transistor 
that satisfies the square-law model [Gar 87b]. 

For the 0.7 g,m process of Table 7.1 we have 9 = 0.079V -1 , = 0.047m 2 / (Vs) and 

v sat = 1.94xl0 5 m/s. For a 0.7 Jim transistor the factor g, 0 /v sat /L is 0.346. This is about 4.4 
times higher than 6. Hence, velocity saturation plays a larger role in the saturation region than 
mobility reduction by the normal field. Further, if for the 0.7/rm transistor V G s = 1.9V and 
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V SB = 1.3V, then we find V T — 1.17V, such that V G s ~ Vt — 0.73V. Then we find that the ap- 
proximate value of the normalized second-order nonlinearity coefficient K f 2 is 0.45 V' 1 . With- 
out mobility reduction and velocity saturation the second-order nonlinearity coefficient would be 
approximately 1/2(V GS - Vt) (see equation (7.55)), which equals 0.68V' 1 . 



Approximate expression for K 3gm The numerical value of K :](Jrri obtained by using the ap- 
proach of Appendix F on the drain current model of equation (7.121) is — 0.1 54mA/ V 3 . 

With the drain current model of equation (7. 120) the following expression for K Zgm is found: 



*3 9m = 



-M0 c ' 0 



W 

0X ~L 



0 + 



Mo 

^ sat 7 / 



2a ( 1 + ( 0 + 



M o 

'Vsat.L 



(V GS ~ V T ) 



(7.140) 



For the given trans stor in the given bias point the signed relative error of this expression com-i 
pared to the numerical value obtained with the more accurate drain current model of equa- 
tion (7.121) is -15.5% which means that using equation (7.140) we obtain a coefficient which is 
too small in absolute value. ■ 

The normalized nonlinearity coefficient K' 3gm is found by combining equation (7.137) wit 1 
equation (7.140). This yields 



0 + 



K\ = 



Mo 



1 + 0 + 



Mo 



VsatL ) 



\ 



{Vqs ~ Vt) ) * ( 2 + ( 0 + 



Mo 

'VsatL . 



(Vgs - 




{Vgs ~ Vt) 

(7.141 



It is seen that this nonlinearity coefficient is completely determined by mobility reduction anc 
velocity saturation in the sense that the coefficient would be zero if these two effects were no 
present. In that case, 0 would be zero and v sat would be infinite. This is not exact: equa| 
tion (7.141) is only an approximation that neglects the third-order derivative of the function 
large that determines the drain current for a long-channel transistor with a thick gate oxide. Thii 
derivative is not zero, due to the § powers in the function large. 



Approximate expression for g mb , K 2grnb and K^ gmb The numerical values obtained with th< 
model of equation (7.121) for g mb , K 2gmb and K Sgmb at the given bias point are 0.249mA/V 
-58 .6/^4/V 2 and 9.35/xA/V 3 , respectively. I 

Using the simpler drain current model of equation (7.120) combined with the routines de- 
scribed in Section 3.5 to find approximate expressions of derivatives, we find ; 

1 w i J 

9rnb ~ ^-M0 C' oxT (v GS - Vt) ■ . ■ mobhot (7.142 

2 a L V<P + v sb \ 

The signed relative error on this expression compared to the numerical value obtained with tht 

more accurate drain current model of equation (7.121) is 5.6% which means that equation (7.142, 

yields an overestimation of g mb . 
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For K 2 g mb we find the following approximate expression 



K 2 



9 mb 



1 ril W 7 * mobhot 




^G5 “ Ft 
\/0 + 



+ 27( w G s - V T ) ■ 




■ mobhot 



) 

(7.143) 



The signed relative error on this expression compared to the numerical value obtained with the 
more accurate drain current model of equation (7.121) is -5.13%. 

The first two terms in the sum of the expression for K 2grnb are also present for long-channel 
transistors. Indeed, when these two terms are combined then, apart from the factor a in the de- 
nominator, we obtain the expression of K 2grnb given in Table 3.2. The third term has an opposite 
sign and it is due to mobility reduction and velocity saturation. The meaning of the difference in 
sign is that the absolute value of K 2gmb is lowered by mobility reduction and velocity saturation, 
which can be considered as a linearizing effect. 

An approximate expression for K 3gmb is given by 



K 3 



'9mb 



1 w 



7 mobhot 

{<t> + v S b ) 2 




vgs — Vt 

V <t> + VSB 



mobhot 



- 2 j{vcs ~ V T ) 

- 7 2 * ^0 + mobhot (f> + (7.144) 



The first two (positive) terms between the brackets are also present for long-channel transistors 
with a thick gate oxide, whereas the last two terms, which are negative, are due to mobility 
reduction and velocity saturation. Again it is seen that these effects decrease the absolute value 
of the nonlinearity coefficient. 

The signed relative error on this expression compared to the numerical value obtained with 
the more accurate drain current model of equation (7.121) is only 1% in the given operating 
point. This high accuracy should not imply the too optimistic conclusion that the model equa- 
tion (7.120) is very accurate. The good accuracy is merely due to a compensation of errors. 



Approximate expression for K 2g , K,^ and K,^,^ Using the approximation 
routines explained in Section 3.5 we find for A 2ff Ug b 



is VF 7 mobhot 

2 9m&g m b ~ MoC “oI ' + VSB 



2 + ( v gs — V T ) ■ ^9 + ' mobhotj (7.145) 
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Again it is seen that the long-channel value, that corresponds to the factor - ^ between the brack- 
ets, is partially compensated by a contribution of mobility reduction and velocity saturation. 

The exact value obtained using the model of equation (7.121) is -0.258 mA/V 2 . The signed 
relative error on expression (7.145) is -28%. This means that the absolute value of K 2g hg b is 
underestimated with equation (7.145). 

For AV . we find in the same way 

gm&9mb J 



K. 



^2 gm&LQmb 




\ 2 

fiQ \ 7 mobhot 



V S atL ) \f(j) + vsb 



1 — 2 (vas ~ Vt) 



6 _| — ) ■ mobhot ] 
V VsatLJ J 



(7.146) 



The value of K$ 2g hg b obtained with the drain current model of equation (7. 1 2 1 ) is 0.11 6mA / Vj 3 
The signed relative error on expression (7.146) is -21% which indicates an underestimation of 

^^2grn^9mb ‘ 

When the drain current model of equation (7.120) is used to compute a value for the coeffi-j 
cient Kx c „ then an error of more than 200 % is found compared to the value derived froir 
the model of equation (7.121). The value obtained with the latter model is -4.63 [iA/V a . Ac 
expression for this nonlinearity coefficient with an acceptable accuracy is very complicated. 
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7.8 Nonuniform doping effects 



In modern MOS processes an ion implantation is performed between the source and drain areas 
in order to adjust the threshold voltage. As a result, the doping concentration can no longer 
be considered as being uniform in the substrate: it now depends on the depth below the silicon 
surface. This means that the depletion layer underneath the channel stretches into a region that 
has a variable doping concentration. As a result, the body-effect coefficient, which depends 
on the concentration, depends on the width of the depletion layer, and hence on the voltage 
difference between a point in the channel and the bulk. Then 7 becomes dependent on v DB and 
v S b • This qualitative description is now considered in some more detail. 

The distribution of the ion concentration after implantation has a shape that resembles to a 
gaussian profile [Sze 85]. In computations the doping profile is very often approximated by a 
box profile, as shown in Figure 7.20. The box which stretches from the surface to a depth y I is 
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Figure 7.20: A MOS transistor with an ion-implanted channel . 



assumed to have a doping concentration A/ . The net concentration in the region between 0 (the 
surface) and y/ is then the sum of this concentration and the concentration N A that was present 
there before the implantation. Deeper than y/ the concentration is unaffected by the implantation 
step and so it is also equal to N A . 

Consider now the operation of the transistor in strong inversion. Below the inversion layer 
there is a depletion layer. If at any place in the inversion layer the voltage difference with the 
bulk is very small, then the depletion layer does not stretch beyond y r . This situation is depicted 
in part (a) of Figure 7.21. In this case, the drain current can be computed with the equations 
presented in the previous sections. Of course, some parameters must now be adapted to a higher 
doping level of N s = N A + A/. In this way, new values for 7 , 0 and V FB should be used. These 
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Figure 7.21: Different possibilities for the extension of the depletion layer in a nonuniform sub- 
strate: (a) the depletion layer does not extend beyond yj anywhere along the channel ( v S b < 
v D b < Vi)'> (b) at the drain side the depletion layer stretches beyond yj (v SB < Vi < v db)> (c)\ 
along the complete channel the depletion layer stretches beyond yi (V} < vsb < v db)- Notel 
that the depletion layer around the n + regions is not shown for simplicity . j 
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j 

(7.148) 

(7.149) 

Since N s is larger than N A , is larger than 7 without an implanted region, and </>i is larger than 
4> without implantation. 

This situation can also be described quantitatively. The width of the depletion layer can be 
written as a function of the voltage difference vqb between a point in the channel and the bulk: 



(7.150) 
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are given by [Tsiv 88 ] 
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If v C b is increased to a value such that the depletion layer touches the bottom of the simplified 
implant profile, then this value can be obtained from equation (7. 150) by setting y d = and then 
solving for v CB • The value of v CB found in this way is denoted as V, and is given by [Tsiv 88 ] 



V,= 



2 £si 



-<h 



(7.151) 



When v C b is increased above this value, then the depletion layer will extend beyond ?/, , into 
the part of the substrate with doping concentration N A . Due to the difference in concentration 
between the substrate part inside and outside the implanted region, the extension of the depletion 
layer will vary in a different way now. Indeed, the body-effect coefficient that must be used now 
is 72 , given by 



2esiqN A 



(7.152) 



which is smaller than 71 . 

At positive values of v DS , the extension of the depletion layer at the drain side is larger than 
at the source side. Hence, it is possible that the depletion layer at the source side stretches beyond 
the bottom of the implant whereas the depletion layer at the source side lies completely in the 
implanted region. This corresponds to part (b) of Figure 7.21. If v S b is large enough then the 
depletion layer at the source side can also stretch beyond the bottom of the implant, as shown in 
part (c) of Figure 7.21. 

Consider the following numerical example. For the 0.5pm process, from which some pa- 
rameters are listed in Table 7.1, the doping concentration of the p-substrate is 4x 10 16 cm -3 . The 
channel is implanted with p-type impurities using an effective dose of 2xl0 17 cm~ 3 . The depth 
of the implant y\ is 0.135pm. With these data, we find V[ = 2.36V". 7 ! = 0.768V 1/2 and 
72 = 0.3137V" 1 / 2 . This means that when v DB and v SB remain smaller than 2.36V" then the 
uniform doping approximation is valid with a concentration of 2 . 4 xl 0 17 cm -3 . 

Having in mind that the body-effect coefficient is smaller when the depletion layer stretches 
beyond the bottom of the implant, it is not difficult to see that the threshold voltage at a point 
in the channel will change with v C b as shown with the line with circles in Figure 7.22. This 
is in fact a piecewise model, consisting of two parts. At low values of v CB , corresponding to a 
depletion layer that does not stretch beyond the implanted region, the threshold voltage increases 
with a large body-effect coefficient 71 , since the doping concentration in the implanted region is 
high. As v CB increases, such that the depletion region extends below the bottom of the implanted 
region, the increase of V T is less drastic, due to a lower body-effect coefficient 72 . For the sake of 
comparison to this piecewise model, the threshold voltage is drawn as well for a uniform substrate 
with the same doping concentration as the implanted region (curve with the “diamonds”), and 
for the substrate without the implant (curve with the triangles). Clearly, the threshold voltage of 
the nonuniform substrate first follows the curve for 71 , after which the curve for 72 is followed 
with an offset. 
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O — O V T (piecewise model) 

♦ Vf for concentration N s 
A — A V T for concentration N A 
“““ V T with the BSIM model 



' 0.0 1.0 2.0 3.0 4.0 5.0 

VCB (V) 

Figure 7.22 : Threshold voltage versus reverse bias voltage in the presence of an ion implanted 
region between source and drain . 

7.8 f l Modeling with one single body-effect coefficient 

In many MOS models the unimplanted-channel model derived in previous sections is used with 
“compromise” values for the parameters 7, V FB and </>. For example, the value of 0.69V 1 / 2 for 
7 in Table 7.1 is such a compromise value. This approach can give satisfactory results when the 
dose of the implantation is low. If, however, derivatives of the drain current are computed in 
order to obtain the nonlinearity coefficients, then the variation of the body effect coefficient with 
bias is not taken into account at all. This will yield errors for higher-order derivatives. 

7.8.2 Adaption of the threshold voltage expression 

Most transistor models refer voltages to the source. Also, the threshold voltage is referred to the 
threshold at the source end of the channel. This can lead to errors on the nonlinearity coefficients 
as we have seen in previous sections. In such models the nonuniform doping effect is modeled 
by representing the threshold voltage as follows [Sheu 87, Gow 93, Pow 92, BSIM 95] 




Vp — Vto + bC 1. ( y 4> + vsb ~ v 1 0 ) + K 2 -Vsb 



(7.153) 
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This is an empirical formula, and the higher-order derivatives of this expression with respect 
to v S b will be wrong. For example, the last term in equation (7.153) is linear in v S b- This is 
not a correct dependence. As a result of this linear dependence, the influence of this term will 
disappear after the first derivative of V T . This will yield errors on nonlinearity coefficients. The 
higher the derivative, the larger the errors will be. 

For the 0.5 /xm process, the parameters K\ and K 2 are equal to 0.637F 1/2 and 1.47xl0“ 4 , 
respectively. For this process, the relationship given in equation (7.153) is compared to different 
threshold voltage models in Figure 7.22. The variable for the horizontal scale should be v SB 
instead of v CB . It is indeed seen that the model equation (7.153) deviates from the piecewise 
model with an amount up to 80 mV. The correspondence between the two models can of course 
be improved in some region of v s B values of interest if the fit factors K x and K 2 are adapted 
accordingly. 



7.8.3 Drain current model with three equations 

In [Tsiv 88] a drain current model is presented in which the nonuniform doping effect is mod- 
eled more accurately than with an adapted threshold voltage as in equation (7.153). The model 
of [Tsiv 88] is the extension of the model equation (7.37). It consists of three equations for 
the current: each of these equations corresponds to a case of Figure 7.21. The current and its 
first derivative are continuous at the transition from one equation to another. For higher-order 
derivatives discontinuities occur. The discontinuities arise from the fact that the doping profile is 
approximated by a box, rather than a more smooth profile. 

The result of using this model for the computation of the nonlinearity coefficients is that 
corrections on the nonlinearity coefficients will have to be made when a large bulk effect is 
present. In the triode region, corrections will be required for nonlinearity coefficients that com- 
prise derivatives with respect to v S b and v DB . In the saturation region corrections will be required 
for the derivatives with respect to v GS as well, since v DS at will be determined both by the bulk 
effect and by v Gs . The corrections will be more pronounced for higher-order derivatives. 

Effects that have been discussed in previous sections for unimplanted channels are often 
modeled in the same way for implanted devices. The values of the parameters that describe 
the effects are fitted accordingly. This can sometimes lead to inaccuracies on the nonlinearity 
coefficients, as will be discussed in the next section for the modeling of mobility reduction due 
to the vertical field. 

7 .8.4 Mobility reduction 

Mobility reduction in implanted devices is often modeled with the same equations as described 
in Section 7.6 or with equations that closely resemble [Wu 85] to the ones presented there. 

In [Groen 94] measurements of nonlinearity coefficients are presented for a transistor that 
operates in strong inversion, both in the triode region and in the saturation region. The mea- 
surements have been performed on a long-channel device ( W = 10 fim and L = 20 fim). In 
this way, the influence of velocity saturation is minimized. Other short-channel effects that will 
be discussed in the subsequent sections, are suppressed as well in this way. The measurements 
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have been performed up to high voltages: for example, the nonlinearity coefficients K 2grng and 
Kz grng have been measured in the triode region for V G s values up to \AV. In order to obtain a 
good match with measurements a new model for mobility reduction has been developed. This 
model takes into account the finite thickness of the inversion layer. The inversion layer stretches 
in a region with a nonuniform doping concentration: due to the channel implantation, the doping 
profile is gaussian. Since the mobility of electrons in the inversion is dependent on the doping 
concentration, the mobility is dependent on the depth beneath the oxide-silicon interface. Since 
the depth of the inversion layer is dependent on the normal electric field, and therefore dependent 
on bias, the mobility depends on bias. This reasoning results into a complicated model for the 
drain current that must be evaluated by numerical integration. 

This complicated model has proven to be accurate for long-channel transistors at high bias 
values. At low bias values simpler models as the ones described in Section 7.6 are still sufficient. 



7.9 Threshold voltage for short- and narrow-channel devices 

The region that must be depleted to build up an inversion layer right below the gate oxide is not 
limited to the gate area itself. Some of the electric field lines emanating from the gate charges i 
terminate on ionized acceptor atoms on the sides, right next to and below the channel. If the 
channel width is large, then the part of the depletion region on the sides is relatively small. 
However, for channel widths of only a few micrometers the side parts become a large percentage 
of the total. Since the gate must deplete a charge that is larger than predicted by the simple 
theory, the threshold increases. The increase in threshold voltage is described by the following 
empirical relationship [Tsiv 88, Anto 88, Lak 94, Hspi 96]: 



AKr = icMb ^ + Wsb) (7 * 154) 

in which 5 is a fit parameter. Other references [BSIM 95] use a a slightly different formulation. 
From this equation it is seen that the threshold voltage now has a term that is linearly dependent 
on vsb* whereas the simple theory only contains a term with the square-root of vsb- This extra 
term will only affect the first derivative of the threshold voltage. It is seldom important for the 
computation of nonlinearity coefficients. 

The above considerations indicate that the threshold voltage increases as the channel width 
decreases. On the other hand, as the channel length decreases, then it is found that the threshold 
voltage decreases. Moreover, it is found that for transistors with short channels the threshold 
voltage decreases as v D s increases. 

Several models have been proposed to explain the shift of Vt for short-channel transis- 
tors [Lee 73, Toy 79, Pool 84, Kend 86, Liu 93] leading to different names for this effect: charge 
sharing , barrier lowering or, in order to model the dependence on v DS , drain-induced barrier 
lowering (DIBL). 

In [Liu 82, Tsiv 88, Anto 88, Hspi 96] the threshold voltage decrease for short-channel tran- 
sistors is explained as follows: both at the source side of the channel and at the drain side a 
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part of the depletion layer charge underneath the channel is not controlled by the gate volt- 
age but by the drain voltage and the source voltage, respectively. For a short-channel tran- 
sistor these two parts become relatively important. These parts do not have to be included in 
the calculation of V T . In other words, the value of V T must be lowered. Using this model, 
the following semi-empirical expression is obtained for the change AV T of the threshold volt- 
age [Liu 82, Tsiv 88 , Anto 88 , Hspi 96] 



AVt — — o vds 



with 



8.UxlO~ 22 r} 

C^L 3 



(7.155) 



in which rj is a dimensionless fit parameter. This expression is used in the SPICE level 2 and 3 
models with 77 represented by the model parameter ETA. For the 0.7 urn process this parameter 
equals 0.0052. For a transistor with a channel length of 0.7 \xm this yields a change in V T of 
6 . 2 mV per Volt v^s- 

According to the model of equation (7. 155) the threshold voltage roll-off is inversely propor- 
tional to the third power of L. Also, it is seen that the roll-off is inversely proportional to C' ox . 
In other words, as t ox decreases, the threshold voltage roll-off is lower. This can be explained by 
the fact that with a smaller t ox the gate is closer to the channel. As a result, the gate is better able 
to control the depletion layer charge as opposed to releasing this control to the other structures 
that surround the channel. 

An alternative model explains the V T roll-off qualitatively as follows [Tsiv 88 ]. The situation 
in the channel is affected by field lines that emanate from nearby structures. In the analysis 
of long-channel devices, the only structures that have been considered were the gate and the 
substrate, in this context often referred to as the “back gate”. However, in short-channel devices 
the source and drain are so close to all points in the channel that they can affect the situation in 
the whole channel, just as the gate does. In other words, source and drain play a role comparable 
to the role of the gate, in addition to their role in long-channel devices. As a result, field lines 
emanating from all four structures (gate, bulk, source and drain) and terminating on points in 
the channel must be considered for an accurate description of the device. Bringing the source 
and drain regions closer to all points in the channel is similar to bringing the gate closer to the 
channel. The corresponding increase in drain current is modeled by using an effective threshold 
voltage that is lower than for long-channel devices. 

Finally, the concept of barrier lowering explains the shift of the threshold voltage as follows. 
As L is decreased, more of the region under the inversion layer is depleted for a given gate 
potential, compared to a long-channel device. The deeper depletion region is accompanied by a 
larger surface potential, which makes the channel more attractive for electrons. In other words, 
an increase in surface potential corresponds to a decrease of the potential energy for electrons. 
Since the potential energy “barrier” to the entrance of electrons into the channel is lowered, the 
name “barrier lowering” can be used for this effect. 

In [Liu 93] a more accurate model than the one from equation (7.155) is given for the reduc- 
tion of the threshold voltage of deep submicron devices. The model is derived using quasi-two- 
dimensional analysis. The exact expression for the threshold voltage change is quite complicated 
and it has a functional form Av DS + By/v DS . The model agrees well with device simulations 
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for channel lengths down to 0.1 pan. For somewhat longer channels, the model equation for AV T 
simplifies to 

= -0(L) [2 (Vj - </>) + v DS ] (7.156) 

with 

Q{L) = e~ L/2l + 2e~ L/l (7.157) 

In this equation, Vj is the junction potential of the junction between source or drain and the 
substrate, and l is a characteristic length , which has been found empirically to be 

Z « 0.1 (xj t ox £rf ep ) 1/3 (7.158) 

in which Xj is the depth of the source and drain junctions and x dep is the width of the depletion 
layer underneath the channel, which for simplicity is assumed to be a constant. In this equation 
l and Xj are expressed in micrometers and t ox in A. 

The meaning of this characteristic length can be interpreted as follows: the larger the channel 
length is compared to Z, the smaller the short-channel effect on Vp will be. Conversely, the* 
smaller l is, the more the short-channel effect on V T is postponed to smaller channel lengths. The; 
characteristic length can be made smaller by using a thinner gate oxide, which is in agreement- 
with the conclusion from equation (7.155), although the dependence on t ox is different. Also, the 
characteristic length can be lowered by lowering the junction depth x 3 of the source and drain 
regions or by increasing the channel doping level such that x dep is lower. The first option can be 
achieved by using LDD devices while the other option requires a channel implant with a high 
doping level (see Section 7.8). 

It is seen that the dependence of the threshold voltage roll-off on the channel length is also 
different compared to the dependence used in equation (7.155): the model of equation (7.156) 
shows an exponential dependence. Further it is seen that the dependence on v DS is linear in both: 
cases. 

Equation (7.156) is the basis for the model of the threshold voltage shift for short-channel 
transistors in the BSIM3 model. 

The threshold voltage roll-off is assumed to be unrelated to saturation: it is present for v D s 
values smaller and larger than v DS at • Even for voltages above v DS at , the channel area is still 
directly influenced by field lines emanating from the nearby drain. 

Since the threshold voltage roll-off is proportional to v DS , the derivatives of the current with 
respect to v DS will be affected by this effect. The threshold voltage roll-off will not signifi- 
cantly influence these derivatives in the triode region, since other effects will be more dominant. 
However, for transistors in saturation the threshold voltage roll-off will be one of the effects that 
determine output conductance. This will be discussed in more detail in Section 7.1 1. 

7.10 Source and drain resistances 

The channel of a MOS transistor is connected in series with two resistors: the source resistor and 
the drain resistor. This is shown schematically in Figure 7.23. 
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Figure 7.23: A MOS transistor including parasitic source and drain resistances . 

As MOS devices scale down, these series resistors become increasingly important. In the 
equivalent circuit of a bipolar transistor the impedances of the intrinsic device are usually lower 
(or the conductances) higher than in a MOS transistor. As a result, the relative importance of 
parasitic resistances in MOS transistors is usually lower than for bipolar transistors. The source 
and drain resistors consist of different components as will be seen in the next sections. 

7.10.1 Source and drain resistance components in conventional devices 

The source and drain resistances consist of three parts: 

1. the contact resistance between the n + region and metal; 

2. the resistance of the main body of the n + region; 

3. the resistance associated with the crowding of current flow lines as they go from the n + re- 
gion to the inversion layer, which is usually thinner. This is called the spreading resistance 
effect. 

In some transistor models, model parameters are provided to set the source and drain re- 
sistances. These resistances are then taken into account by generating additional nodes in the 
circuit between the intrinsic device and its terminals. However, in several models [Chow 92b, 
BSIM 95] the current equations are modified to directly include the effect of source and drain 
resistances. In this way, no additional nodes have to be added, and simulation execution times are 
reduced [Aro 89]. However, this is not correct for the computation of nonlinearity coefficients as 
will be discussed in Section 7.10.3. 

7.10.2 LDD structures 

As the channel length of a MOS transistor is reduced, hot-electron effects become more impor- 
tant. Electrons that travel at saturation velocity in the channel can gain enough energy to cause 
a number of effects. The first effect is impact ionization : electron-hole pairs are generated near 
the drain. The additional electrons contribute to an increased drain current, while the holes cause 
a substrate current. If the parasitic resistance to the nearest substrate contact is high, the sub- 
strate current can lead to a “de-biasing” of the transistor, and possibly snap back [Hsu 83]. The 
increase of the drain current is further discussed in Section 7.1 1. 
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A second effect caused by hot carriers occurs when they have enough energy to surmount the 
potential barrier at the interface between silicon and silicon oxide. In that case, they can become 
trapped in the oxide. This results in a cumulative change of device characteristics, which can 
lead to serious device degradation. 

The above effects can be reduced by a reduction of the lateral electric field in the channel. 
This can be achieved by a modification of the drain structure. Normally, the source is also 
modified due to the symmetrical nature of MOS transistors, but the main electrical effect is at 
the drain, where the electric field is usually highest. Such modification can be obtained with the 
lightly doped drain (LDD) structure, that is shown in Figure 7.24. In this structure a lightly- 




Figure 7.24: A lightly doped drain structure. 

doped n-type region is introduced between the channel and the drain. This allows the drain 
bias to be dropped over a greater distance, and so reduces the drain field. Details about the LDD 
structure can be found for example in [Hua 87, May 87, Lew 89, Hsu 89]. 

The lightly-doped drain structure involves an additional series resistance. This degrades the 
device performance, and the LDD device characteristics need to be optimized to keep the perfor- 
mance penalty minimal. Typically, a 10 - 20% current and transconductance loss is observed in 
LDD devices compared to conventional devices [Hsu 89]. 

The resistance of the LDD regions depends on the transistor terminal voltages. Hence it is 
nonlinear. A detailed computation of the transistor characteristics that takes into account this 
nonlinear dependence is found for example in [Hua 87]. However, the analysis is very often sim- 
plified in many transistor models as follows: the transistor characteristics are first computed with 
the assumption of linear resistances [Chow 92b, BSIM 95] but in the final drain current expres- 
sion the resistance is again allowed to depend on the transistor terminal voltages. This approach 
yields an acceptable first-order model for the resistance in LDD devices. However, errors will 
occur in the calculation of nonlinearity coefficients which are proportional to derivatives of the 
model equations. 



7.10.3 Effect on the drain current and on the nonlinearity coefficients 

The intrinsic drain-source voltage v DS is smaller than the extrinsic drain-source voltage v D > S f 
(see also Figure 7.23): 



(7.159) 



v ds ~ vd'S' ~~ 2 Rio 
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The last term is the voltage drop over the parasitic resistors. In many cases, one can assume 
that Rio is much smaller than vqs — Vt- If in addition v DS is much smaller than vqs — V T , 
then an approximate expression for the drain current in the triode region can be derived from 
equation (7.25): 

W 

io ~ ~j^^effC f ox ( v GS — Vt) vds (7.160) 

Combining equations (7.159) and (7.160) yields 
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(7.161) 
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The reduction of the drain current due to the source and drain resistances as described in equa- 
tion (7.161) has the same form as the simplified model of mobility reduction fi e ff = /x 0 /(l + 
0{vqs ~ Vt))- If both effects are small, then they can be combined as follows: 




^effC' 0X 

1 + (a R + 9) ( v G s ~ Vt) 



* gs ~ Vt) vprs 1 



(7.163) 



This simplified representation sometimes leads to erroneous interpretations as “mobility reduc- 
tion due to source and drain resistances”, which, of course, make no physical sense. 

A computation of the derivatives with the inclusion of the effect of source and drain resis- 
tances should better not start from equation (7.163), since it is an oversimplification, both for 
mobility reduction (see Section 7.6.2) and for the influence of the series resistances. The latter 
influence is modeled more accurately in references [Chow 92b, BSIM 95] and more specifically 
for LDD devices in [Hua 87, May 87]. 

Even if mobility reduction would not be present, which means that 0 = 0, then still equa- 
tion (7.163) is not a correct starting point for distortion computations. Assume for example that 
a transistor with a considerable source resistance R s is used in a circuit such that a resistor Ri is 
placed between its external source and the ground terminal. Then the transistor source degener- 
ation has a loop gain of g m {R\ + Rs)- If, one the other hand, equation (7.163) would be used, 
then the loop gain would be found to be g m Ri/(l + g m Rs )• As a conclusion, it can be stated 
that for the modeling of source and drain resistances with respect to an accurate computation of 
nonlinearity coefficients an extra internal source node is best considered, at the expense of more 
nodes in the complete circuit and, hence, longer CPU times for circuit simulations. 



7.1 1 The output conductance and its derivatives in saturation 

The output conductance of a MOS transistor is the slope of the i D — v DS characteristics with v c ,s 
and vsb kept constant. When the transistor enters the saturation region then, with the simplified 
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representation of Figure 7.5, the channel at the drain end gets pinched off, and in first order the 
drain current becomes independent of v DS . This would predict a zero slope in the saturation 
region. In reality the slope is not zero, since there is still a dependence on v DS . One of the 
effects that determine this nonzero slope, is the channel-length modulation effect, that has been 
mentioned already in Section 7.5.1. In the Grove-Frohman model (level 1 from SPICE) this 
slope is assumed to be constant, as indicated in equation (7.53). Although this model might be 
sufficient for digital applications, it is far from accurate for analog applications. 

The modeling of the output conductance in saturation is not straightforward. It has been 
investigated by many researchers [Chiu 68, Froh 69, Baum 70, Merck 72, Popa 72, Ross 76, 
El-Man 77, Tay 79, Poor 80, Tsiv 88, Shou 92, Pow 92, Chow 92b, Hua 92, Enz 95]. One of the 
reasons for the modeling problems is that at saturation the electric field distribution near the drain 
end is two-dimensional. The details of the field in that region are affected by the drain region 
details, such as the junction depth, and also by field lines coming from the gate [Tsiv 88]. An 
accurate evaluation of the output conductance requires numerical device simulations. This, how- 
ever, leads to lengthy computer simulations which are not feasible for practical analog integrated 
circuits. Many efforts have been done to overcome this problem by performing a simplifying 
pseudo-two-dimensional analysis, that should lead to simplified expressions with an acceptable 
accuracy. The parameters used in such pseudo-two-dimensional analyses are often empirical 
or semi-empirical. It is expected that the best models heavily rely on physics rather than on 
empirical fitting only. 

The modeling of the output conductance with the SPICE levels 1, 2 and 3 lack versatility, 
in these sense that they might be sufficiently accurate only for a small range of transistor dimen- 
sions and bias conditions. Moreover, the output conductance according to those models has a 
discontinuity at the transition from the linear region to saturation. As a result, large errors on 
the output conductance are reported [Shou 92, Hspi 96], typically 100% or more. It is clear that 
with such large deviations on the first-order derivative of the drain current with respect to v DS , 
the error on the higher-order derivatives can be so high that it is even impossible to just predict 
an order of magnitude for the value of these higher-order derivatives. 

7.11.1 The physical model of Huang et al. 

In [Hua 92] a physical model for the output conductance is presented that can be applied to both 
short- and long-channel MOS transistors. The model of Huang is the basis of the modeling of 
the output conductance in the BSIM3 model. However, in the latter model some fit parameters 
have been added [BSIM 95]. 

The modeling of channel-length modulation with the approach of Huang is based on a 
pseudo-two-dimensional analysis given in [Koh 89]. Similar pseudo-two-dimensional analy- 
ses that take into account the effect of lightly-doped drain structures can be found in [May 87, 
Chow 92a]. 

The model of Huang does not only take into account the channel-length modulation effect 
(CLM), it also accounts for drain-induced barrier lowering (DIBL) (see Section 7.9) and the 
influence of the substrate current (SC). This current is caused by electrons with high energy that 
travel through the velocity-saturation region: these electrons can impact on atoms and ionize 
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them, producing electron-hole pairs. This effect is referred to as impact ionization and it results 
in a substrate current. This substrate current flows from the drain to the substrate contact and 
produces a voltage drop across the substrate resistance. This voltage drop causes a reduction of 
the body effect, which lowers the threshold voltage and hence increases the drain current [Toh 88, 
Koh 89]. On the i D — v D s transistor characteristics the effect of the substrate current is seen as 
an increase of the slope at a drain-source voltage typically about 2 V higher than v DS at . In order 
to model this effect, a correction term is added to the drain current: 



i D tot - i D + isUB 



(7.164) 



where the first term in the right-hand side is the drain current ip without taking into account the 
impact ionization and the second term models the effect of the substrate current. An expression 
of %sub will be given below. 

The derivation of the output conductance with the model of Huang is based upon the drain 
current model of equation (7.109) which is repeated here for convenience: 



W P effC ( ox [(uqs - Vt) VDS ~ l av C>s] 
L 1 + Vds/ (LE c ) 



(7.165) 



and for the saturation region 



i dsat =Wv sat C f ox ( v G s — V t — a v ds at) 



(7.166) 



with v dsat given by 



E C L (vq$ — Vt) 

VDSAT ~ TP T , T7~ 

aE c L + vqs ~ Vt 



(7.167) 



Recall that these drain current expressions have been derived with the piecewise velocity-field 
model of equation (7.87) and with the assumption that the depletion layer charge varies linearly 
along the channel. 

The derivative of the drain current in saturation with respect to v DS can be written as the 
sum of three derivatives of the drain current with respect to vos- The three terms are caused by 
channel-length modulation, drain-induced barrier lowering and by the substrate current: 



dip dip 

dvpg dvps 

In accordance with the Early voltage used for bipolar transistors, one can define here an Early 
voltage for a MOS transistor as well. This Early voltage is defined by 



+ di ° 
CLM d y DS 



+ diD 
DIBL dv DS 



(7.168) 



SC 



V A 



ip 

dip 

dvps 



(7.169) 
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With each of the terms in equation (7. 168) an Early voltage can be associated. Their combination 
then yields the total Early voltage according to the following equation 

V A~ 1 = Vaclm + Vadibl + Vise (7. 1 70) 

in which Vaclm is the Early voltage caused by channel-length modulation, Vadibl is the Early 
voltage caused by drain-induced barrier lowering and V A sc is the Early voltage caused by the 
substrate current. The different contributions to the output conductance or the Early voltage are 
now discussed. 

7.11.1.1 Contribution of channel-length modulation 

When v DS increases above v DS at the part of the channel near the drain end in which the electrons 
travel at maximum velocity, increases towards the source. This reduces the effective channel 
length which causes an increase in drain current. In [Koh 89] it is shown that the relationship 
between v DS and the channel-length reduction A L is given by 

vds = Vdsat + k E c sinh (AL/l t ) (7.171) 



with the parameter l t given by 




(7.172) 



and Xj is the junction depth. For the O.Syum process, Xj = 0.235/im and t ox ~ 9.4nm, such that 
It equals 81.4nm. 

Having a relationship between the channel-length reduction and v DS , we can compute the 
contribution of channel-length modulation (CLM) to g 0 . This contribution is given by be 

contribution of CLM = 

OVqs 

The three derivatives in the rightmost part of this equation are determined now. 

From equation (7.166) we find for the first derivative 



d%D Ovdsat dL 



CLM 



dvDSAT dL dv 



DS 



(7.173) ; 



di 



D 



dv D sAT 

The second derivative is found from equation (7.167): 



-v aai WC'a 



(7.174) 



dvpSAT _ E c ( VGS - Vr) 2 

dL ( aE c L -f vqs — 



(7.175) 



For the third derivative a simple expression can be obtained when A L /, which is a valid 
assumption when v DS is far enough above v DS aT‘ Then equation (7.171) reduces to 



vds ~ vdsat 
kEc 



| exp {AL/l t ) 



(7.176) 
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It is seen that the channel-length reduction changes with the logarithm of v DS ~ v DS at when the 
transistor is far enough in saturation. The total effective channel length in saturation is L 0 - A L 
L 0 being the channel length used in the triode region. Hence we find 

dL dAL —L 

— — rj ljj\ 

dv DS dv DS V DS - v D sat 

Combining the three derivatives we finally obtain, after some algebra 



contribution of CLM = 



dip 

dvps 



CLM 



ipSATO’EJ't 

(aE c L 4- vqs ~ Vt) { v ds — vdsat) 



(7.178) 



It is seen that this contribution decreases as v DS increases. At high values of v DS the contributions 
from other effects will be more important for short-channel transistors, as will be seen below. 
For lightly-doped drain structures, the effect of channel-length modulation is smaller [Hua 87, 
May 87]. 

In the BSIM3 model the contribution of channel-length modulation, as given in equation (7. 178), 
is multiplied by a fit parameter P dm . Since the value of x 3 that occurs in the expression of l u 
cannot be determined very accurately, the parameter P dm should compensate for the error on the 
value of x 3 . For the 0.5 process P dm equals 0.88. 

The Early voltage associated with channel-length modulation, V A clm is found from equa- 
tion (7.178) to be 



Vacua — 



1 aE c L + vqs ~ Vt 
P cim aE c l t 



( v ds — vdsat) 



(7.179) 



7.11.1.2 Contribution of drain-induced barrier lowering 



In Section 7.9 it has been pointed out that for short-channel devices the threshold voltage de- 
creases about linearly with v DS . This drain-induced barrier lowering effect (DIBL) also influ- 
ences V T in the saturation regime. Since V T changes with v DSt the drain current changes as well, 
and in this way DIBL contributes to the output conductance. This contribution is given by 



contribution of DIBL = 



dip 

dvos 



DIBL 



dip SAT 

dvps 



(7.180) 



in which i DSA T is the current in saturation without taking into account the output conductance. 
Recalling the expression of i D sat, equation (7.166), we see that it depends on V T not only 
directly but also through v DS at • Hence we obtain 



contribution of DIBL = 



dip 

dvps 



DIBL 



dip SAT 

dvps 



( ^ DSAT 

\ dvDSAT 



dVpsAT dtps AT \ 

dVr dVr ) 



dV T 

dvps 

(7.181) 



The derivative dV T /dv DS is found using the model equation (7. 156) for the drain-induced barrier 
lowering effect: 



dV T 

dvps 



(e- L / 2l + 2e- L / 1 ) =-B(L) 



(7.182) 
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in which the function 0(L) is given in equation (7. 157). In the BSIM3 model a different function 
0(L) is used: 



®bsim 3 (L) = Pdibid [exp (-DroutL/21^ + 2exp (-D rout L/7 t )] + P<abic 2 (7.183) j 

in which P d ibici* D r out and P d ibic 2 are fit parameters. For the 0.5/rm process, P dib i cl = 0.013, ! 
PdMc 2 = 1.27xl0~ 3 and D rout = 0.153. ] 

The derivative di DS AT/dv D sAT is found from equation (7.174). The derivative dv DS at / dVp \ 
is found from the expression of v^sat given in equation (7.167): 



dvpsAT = aE\L 2 

dVr ( aE c L 4- vps ~ Vr) 2 



(7.184) 



Combining equations (7.174), (7.181), (7.157) and (7.184) we find 



contribution from DIBL = 



dip 

dvps 



DIBL 



'i'DSAT ( v gs ~ V T 4 2 aE c L) 0(T) 
(v G s ~ Vt) {aE c L 4 - v G s — Vr) 



and consequently 



(7.185) 



(vgs — Vr) ( aE c L + vqs — Vt) 
( v gs — Vt + 2 aEcL) 0(L) 



(7.186) 



The contribution of the DIBL effect to g 0 is seen to be independent of v DS . This is due to the 
linear dependence of V T on v DS . 



7.11.1.3 Contribution of the substrate current 

The substrate current depends on v DS with the following semi-empirical relationship [Chan 84, 
Toh 88] 

A . , , ( B - l t \ 

1SUB = * iDSAT * ( Vps “ VpsAT ) * GXp (7.187) 

E \ Vps - VpsAT / 

where A and B are empirical constants, and l t is given by equation (7.172). It is seen that the 
dependence of the substrate current on v D g is almost linear when vps is sufficiently higher than 

VDSAT- 

Taking the derivative of equation (7.187) with respect to v DS yields the contribution of the 
substrate current to g 0 : 

disuB A ( B ■ l t \ . 

-T =“ exp Zdsat 

OVps B \ Vps “ VpsAT J 

A At ( B At \ 

+ exp ( ) ■ i DSAT (7.188) 

VDS - VpsAT \ VpS ~ VpsAT / 



7.11 The output conductance and its derivatives in saturation 



289 



The second term is usually negligible for v DS values far enough above v DS at , which is the range 
where the substrate current becomes significant. Hence we obtain 



d * y\. 

contribution of i S uB = « -= ■ idsat • exp 

dv DS B 



B - It ' 

VDS — VDSAT , 



Z SUB 

V DS ~ VDSAT 

(7.189) 



This is an increasing function of v D s, which is in agreement with the statement that the slope of 
the %d ~ vds curve increases at high vos values. 

The Early voltage associated with the substrate current is given by 



Vasc — 



l Dtot 

disuB 

& V DS 



B 

= - eX p 



B-l t 



Vos ~ VDSAT, 



(7.190) 



In the BSIM3 model the ratio A/B is replaced by Pscbez /L and B by Pscbei , with P S cbei 
and P scbes being fit parameters. For the 0.5 fim process of Table 7.1, Pscbei =4.52xl0 8 V7m 
mdPscBEz = 5x10 h m/V. 

For the BSIM3 model the Early voltage given in equation (7.190) reduces to 



Vasc — 



PSCBE2 



exp 



Pscbei • k 
vds ~ vdsat , 



(7.191) 



7.11.1.4 Continuity of the output conductance 

One of the pitfalls in many MOS models is the discontinuity of the output conductance at the 
transition from the triode region to saturation. This problem is solved with the model of Huang 
by modifying equation (7.170) as 



Va — VAsat + 



1 



v~ l 

v AD IB L 



+ Vacua + V 1 



ASC 



(7.192) 



where V Asat is the Early voltage at v DS = vdsat- This can be obtained from equation (7.165), 
and it is found to be equal to E C L + vdsat • 

Although the continuity of the output conductance has been achieved, this is not the case 
with the derivatives of the output conductance. This will be shown in the next section with 
BSIM3 version 2 model parameters. The continuity of the output conductance and its derivatives 
as computed with the BSIM3 version 3 model has not been investigated yet while this book 
was written. As a result of the discontinuity, the value of the nonlinearity coefficients such as 
K 2qo and K 3go , in which higher-order derivatives of the drain current are involved, will still be 
inaccurate for v DS values in the vicinity of v DS at- 



7.11.1.5 Evaluation of the output conductance and its derivatives 

Having discussed the different contributions to the output conductance, g 0 and the nonlinearity 
coefficients K 2go and K:\ (Jo can be evaluated. The evaluation has been performed with the BSIM3 
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version 2 model. The accuracy on the higher-order derivatives is expected to be not very high, due 
to the different simplifications that have been made in the derivation of the different contributions. 
Nevertheless, a good indication of the order of magnitude should be obtained for the nonlinearity 
coefficients. 

The three mechanisms that contribute to the output conductance, have a different dependenc 
on v DS ' the contribution of channel-length modulation is proportional to l/(v DS - v DS at ). 
the DIBL contribution is constant and the contribution of the substrate current is an increasing 
function of v^s — vdsat * Depending on the model parameters the dominant contribution to thel 
output conductance can be different in different bias regions. j 

The output conductance and the higher-order derivatives of the drain current with respect toj 
v DS are evaluated for an n-MOS transistor with a gate width of HApm and a gate length of 
0.5 pm. The model parameters are the ones from the 0.5 pm process from which some model 
parameters are listed in Table 7.1. The gate-source voltage is kept fixed to 1AV and the source- 
bulk voltage is 0V^. The drain- source voltage is swept from 0V to 3.3V. With these data vdsat 
is found to be 502 mV. 

Figure 7.25 shows the output conductance as a function of the drain-source voltage both with 
and without the effect of the substrate current. At the transition point from the triode region to 




VDS 



Figure 7.25: The output conductance as a function of v D g, computed with the BSIM3 version 2 
model [BSIM 95] for an n-MOS transistor with W = 11.4pm, L = 0.5 pm, Vgs = IAV and 
Vsb - 0V. 

. i 

saturation, vds — vdsat , a kink is noticed in the curve of g 0 . As v DS is increased above v D saT 
it is seen that the output conductance decreases. In this bias region, the output conductance 
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is primarily determined by channel-length modulation. If the effect of the substrate current is 
neglected, then it is seen that the output conductance asymptotically goes to a constant value 
as v D s increases. This value is determined by the contribution of the drain-induced barrier- 
lowering effect. However, due to the substrate current the output conductance starts to increase 
again around v DS = 2.5V". 

The nonlinearity coefficient K 2go is shown in Figure 7.26 as a function of v DS . This figure 



< 

Cs 




VDS 



Figure 7.26: Absolute value of K 2go as a function of v DS for the n-MOS transistor with W — 
L = 0.5 fim, V GS = IAV andVsB = 0V. 



shows a discontinuity at the transition from the triode region to saturation. This has no physical 
sense and it is due to a shortcoming in the model. At the v DS value where the output conductance 
is minimal (see Figure 7.25) we see that K 2go is zero. This is clear, since K 2(Jo is nothing else 
but the derivative of g 0 with respect to v DS , multiplied by two. If the substrate current would be 
non-existent, then g Q reaches a constant value at high v DS values, such that K 2go slowly goes to 
zero. 

The third-order nonlinearity coefficient K Sgo is shown as a function of v DS in Figure 7.27. 
Due to the discontinuity of K 2go at v DS at , AT 3ffo shows a peak at v DS at- 

It is seen that even with the inclusion of the effect of the substrate current, K 3 asymptot- 
ically goes to zero for high v DS values. This is due to the fact that for high values of v DS the 
substrate current is almost linearly dependent on v DS - v DS at ■ Due to this linear dependence 
the derivatives of order higher than one become very small. 

Finally, the second- and third-order normalized nonlinearity coefficients of the output con- 
ductance are shown in Figure 7.28 and 7.29 as a function of v DS and for different v G s values. 
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VDS 



Figure 7.27: K 3go as a function of v D s for an n-MOS transistor with W = llAfirri, L — 0.5 fim, 
V G s — 1-4V and Vs b — 0 V. , 

i 

The region around v D sat should not be considered since the BSIM3 version 2 model is noi 
reliable there. However, it is seen that the normalized nonlinearity coefficients K' 2(]o and 
are higher on the average than for a bipolar transistor. Also, the range of variation of these 
coefficients between vqsat and 3.3V is much higher than for a bipolar transistor. 



7.11.1.6 Evaluation of other nonlinearity coefficients in saturation 

From the model equations that describe channel-length modulation, drain-induced barrier low* 
ering and the substrate current do not only depend on v DS but also on v GS and vsb • Hence thjj 
derivatives of the current with respect to v G s and vsb are also affected by these effects. How^ 
ever, the dependences of CLM, DIBL and SC on v GS and v S b are usually negligible compare^ 
for example to the dependences of the functions large , mobred and hot on v G s and vsb ■ ! 



7.12 Capacitors in a MOS transistor 

In this section the capacitors in a MOS transistor in strong inversion are briefly discussed 
Hereby, quasi-static operation of the MOS transistor is assumed. The capacitors that are coil* 
sidered here are shown in Figure 7.1. With these capacitors the quasi-static MOS model is noi 
complete in the sense that the capacitance effect of every terminal of the transistor on every othei 
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© © Vcs = IV 

© © vcs = 1-5V 

O $vgs — 2K 

A — A^gs = 2.5F 
# ytVGS = 3K 



Figure 7.28: Absolute value of for the n-MOS transistor with W = ll.4j.irn and L — 
0-5 pm, as a function ofv DS and for different values ofv GS (v SB = 0V) . 



terminal is not modeled. Such complete modeling requires the use of transcapacitances as ex- 
plained for example in [Tsiv 88]. However, the capacitances that are shown in Figure 7.1 or in 
the linearized equivalents of Figure 7.2 and 7.3, are widely used because capacitive effects can 
be modeled quite simply and with a sufficient accuracy as long as the frequency is not too high. 

The capacitors in a MOS transistor can be divided in two classes: extrinsic capacitors and 
intrinsic capacitors. 



7.12.1 Extrinsic capacitors 

Extrinsic capacitors arise from different sources. First, overlap capacitors arise due to the un- 
avoidable overlap between the gate and the n+ regions of source and drain and due to the overlap 
of the gate and the substrate outside the channel region. The latter overlap gives rise to the 
gate-bulk overlap capacitor C gboy while the first overlaps yield the gate-source and the gate-drain 
overlap capacitors, C gso and C gdo , respectively. These capacitors are assumed to be linear. 

A second class of extrinsic capacitors consists of the capacitor of the junction between the n + 
source and drain regions and the bulk. These junctions are reversely biased in normal operation. 
These junction capacitors are of course nonlinear, as described in Section 3.4. These junction 
capacitors form the first part of C sb and C db . The other part of these capacitors originates from 
the intrinsic part of the transistor, as described in the next section. This part is omitted in many 
transistor models. 

<( should be noted that the junction capacitors consist of two parts: a “bottom wall” part and 
a ‘sidewall” part. Since the doping concentration of the substrate is higher near the surface, the 
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G — O vqs — 

□ E ] vqs — 1-51 

0 0vqs = 2V 

A — Av gs ~ 2.51 
* *v GS = 3V 



Figure 7.29: Third-order normalized nonlinearity coefficient for the n-MOS transistor with 
W = llAfcm and L = 0.5 (im, as a function of v DS and for different values ofv GS (vsb = 0 V" Jt 



sidewall part is larger per unit area than the bottom wall part. The difference between the tw<| 
parts gives rise to two different junction potentials and two different grading coefficients. ! 

1 

7.12.2 Intrinsic capacitors 

The value of the intrinsic capacitors is always a fraction of the total intrinsic capacitance C ox = 
C f 0X WL. This fraction is bias dependent, and as a result, the intrinsic capacitors are nonlinear. 
In many MOS models and in hand calculations this bias dependence is neglected. Also, several 
intrinsic capacitors are completely neglected in many MOS models and hand calculations. 

For a MOS transistor with W — 16 jim and L = 0.7 nm fabricated in the 0.7 fim process o| 
Table 7.1, C’ ox is found to be 2.03 /F/(//m) 2 , and the total intrinsic capacitance is 22.75 fF. A 
transistor of minimum channel length and with the same value of W/L but now fabricated in tha 
0.5// process of Table 7. 1 has a width of 11.4/im. With C f ox = 3 Ah fF /(/xra) 2 the total intrinsic 
capacitance is 19.68 fF. 

The following intrinsic capacitors can now be distinguished: s 
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1. The gate-source capacitor C gs . In strong inversion this can be approximated by [Tsiv 88] 



with a given by 





1 + 2a 

(1 + «) 2 



a -- 



T VDS . r 
I II Vds < V&SAT 

VDSAT 

o if Vds > Vdsat 



(7.193) 



(7.194) 



From this equation it is found that in the triode region at v DS = OV , C gs equals \C ox , 
whereas in saturation C gs equals ~C 0X . This means that, as v DS increases, C gs will in- 
crease, until the transistor enters saturation. In other words, C gs is a capacitance that in the 
triode depends on the terminal voltages whereas it becomes independent of the terminal 
voltages as the transistor enters the saturation region. This is not exact. More accurate ex- 
pressions which, for long-channel transistors, can be found in [Turch 83], indicate that C gs 
is not constant in saturation. Also, the dependence of C gs in the triode region on the termi- 
nal voltages is somewhat different than predicted by equation (7.193). For short-channel 
transistors effects such as velocity saturation influence the capacitance values and should 
be taken into account [Sheu 84, Iwai 85], 

2. The bulk-source capacitor C^ 6 . This represents the capacitance of the field-induced junc- 
tion formed by the substrate and the inversion layer at the source end. It is placed in parallel 
with the junction capacitor between the n + source region and the substrate. It is neglected 
in many models. However, in long-channel transistors it can become significant compared 
to the junction capacitance between source and drain. Its value is approximately given 
by [Tsiv 88] 



Csb = SC gs (7.195) 

where the parameter S has been used in the expression for the drain current, equation (7.44). 
The parameter 6 is often given by 7 / (2y/~f+ v S b), as discussed in Section 7.4.3. 

At v D s = O V we fi nd, using equation (7.193), that the capacitance C sb equals \6C 0X - 
Using 7 = \/2s si Na / C’ ox , we obtain 



a 






WLy / qesjN A 
y/2((j) + Vsb) 



(7.196) 



This is half the value of the capacitance of an inversely biased junction (see equation (3. 107)), 
where the junction potential is equal to <j> and the reverse voltage is v S b- Hence, the shape 
of the nonlinearity of this capacitance is similar to the shape of the nonlinear junction ca- 
pacitance between the n + source region and the substrate. However, the grading coefficient 
and the junction potential can be different. 

6 In fact we could write the bulk- source capacitor also as C^ s . Since we do not work with transcapacitances here, 
we do not make a distinction between C S b and Cb 8 . 
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As the transistor enters the saturation region, C sb is given by 



C sb = 1 5C n 



(7.197) 



Just as for C gs more accurate expressions for C sb can be found for example in [Turch 83], 



3. The gate-drain capacitor C ljd - Its value is approximately equal to [Tsiv 881 




9 cd -F 2a 



(7.198) 



with a given by equation (7.194). Again it is seen that this capacitance depends on the 
three terminal voltages when the transistor is in the triode region. At v DS = OV its value 
equals \C 0X ■ When the transistor is in saturation, its value is zero. 



4. The bulk-drain capacitor C db . This is the capacitance of the field-induced junction formed 
by the inversion layer at the drain end and the substrate. The value of C db is approximated 
by [Tsiv 88] 



Cdb fiCgd 



(7.199) 



Just as with C sb , this capacitor appears to be parallel with the capacitor between the rC 
region of the drain and the substrate. In saturation we find, using equation (7.198), that 
Cdb is zero. 

5. the gate-bulk capacitor C gb . This capacitor is again dependent on the bias voltages and itj! 
is given by 

r 6 c ( l — 

tf ' ,_ 3(1 +6) ox \l+a 

In the triode region this capacitance is zero, while in saturation C,, h equals 6C oz / (3(1 +<5)).( 

f 

The capacitance model of the intrinsic part with the above capacitors is only valid until about ! 
one tenth of the frequency /„ given by [Tsiv 88] 

t _ l l eff( v cis ~ Vr) ( 7 . 201 ) 

Jo 2 tt aL 2 

For a MOS transistor with L = 0.7/tm fabricated in the given 0.7/tm technology of Table 7.1 
and with vqs — 1 v = 1 1 7 , and vsb = 1 .3 V 7 ", we find o — 1.25 and j a is found to be 12.1 GHz . 
Hence the equivalent circuit of Figure 7. 1 is valid until about 1 . 2 GHz . At higher frequencies an 
equivalent circuit must be used that contains transcapacitances or, even better, a non-quasi-static 
model should be used [Tsiv 88, Park 92, BSIM 95]. These models are not discussed in this book. 

Apart from the frequency limitation, the use of the capacitors as in Figure 7.1 has the draw- 
back that the charge conservation rule is not satisfied. This again can be solved by using trans- 
capacitances [Tsiv 88]. 

The above analysis of MOS capacitances has shown that in the saturation region the intrinsic 
capacitors are almost linear. In the calculations in Chapter 8 we will follow this assumption. 



(7.200) 1 
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7.13 Drain current in weak inversion operation 

A transistor is said to enter the weak inversion region when v GS becomes smaller than V T . 
In [Tsiv 88] the upper limit of the weak inversion region for v G s is given by 

Vas < Vfb + 2$ f + ')yj2<$> F + v SB (7.202) 

which is smaller than V F = V FF -f- (p 4- 7 y/<i> + vsb-> since (j> is larger than 24> F by a few times V t . 

For the weak inversion region we will consider the drain current and its nonlinearity coeffi- 
cients. 



7.13.1 Expression of the drain current 

When a potential difference is applied between the gate and the bulk of a MOS transistor then 
this will cause charges to appear in a region close to the surface. The surface potential U' s is 
defined as the potential drop between the surface and a point outside that region. In strong 
inversion, when the complete channel is strongly inverted, practically does not change with 
v ( ; a , and we have for a point x between 0 and L: 

^b{x) = 4> + v cb {x) (7.203) 

It is seen that the potential depends on the place in the channel. 

As the gate-source voltage drops below V T , then the MOS transistor is said to enter the 
subthreshold region and the drain current begins to fall rapidly with decreasing v as . In this 
operating region, referred to as the weak inversion operating region, the surface potential now 
depends on v aB and is given by [Tsiv 88] 

i’, « + \J J + vgd - VvTj (7.204) 

It is seen that i/j s is now independent of the position in the channel. In other words, the potential 
difference between two points at the surface is zero. As a result, a nonzero current can only be 
caused by diffusion of electrons. This contrasts with the transport mechanism of electrons in the 
strong inversion operation, which is caused by drift, due to a nonzero electric field. 

Based on equation (7.204), one can compute an approximate closed-form expression for the 
subthreshold diffusion current for large-channel devices, which yields [Aro 89, Tsiv 88, Dun 91]: 

io = T exp ^ t 1 ~ -Vds/V, (7.205) 

where i/;, is computed using equation (7.204). 

The dependence of v GB and hence v GS on 'tp s (equation (7.204)) is almost linear. As a re- 
sult, equation (7.205) is simplified in many CAD models to an expression of the form fAro 89 
BSIM 95] 

/ v gs — Vt — V 0 ff 

V riVt 



id = Is o (1 - exp(-v DS /V t )) exp 



(7.206) 
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Here V off is a model parameter. For the 0.5 pm process its value is -0.1251/. Further, the 
parameter n is the so-called weak-inversion slope which is the slope of the functional relationship 
between v GB and ip s : 



dv G B 

dip s 



This is approximately given by by [Tsiv 88 ] 



n « 1 + 



7 

2A/l-5<&ir + vsb 



(7.207) 



(7.208) 



For short-channel devices, and particularly at large values of v DS , the surface potential ip s 
is no longer constant along the channel and it is higher than for long-channel devices. Still the 
exponential relationship applies, but the parameters n, I s0 and V off are fitted to an acceptable 
value. This way of working, of course, may give large errors on the derivatives. 

The influence of the ion implantation for the V T adjust (see Section 7.8) on the transistor 
characteristics in weak inversion can be described as follows: for large v S b values, the depletion 
region is outside the implant and the device qualitatively behaves as an unimplanted device. The 
slope of the curve log(iu) versus vqs is proportional to n as before, where n is again given by 
equation (7.208), but with 7-72 with 72 given in equation (7.152). For low values of v S b the 
depletion region lies completely inside the implant. Then 7 = 71 (equation (7.147)), such that 7 ^ 
is larger and the slope is smaller. As v GS increases, the depletion region can move over a region 
with a widely varying concentration. Then n becomes dependent on v G s . j 

We now compute the weak inversion slope for the 0.5 pm technology of Table 7.1. It 
assumed that the source-bulk voltage difference is small enough such that the depletion laye&j 
does not stretch beyond the implantation region for the adjustment of the threshold voltage. In 
this region, we found in Section 7.8 that the doping concentration is 2.4xl0 17 cm“ 3 . Using* 
equation (7.21) the Fermi potential § F is found to be 0.429V. Further, 7 = 0.768V 1/2 asj 
computed in Section 7.8. Then for v S b = 1.3V we find, using equation (7.208), n = 1.275. 



7.13.2 Nonlinearity coefficients of the drain current in weak inversion 

>■ 

In order to have an idea about the value of the nonlinearity coefficients that describe the drain 
current in weak inversion, some derivatives of equation (7.206) are computed. 

For the transconductance g m we easily find 



9rn 



nV t 



and for the second- and third-order nonlinearity coefficients 

K = { - 
2s ™ 2 n 2 V t 2 



K*„_ = 



id 



9m Q n 3 y t 3 



(7.209) 



(7.210) 



(7.211) 
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and for the normalized nonlinearity coefficients 

(7.212) 

(7.213) 

The expressions of the nonlinearity coefficients are closely related to the expressions of the 
nonlinearity coefficients that describe the dependence of the collector current of a bipolar tran- 
sistor on in both cases we find an exponential dependence of the current on the controlling 
voltage. An important difference, however, is that the slope of the curve in weak inversion is 
proportional to 1 /n, which is considerably smaller than one, whereas for a bipolar transistor it 
is proportional to 1 jn F (see equation (6.2)), which is very close to unity under normal injection 
conditions. 



^ 2grn 2 n V t 

K' - 1 

3 $m Qn 2 V t 2 



Derivatives with respect to v SB For the computation of the derivatives with respect to vsb> 
we start from the current expression of equation (7.205). If v DS is sufficiently larger than zero, 
then the exponential term that contains vps in equation (7.205) is about zero, and we find 



9 mb ^ 



1 1 1 
+ TT + 



\ nV t V t 2mp s J 

The last term between the brackets is negligible compared to the first two terms, and we find 

n — 1 ip 



(7.214) 



9 mb - r r 

n V t 

An approximate expression for the second-order nonlinearity coefficient is found to be 

i D (n - l ) 2 

2 9mb y2 2 n 2 

and for the third-order nonlinearity coefficient 

i D (n - l ) 3 

3 9mb ~ y3 Q n 3 

In this way, we find for the normalized nonlinearity coefficients 

K' 1 



(7.215) 



(7.216) 



(7.217) 



9mb V t 2 n 

K < « J_ . Z 1 ) 2 

3 9mb y2 0 n 2 



(7.218) 



(7.219) 
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Derivatives with respect to v^s From equation (7.205) or (7.206) we find for g 0 



i_D exp (-yps/Vt) 

Vt 1 - exp (~v DS /Vt) 



(7.220) 



This equation predicts that g a rapidly goes to zero as v DS increases. However, equation (1.220% 
neglects the direct influence of the drain field on the channel, as discussed in Section 7.11. Hence, 
the use of equation (7.220) to derive the nonlinearity coefficients that are proportional to deriva-j 
tives of the drain current with respect to vqs* is questionable. 



7.14 Summary 

In this chapter we discussed the nonlinearity coefficients that describe the different basic nonlin-| 
earities of a MOS transistor. Most attention has been paid to the modelling of the drain current 
in strong inversion. Both the triode region and the saturation region have been considered. Sincel 
the drain current is a function of three terminal voltages, nineteen nonlinearity coefficients of or- 
der one to three are required to describe the drain current’s nonlinearities. First the nonlinearity 
coefficients have been derived for a long-channel transistor without any second-order effects. In 
this case, the quadratic model is often used in saturation, although a more accurate model takes 
into account extra terms with § powers. It is seen that there are already significant differences 
between the higher-order nonlinearity coefficients for these two models. The quadratic model 
corresponds to the SPICE level 1 model, while the model with the | powers is a part of the 
SPICE level 2 model. The level 3 model and the BSIM model approximate the § models by 
low -order polynomials for efficiency reasons. However, this leads to large deviations for some 
higher-order nonlinearity coefficients. 

Next, different models for mobility reduction have been considered. Again, significant differ- 
ences have been noticed between the higher-order nonlinearity coefficients obtained with more 
complicated models and with simplified models. 

For velocity saturation the most widely used models have been considered. The nonlinearity 
coefficients have been computed with a velocity-field model that is more accurate than the piece- 
wise velocity-field model that is widely used in MOS models nowadays. As a result of using this 
more accurate model, the saturation voltage cannot be computed accurately anymore. Instead it 
must be computed by iteration. Clearly, such model is not efficient for numerical simulations of 
large transistor circuits. However, it yields a better accuracy for the nonlinearity coefficients. 

Although the drain current model is very complicated when an accurate mobility reduction 
model and velocity saturation model are taken into account, approximate closed-form expresij 
sions have been derived for the nonlinearity coefficients. This has been achieved by the approach^ 
described in Section 3.5 that allows to identify the dominant terms of a nonlinearity coefficient. 
The approximations have been obtained for transistors of a given size in a given bias point. One 
should be careful when the reported approximate expressions are used for transistors of other 
technologies than the ones used in this chapter (technologies down to 0.5/xm) and for other bias 
points. For example, some nonlinearity coefficients are determined by several effects that par- 
tially cancel. The net value can then be very small. As a result, the real value of such nonlinearity 



7.14 Summary 



301 



coefficient can largely deviate from the computed value. In addition, the canceling effects may 
be masked by other effects that have not been taken into account during the calculations. 

The accurate mobility reduction model and the velocity saturation model that have been used 
in this chapter to derive nonlinearity coefficients are symmetrical with respect to source and 
drain in the triode region of the transistor. This corresponds to the physical reality: at v DS = 
0V r the role of source and drain is identical. However, such symmetry is seldom used in most 
MOS models for efficiency reasons. As a result, many MOS models yield inaccuracies on the 
nonlinearity coefficients in the triode region, especially in the vicinity of v DS = 0V\ In the 
saturation region, however, the effect of this asymmetry is small, since the role of source and 
drain in this operating region is completely different. 

Next, some other effects have been discussed: nonuniform doping effects, the influence of 
source and drain resistors, the variation of the threshold voltage with bias conditions for short 
and narrow transistors and the nonlinearity of the output conductance in saturation. This output 
conductance has been modeled with the model of Huang et al. . This output conductance is 
caused by several effects: channel-length modulation, drain-induced barrier lowering and the 
substrate current. By taking into account these effects, the output conductance can be described 
quite accurately and a realistic order of magnitude can be obtained for the coefficients K 2(}a and 

^ 2</o • 

Finally, it should be noticed that the modeling of a MOS transistor is a difficult, never ending 
task. Due to the rapid scaling of MOS technologies, additional effects need to be taken into 
account while effects that have been well modeled for transistors of older technologies need to be 
modeled in another way for newer technologies. This will of course influence the computations 
of the nonlinearity coefficients. 



Chapter 8 



Weakly nonlinear behavior of basic analog 
building blocks 

8.1 Introduction 

In this chapter we study the nonlinear distortion in some basic analog building blocks both in| 
MOS and bipolar. Jistortion in analog circuits that consist of analog building blocks, has been 
studied already for some particular classes of circuits, such as time-continuous filters [Groen 94, 
Tsiv 93a, Tsiv 94]. A treatment of these circuits would require a thorough study of those classes 
of circuits, which is beyond the scope of this book. Instead, we will analyze some small circuits! 
in order to provide the reader some feeling about nonlinear distortion in general. This experience 
can be helpful in the analysis or design of more complicated circuits such as filters. i 

An amplifier with a single bipolar transistor is studied first. This circuit is studied in depth and 
the calculations are elaborated: in this way, the reader can become familiar with the calculation 
method explained in Chapter 5 with a small example circuit. In addition, an analysis in depth of 
this small example circuit will yield insights that are useful for larger circuits as well. 

Although the circuit is very small compared to analog integrated circuits of nowadays, thej 
expressions already become very lengthy. Nevertheless, approximate interpretable expressions 
can be obtained using the approximation facilities of ISAAC. Using ISAAC in this way, we cai| 
analyze distortion deeper than in other textbooks or papers. f 

However, it is not always necessary to have a symbolic expression in order to get insight in 
distortion mechanisms. In Chapter 5 it has been explained that a given harmonic or intermod- 
ulation product can be considered as the sum of contributions of the different nonlinearities in 
the circuit. A plot of the different contributions, for example as a function of the fundamental 
frequency, can already be very instructive, such that it is not necessary anymore to derive ar 

expression. 

Next, a single-MOS-transistor amplifier will be studied. The calculations will not be made 
as much in detail as for the bipolar case, since many results can be adopted from the bipolai 
case. For the evaluation of the nonlinearity coefficients in this example, we will make use of the 
transistor model that takes into account velocity saturation and mobility reduction, as describee 
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in Sections 7.7. 2.4 and 7.7. 3. 3. 

Next, some other basic building blocks are studied: in Sections 8.4 and 8.5 differential pairs in 
with bipolar and MOS transistors are discussed. Differential pairs ideally do not produce even- 
order distortion. This is no longer true when mismatches are taken into account. Mismatches are 
important as well in current mirrors, which will be discussed in Section 8. 10. 

Further, in Section 8.6 an emitter follower is considered, and a source follower is studied in 
Section 8.7. The distortion of a cascode transistor driven by a current is studied in Section 8.8. 
Distortion in a common-gate and a common-base transistor driven by a voltage source is analyzed 
in Section 8.9. Finally, the nonlinear behavior of current mirrors is studied in Section 8.10. 

The capabilities of a symbolic network analysis tool such as ISAAC to obtain insight in the 
nonlinear distortion of somewhat larger circuits, are illustrated with two examples, namely a 
bipolar double-balanced mixer based on a Gilbert cell, and a Miller-compensated operational 
amplifier. 

Further, we will study a CMOS upconvertor with a mixer transistor biased in the triode region. 
Using the model of Section 7. 7. 2. 4 in conjunction with the routines that can derive approximate 
expressions for nonlinearity coefficients (see Section 3.5), we will analyze the nonlinear behavior 
of the mixer transistor up to the fourth order. The results will be compared to measurements. 



8.2 Single bipolar transistor amplifier 



Figure 8. 1 depicts a single-transistor amplifier that is excited by a voltage source. The output 
resistance of the voltage source is Rs, which is assumed to be small. The circuit is first analyzed 




Figure 8.1: A single transistor amplifier (BJT version) with a voltage source excitation . 

with R s equal to zero and with a transistor model that neglects the parasitic capacitances and 
ohmic resistances as well as the Early resistance. Afterwards, the transistor model is extended 
^d the effect of a nonzero Rs is examined. The nonlinearity coefficients of the transistor are 
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computed with the Gummel-Poon model. The SPICE model parameters used to compute these 
coefficients are given in Table 8.1. 
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Table 8.1: SPICE Gummel-Poon model parameters of the bipolar transistor used in this section 



8.2.1 Elementary transistor model 

It is first assumed that the collector current ic is only a function of the base-emitter voltage, 3 
described by the following equation (see also Chapter 3): 

i c = / s ex p(^) ( 8 -] 

v t i 

The output of interest is either the voltage over the (linear) resistor R L or the current throu| 
Ri. Since the simple transistor model that is used here does not contain an Early resistance, tljj 
transistor behaves like an ideal controlled current source the current of which completely flotf 
through I?£. Hence, the value of the harmonics and intermodulation products is not affected f 
R t such that an analysis of the harmonic distortion on the AC voltage over R L yields the safl 
results as for the harmonic distortion of the AC current through j 

8.2. 1.1 Computation of harmonics from the DC transfer characteristic I 

In this simple case it is possible to derive an analytic expression for the input-output rclationsn 
without having to make the assumption of weakly nonlinear behavior. This relationship, ofti 
referred to as a DC transfer characteristic, can then be developed into a power series. From ■ 
coefficients of this series it is possible to derive an expression for the harmonic and intermodu| 
tion distortion figures. 
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One easily finds for the DC transfer characteristic 

v out = Vdd ~ RiJs ex p(~rr^) 

Vt 

The input and output voltages are split into a quiescent part and a time-varying part: 

VlN — VfN + Vin 



and 



In this way, one obtains: 



v OUT — VoUT + v out 



t r T~> T /V] ]\] ~ f \ 

v our — foa — R/jsex p( 77 ) 

Vt 

— Vdd ~ RlIc exp(— - ) = Vdd — Vout ex P("rr) 

Vt v t 

This relationship can be expanded in a Taylor series: 

v OUT = V DD -R,J c \ l + ^ + ^(^f) + ^(f) +■■■ 

From this equation, the AC part can be isolated: 

This AC part can be identified with the general Taylor series (see also equation (2.4)): 



'Vout — K\ ■ 't’oui + K-2 ■ vL, + K : j • V'l , + . . . 



which yields 



T s _ RlIc _ n 

T r 0 m R’L 



K 2 = 
K-i = 



V t 

Rdc 



9 m Rl 



2V t 2 2 V t 

RlIc 9 m R r 



61/ ( 3 



ev; 2 



When the excitation consists of a quiescent part and a sine wave 



( 8 . 2 ) 

(8.3) 

(8.4) 

(8.5) 

( 8 . 6 ) 

(8.7) 

(8.8) 

(8.9) 

( 8 . 10 ) 

( 8 . 11 ) 

(8.12) 



vin = V IN 4- V in cos(uqt) 



(8.13) 
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the different harmonics at the output are given by 

Vout, 1,0 = — 'Qm-^L^in lout, 1,0 tymYi 

V„ ut ,2,a = -*-^v 2 I. 



9m^-L t r2 t 9m 2 

' in 



V, 



ou£,3,0 



9mPL T r z 



v 

24Vj 2 m 



*out, 2,0 — 



‘out, 3,0 — 



V 2 
4V t m 

9m t /~3 

■ 24V 2 in 



(8.14) 

(8.15) 

(8.16) 



and the corresponding harmonic distortion figures for both the output voltage and output current 
are found to be 

HD 2 = ttt (8.17) 



HD* = 



4V t 

v.Z 



24 V) 2 



(8.18) 



The computations can be extended with the inclusion of a forward emission coefficient. Doing 
so, one finds 



HDi = 



HD 3 = 



Vi 



in 



AripVt 

V 2 

r m 



(8.19) 

( 8 . 20 ) 



24n 2 F V t 2 

Under high-injection conditions the collector current is proportional to exp(u BE /(2nfV r e)) in- 
stead of exp (uB£/(riF^t))- Then we find 

HD 2 (high injection) = „^ in Tr (8. 



HDi (high injection) = 



8npVt 

V 2 



m 



( 8 . 22 ^ 



9 6n 2 F V t 2 

It is seen that both under low- and high-injection conditions, the harmonic distortion is indepei 
dent of technological parameters and independent of bias conditions. 

Next we determine the intercept points for harmonic distortion under low-injection con 
tions. Using equations (2.15) and (2.16) we find for the intercept points IP 2 h and IP^ h 

IP 2 h = 4n F V t (8.2 

IP :Wl = 2vWv; (8.2 

At room temperature and with n F — 1, one finds IP 2 h ~ 103 mV and IP-^h ~ 126m V . 

When the input consists of two sine waves, then intermodulation products arise. Their valu 
can be computed using equations (2.31) and (2.32) that are valid under low-distortion conditio 
at low frequencies. In this way we find 

Vin (8. 



IM 2 = 



im 3 = 



2n F V t 
8 n\V 2 



( 8 . 2 | 
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and consequently 



IP 2i = 2 n F V t (8.27) 

IP 3i = VSn F V t (8.28) 



At room temperature and with np = 1 we find IP 2l w 50m V and IP 3l & 73m V. 

8.2.1.2 Computation of harmonics with the method of Section 5.3 

The computation of the harmonics in the circuit of Figure 8.1 with the elementary transistor 
model can be performed without the knowledge of the calculation method of Section 5.3. It is 
instructive, however, to use this method to compute the harmonics of this simple circuit. For 
this method we start from the nonlinear circuit of Figure 8.2 that is equivalent to the circuit of 
Figure 8,1 for AC signals. This equivalent circuit contains two basic nonlinearities, a nonlinear 



b c 




Figure 8.2: AC-equivalent circuit of the single-transistor amplifier of Figure 8.1 with a zero 
source resistance and including the nonlinear dependence of the base current and the collector 
current on the base-emitter voltage. 



conductance, corresponding to the nonlinear base current and a nonlinear transconductance cor- 
responding to the nonlinear collector current. The nonlinear conductance is placed in parallel 
with the input voltage source and can be discarded. The nonlinear transconductance is described 
by the relationship 



ic = 9mVbe + K 2gm vl + K 3gm vl + ... 

with (see also Section 6.2) 
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(8.29) 



(8.30) 

(8.31) 



(8.32) 
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Figure 8.3: Linearized equivalent circuit of the single-transistor amplifier of Figure 8.2 excited 
with the appropriate inputs for the computation of the first-order response (a), the second-order 
response ( h ), and the third-order response (c). 



Computation of the fundamental response First, the response of the linearized circuit is] 
computed. This linearized circuit is shown in Figure 8.3a. From this circuit, one easily obtains 
the value of V rm i,L, o 

. } 

KjuU. 0 = (8.33>i 

which was also found in equation (8.14). 



Computation of the second harmonic distortion The second harmonic at the output is foun^y 
by computing the output voltage of the linearized circuit in which the external excitation is ref 
moved while nonlinear current sources of order two are applied (see Figure 8.3b). The nonlineaff 
second-order current source that corresponds to the nonlinearity of the base current is shortened 
and it does not play a role. The nonlinear current source of order two that corresponds to the 
collector current’s nonlinearity is found from Table 5.5: j 
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The voltage over R L in the circuit of Figure 8.3b yields the second harmonic of the output 
voltage. It is found to be 



V m 



out, 2,0 



— -Rl ■ %NL 2 , 



9 m. 



(8.35) 



Combining equations (8.33), (8.34) and (8.35) yields 



HD 2 



Vgut^fi 
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Using equation (8.31) we find again 



(8.36) 



HD 2 = ^ (8.37) 

which is the same value as given in equation (8.17). Equation (8.36) illustrates the usefulness of 
working with a normalized nonlinearity coefficient: it is seen that the second harmonic distortion 
is simply proportional to the input amplitude and to the half of the second-order normalized 
coefficient. This is a general rule when only one nonlinearity is taken into account. 



Computation of the third harmonic distortion The third harmonic is computed by comput- 
ing the output voltage in the schematic of Figure 8.3c. The value of the nonlinear current source 
of order three is determined using Table 5,7: 

'A = K 2 , Jm V(,e,l,oV6e,2,0 + He.1.0 (8.38) 

Since v EE is fixed at v INy which is a pure sine wave, all components of v HE of order higher than 
one, are zero. Hence, the first term in equation (8.38) vanishes. Further we find 



Vout,3,0 — -R'L * 'i'NL'igm 

Combining equations (8.33), (8.38) and (8.39) we find 
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(8.40) 



This equation reveals that the third harmonic distortion is proportional to the square of the in- 
put amplitude and to one fourth of the third-order normalized nonlinearity coefficient. Using 
equation (8.32) we find again 



HD 3 



_^L 

24V? 



which is the same value as given in equation (8.18). 



(8.41) 
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8.2.2 Influence of the output resistance 

The simple transistor model used in the previous sections is now extended with an Early re- 
sistance. If the Early effect is assumed to be linear, then the collector current is given by (see 
equation (6.2)) 

ic = Isex P(^)(l + ^) (8 ‘ 42) 

If the Early resistance is nonlinear, then the collector current is of the form 

i c = Is ex p(~rr~) ' 9( v ce) (8.43) 

in which g{v C E) is a nonlinear function of v C e only, as discussed in Section 6.2.2. With such 
model equation, it is complicated or even impossible to obtain an analytic expression for the 
input-output relation without imposing the restriction of weakly nonlinear behavior. However, 
with the calculation methods of either Section 5.2 or 5.3 it is still possible to obtain closed-form 
expressions for the different harmonics. 

We will calculate the harmonics of the current that flows into the load resistance R L . For 
the computation of harmonics with the calculation method of Section 5.3, we start from the 
equivalent circuit of Figure 8.4. 



B C 




Figure 8.4 : AC-equivalent circuit of the single-transistor amplifier of Figure 8.1 (R s = 0f2^ 
with a nonlinear base current and a nonlinear collector current , which is now a function of two 
voltages. 4 

The collector current is now a function of two voltages that can be expanded into a two-| 
dimensional power series. The nonlinearity coefficients that are used in this power series have 
been discussed in Section 6.2. 

8.2.2.1 Fundamental response 

First, the linearized equivalent circuit is analyzed. This is shown in Figure 8.5a. The output 
interest is the current through the load resistance. It is easy to find that the first-order component 
of this current is given by 



9mCr L 
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Figure 8.5: Linearized equivalent of the single-transistor amplifier of Figure 8.4 with appropriate 
excitations: (a) for the computation of the first-order response , (b)for the second-order response 
and (c) for the third-order response. 



in which G h — 1 /Rl is the load conductance and g Q = 1 jr 0 is the output conductance. 



8.2.2.2 Second harmonic 

Next, the second harmonic of the output current is computed. To this end, the linearized circuit 
is excited with four nonlinear current sources of order two, as shown in Figure 8.5b: iNL2 gn 
corresponds to the nonlinearity of the base current. Just as in the previous section, this current 
source does not play a role since it is shortened. The other three nonlinear current sources are 
i NL2 9m , iNL2 go and iNL2 grnhgo • They correspond to the second-order nonlinearity coefficients 
^9m> K 2go and K 2gmkgo > respectively. The value of the source iNL 2 gm is the same as in the 
previous section. The sources i,\ L2 , !o and iNL 2 gmilgo are found using Table 5.5: 
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and 
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The second harmonic of the output current is then given by 

[iNL2 gm + iNL2 gmkgo + iNL2 go ) 
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(8.49) 



The factor g m / (G L + g Q ) is the low-frequency voltage gain A v of the single-transistor amplifier 
and hence 
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and for the second harmonic of the output voltage we find 
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(8.50) 



(8.51) 



It is seen that K 2 » contributes a factor A v more to the second harmonic than K 2( . The 

grnfego .'/m 

coefficient K 2go contributes a factor A 2 V more to the second harmonic than I\ 2gm . On the other 
hand, the coefficients K 2 , and K 2n are much smaller than K 2n . 

Equation (8.50) reveals that when R L is a large resistance, such that A v is high and the 
collector of transistor Q i is a high-impedance node, then the contributions of I< 2 , and K 2o 

might be considerable. This situation occurs for example when transistor Q x is at the output of 
the first stage of a two-stage operational amplifier with Miller compensation. On the other hand, 
when R fj is low, then the contribution of K 2gm is dominant. In the limit, when R L is a shortj 
circuit, then the contributions of K 2 _ and K 2n vanish. 

The result obtained in equation (8.50) can be intuitively explained as follows: when the 
voltage gain is high, then the voltage swing at the output is high. In this case, nonlinearities thai 
are determined by the output voltage contribute much to the total harmonic. 

In equation (8.50) the coefficients K 2(Jm , if 2 & and K 2(Jo can be replaced by their va 
given in Table 6. 1 . This yields: 
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(8.52 



V AF “ V ' G l + 9o 2 

Assume now that the Early effect is perfectly linear. Then the coefficient K 2g<> is zero, and t 
second harmonic of the output current is given by 



l 
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9n 



out, 2,0 — 
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(8.53) 



Vaf ) G L + 9o 2 

J 

Still, equation (8.53) contains a term that depends on the Early voltage. This means that the pres? 
ence of the Early resistance, even when it is assumed to be perfectly linear, yields an additional 
distortion term, namely the second term of equation (8.53). 
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Numerical example We now evaluate the different terms of the second harmonic of the current 
through R l as given in equation (8.50). To this purpose, we adopt the numerical values of the 
transistor parameters that have been used in Section 6.2.2 and we sweep the value of R L . In 
this way, we have for a collector current of 0.85mA and g rn = 33 mA/V. Further we have 
Vaf - 30K and Vce = 2V . We now keep the collector-emitter voltage constant and we sweep 
the value of R. L . This means that the power supply voltage is adapted accordingly in order to 
keep vce constant. This is a rather artificial experiment but it provides useful insights. 

The second harmonic of the current through R L and its different contributions are shown in 
Figure 8.6 as a function of R L . The value of the voltage gain A„ has been added to the x-axis. 



0.4 
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Figure 8.6: Second harmonic of the current through R L and its different contributions according 
to equation (8.53). The input amplitude has been taken equal to 1 V for reference. 
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The amplitude of the input voltage source has been taken equal to IF for reference. In this way, 
the second harmonic of the current through R L is artificially high. 

It is seen that for low values of R L , corresponding to a small voltage gain, the contribution 
of A 2ffm is dominant. This contribution remains dominant for a voltage gain of more than 100. 
At very high voltage gains the contributions of I< 2 k and AV become dominant. Such 
situation only occurs if a very high gain is realized in one stage, for example in operational 
transconductance amplifiers at low frequencies. 
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8.2.2.3 Third harmonic 



The third harmonic of the output current is computed using the circuit of Figure 8.5c. The value 
of the nonlinear current sources of order three can be found according to Table 5.7: 
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(8.56) 



Since He, 2,0 = 0, the first term of % NL 3 gmUgo is zero. The total third harmonic is the sum of the) 
contributions of the above three nonlinear current sources. Since they are parallel to each other^ 
the transfer function from one of these sources to the output is the same for the three sources* 
Using simple network analysis we find 



hut, 3,0 = — 



% NL 3 g m + iNL 3 Qn + ^NL 3 
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(8.57)| 



Substituting the values of the nonlinear current sources into this expression and using the value! 
of V„, j2 ,(; from equation (8.51) yields 



1 out , 3,0 



V& Gl 
4 Gi -h g 0 



A v 



+ G L + g a 

2A V 



[K 3gm + A\K, <Mo - A\K %go - A v K 3 

(^ 2 Sm&9o ) 



2 gm&cg 0 



^ 2 gm^9o^ 2 9m 2 Al 



Gl + g 0 

— j\ 2n /V 2/, — o— “ 

G L + g 0 2ffm G L + 



X 2 

G L +g 0 2 *> 






(8.581 



The terms on the first line of this equation arise from third-order nonlinearities (third-order noi*j 
linearity coefficients) whereas the next terms are caused by second-order nonlinearities. These! 
produce a third-order signal by combining a second-order signal with a first-order one. Similar 
conclusions can be drawn from equation (8.58) as from the expression of the second harmonic! 
when the collector is a low-impedance point, which means that R L and A v are low, then onljj 
Ks gm gives a considerable contribution. In the case of a large value for Rl other contribution^ 
become important as well. 
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8.2.3 Influence of the source resistance 

When the voltage source that drives the single-transistor amplifier has an output resistance R s , 
then the base-emitter voltage of transistor Q x is no longer fixed to v IN . Asa result, the nonlin- 
earity of the base current will play a role, which was not the case in the previous sections. 

The circuit that is analyzed is given in Figure 8.7. The output of interest is the current through 



Figure 8. 7: AC-equivalent circuit of the single-transistor amplifier of Figure 8 . 1 with a nonlinear 
base current and a nonlinear collector current and with R s / OH. 

the load resistance. For simplicity we neglect the Early effect. 

8.2.3. 1 Fundamental response 

The fundamental of the output current is computed from Figure 8.8a. The output current is given 
by the product of g m with the fraction r 7r /( R s + r n ) of V in : 




E 




(8.59) 



or in terms of conductances 




G s + g v 



(8.60) 



8.2.3.2 Second harmonic 



The second harmonic is computed using the circuit of Figure 8.8b. One easily finds 



%NL2 9k Q s _|_ g %NL2 gm 



(8.61) 



in which 
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(8.62) 
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B C 




B C 




Figure 8.8: Linearized equivalent circuit of the circuit from Figure 8.7 used for the computa 
tion of the first-order response (a), for the computation of the second-order (b) and third-order ■ 
response (c). 



Substitution of equations (8.62) and (8.63) into equation (8.61) yields 
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(8.64) 



It is seen in equation (8.64) that the contributions of the nonlinear collector current and of thqjj 
nonlinear base current have an opposite sign. This means that they can cancel, either partially orj 
completely, depending on the relative value of the two contributions. Also note that, when RM 
goes to zero (Gs goes to infinity) then the contribution of the base current nonlinearity vanishes'^ 
and we have again the situation of Section 8.2.1. 

Under low injection conditions we find from Chapter 6 that the second-order nonlinearity 
coefficients K 2gm and K 2(j7T differ a factor equal to the AC beta, which is the ratio Vm/g*: ,* 

= (8.65) 

K2g„ 9i r 



With this in mind we find from equation (8.64) that for low source resistances the contribution: 
of the collector current nonlinearity (coefficient K 2gm ) is dominant over the contribution of the ; 
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base current nonlinearity (coefficient K 2gv ). In this case the second harmonic distortion is found 
from equations (8.60) and (8.64) to be 



HD 2 « 



GS y _ ^9rn 

Gs + 9n r %9m 2 Rs + ?V 



( 8 . 66 ) 



The interpretation of this expression is as follows: a fraction [tv/ (R s 4- tv)] of the input voltage 
is squared by the nonlinear transconductance, yielding a second-order component in the collector 
current. 



Current source excitation Assume now that the source resistance R s is much higher than tv. 
This occurs when transistor Q x is driven by a current source, rather than a voltage source, as 
shown in Figure 8.9. With G s < and using V in = I in /G s with I tn being the amplitude of 




Figure 8.9: A one transistor amplifier (BJT version) with a current source excitation . 



the input current, equation (8.64) reduces to 
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It is seen that the second harmonic of the output current is zero if 

9m _ 

9* K 2 g. 



(8.67) 



(8.68) 



This condition is satisfied if the transistor beta is bias independent such that the base current 
nonlinearity and the collector current nonlinearity track. Indeed, in that case the collector current 
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and the base current differ by a constant /3p, as well as their derivatives. Then the ratios on both 
sides of equation ( 8 . 68 ) are equal to fi F . It is clear that in this case no distortion occurs: the 
input current is amplified by a constant factor fl F . This perfectly linear behavior can also be 
interpreted as a case of pre- and post-distortion as discussed in Section 4.7: the input current is 
transformed by the base-emitter diode into a voltage. This transformation is nonlinear. Next, the 
resulting voltage determines the collector current. The relation between the collector current and 
the base-emitter voltage is again nonlinear and it is seen that the relationship between the input 
current and the base-emitter voltage is the same, apart from a constant factor, as the relationship 
between the collector current and the controlling base-emitter voltage. Since we are using the 
latter relationship in the reverse direction, no distortion results. 



8.2.3.3 Third harmonic 



The third harmonic of the output current is found in a way that is similar to the computation of 
the second harmonic: 

hut, 3,0 = ^NL3 gw ^NLSgm (8.69): 

&s + g* 



as can be seen from Figure 8 . 8 c. The nonlinear current sources of order three in this equation are 
given by 
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(8.71* 



It is seen that a knowledge of the second harmonic of the base-emitter voltage is required for thq 
computation of the third harmonic of the output current. This second harmonic can be compute^ 
from the circuit of Figure 8 . 8 b. It is given by 



He, 2,0 — —^NL2 97T * (Gs + g-rr) 

Using equation (8.62) this becomes 
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Combining equations (8.73), (8.69), (8.70), (8.71) and (8.72) and yields 

t/3 3 , 

Iout, 3 ,o = , 5 .5 (~ (9it + G s ) 2 K 3gm + g m (g w + G s ) K 3g * 

4 (Gs + g v ) v 

+ 2 (g„ + G s ) K 2gm - 2g m Kl h ) (8.74) 

Under low-injection conditions the coefficients K 2gm and K 2g7T approximately differ by a fao-jj 
tor ft AC and the same holds for the coefficients K 3gm and K Zg ^ . Then when the source resistance 
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is low (Gs is high) the first term inside the brackets of equation (8.74) is dominant over the three 
other terms. In this case the third harmonic distortion is found from equations (8.60) and (8.74): 
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The interpretation is similar to HD 2 - a fraction [r n /(Rs + r„-)] of the input voltage is raised to 
the third power by the third-order nonlinearity of the transconductance, yielding a third-order 
component in the collector current. 



Current source excitation Assume again that the transistor is driven by a current, such that 
Gs <C # 7 r- Using GsVin — hn the third harmonic I ou t,z, o given in equation (8.74) reduces to 



lout, 3,0 = Jpr (- glK 3gm + g m g^K igi< + 2g„K 2gm K 2gtr - 2g m K'^ ) (8.76) 

Assume again that the transistor beta is constant such that the base current nonlinearity and the 
collector current nonlinearity track. In this case 
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(8.77) 



and it is easy to verify with equation (8.76) that I ou t$$ then again reduces to zero. From this, 
one can conclude that a bipolar transistor with a constant beta does not yield distortion when it 
is driven by a current source. 



8.2.4 Influence of the base resistance 

As explained in Section 6.4, the base resistance r B falls apart in two parts: the extrinsic part 
r Bex , which is assumed to be linear, and the intrinsic part r B i which depends on the base current. 
Instead of considering the nonlinearity of the base resistance as a current-controlled nonlinearity, 
we will make the calculations in terms of a voltage-controlled nonlinearity. In this case, the 
current through the base resistance is a function of the voltage over the intrinsic base resistance. 
This approach will ease the calculations. It is allowed since the nonlinear relationship between 
the voltage over the intrinsic base resistance and the base current can be inverted. Further, the 
extrinsic base resistance is joined with the series resistance R s of the voltage source. 

The nonlinear circuit that is analyzed is shown in Figure 8. 10. It contains three nonlinearities: 
the nonlinear base current, which is described with the relationship i $ — fi(vbe), the nonlinear 
collector current, described as i c = / 2 (v(, e ) and the nonlinear intrinsic base resistance, described 
with the function % = fs(vy*b)- The node B” is the node between the intrinsic and the extrinsic 
base resistance. The output of interest is the AC short-circuit current between the collector and 
emitter. By shorting the output in AC, the output conductance does not play any role in the 
analysis here. 
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Figure 8.10: AC-equivalent nonlinear circuit of the single-transistor amplifier including a non- 
linear intrinsic base resistance. The extrinsic base resistance is added to the source resistance. 
The output of interest is the AC short-circuit current at the output. 



8.2.4.1 Fundamental response 



The fundamental of the output current is computed in the same way as in Section 8.2.3. This 
yields 
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in which G f s = 1/R' S and R! s = R s + r B i- 



8. 2.4.2 Second harmonic 

For the computation of the second harmonic, three nonlinear current sources are taken into ac* 
count, each corresponding to one nonlinearity. This yields the circuit shown in Figure 8.11. Th^ 




E 



Figure 8.11: Circuit to be solved for the computation of the second harmonic of the AC short\ 
circuit output current , including the effect of a nonlinear base resistance. 

contributions to the overall second harmonic of the three nonlinear current sources are given by; 
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which is the contribution of the nonlinearity of the transistor collector current, 




(8*80) 



which is the contribution of the nonlinearity of the transistor base current. Finally, the contribu- 
tion of the nonlinearity of the base resistance is given by 



The total second harmonic is the sum of I QUt ^ a , I (m txb and I ou t., 2 ,c- It is seen that the contribution 
of K'i< hu has a different sign from the contributions of K 2giJi and K 2{Jn . This means that the 
different contributions can cancel, at least partially, as we saw in Section 8. 2. 3. 2. 

It is interesting to check whether the contribution of the nonlinearity of the base resistance 
is significant compared to the other two contributions. Equation (8.81) reveals that the base re- 
sistance contribution increases when the source resistance becomes smaller. When the source 
resistance is zero, then R s is nothing else but r BtiX . In this case, the ratio of the base resis- 
tance contribution to the collector current contribution can be computed from equations (8*79) 
and (8.81). This yields 



It is seen that the contribution of the base resistance nonlinearity is small when the base resistance 
is small compared to r* and when K 2gg . is small. 

The relative values of the three contributions are further examined by a numerical evaluation 
of the different contributions to the second harmonic. To this purpose, the contributions are 
evaluated as a function of the bias current using the SPICE parameters of Table 8. 1 . 

The different contributions have been computed with the Gummel-Poon model equations for 
the collector and base current, equations (6.7) and (6. 1 8), respectively, and with the power model 
for the intrinsic base resistance, equation (6.30). The different contributions and the total second 
harmonic are shown in Figure 8.12 as a function of the collector current. The contributions 
are normalized to the fundamental response (equation (8.78)), yielding the second harmonic 
distortion. The collector current has been normalized to I KF , the forward knee current. 

It is seen that both under low-injection (collector current far below Ikf) and high-injection 
conditions (collector current far above Ikf), the nonlinearity of the base resistance can be ne- 
glected for the computation of the second harmonic at low frequencies. In the vicinity of Ikf 
the contribution of the base resistance nonlinearity is significant, because the contribution of the 
collector current nonlinearity cancels nearly completely with the contribution of the base current 




(8.81) 
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contribution of base resistance ~ K 2(}Bt r 2 Bi fi AC • r m 



(8.82) 
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Figure 8.12 : Second harmonic distortion and its different contributions as a function of thi 
collector current of the transistor in the single-transistor amplifier of Figure 8.1 with a zeri 
source resistance and a zero load resistance (AC short circuit). The model parameters used foi 
these computations are given in Table 8.1. HD 2 is normalized to an input amplitude of 1 Volt] 
the collector current is normalized to I KF . 

nonlinearity. Further it is seen that at low-injection conditions, the second harmonic is nearl] 
completely determined by the nonlinearity of the collector current. * 

The model for the nonlinearity of the base resistance is the power model that only model 
emitter crowding. Using the model of Chiu (see Section 6.4) a smaller value of the base resistance 
will result. This will yield an even smaller contribution of the base resistance nonlinearity at lo^j 
to moderate currents. The collector current region in the vicinity of I K f and higher is seldom 
used. Indeed, when a high collector current is required, then usually a transistor with a lar$ 
emitter area is taken which has a higher I KF and a smaller base resistance. In addition, th| 
different effects that modify the base resistance and therefore lead to a nonlinear base resistance 
are postponed to larger currents as well. 

Assume now that the transistor is driven by a current source. With B! s > we find 



contribution of collector current _ K 2gm 1 

contribution of base resistance K 2gBi Pac tbi G' s 
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This means that for a current drive the base resistance does not play a role. This can be understood 
as follows: the input current flows through the base-emitter diode and gives rise to a base-emitter 
voltage. The current through the base-emitter diode does not change due to the presence of the 
base resistance, whether it is linear or not. 



8.2.4.3 Third harmonic 



The computation of the third harmonic of the AC short-circuit current of Figure 8.10 yields 
an expression that is quite involved. The reason is that three nonlinearities are involved, each 
giving a contribution proportional to their second-order nonlinearity coefficient and a contribu- 
tion proportional to their third-order nonlinearity coefficient (see Table 5.7). Hence we have six 
contributions to the third harmonic. 

The six contributions to the overall third harmonic distortion have been computed as a func- 
tion of the collector current using the accurate model equations for the collector current (equa- 
tion (6.7)) and the base current (equation 6.18) and the power model for the base resistance 
(equation (6.30)). Again, the SPICE model parameters of Table 8.1 have been used. The differ- 
ent contributions are shown in Figure 8.13. The collector current has again been normalized with 
to Ikf, and the third harmonic distortion to an input amplitude of IF. First, the contributions 
of third-order nonlinearity coefficients are studied. It is seen that for currents well below I KF 
the third harmonic distortion is governed by the third-order nonlinearity of the collector current 
(nonlinearity coefficient Kz gjn ). Second-order coefficients do not play a significant role at these 
low currents. This can be understood as follows: at low bias currents, r n > r B , such that the 
voltage drop over r B is negligible and the voltage over r n is almost equal to the input voltage. 
Since the input voltage source is assumed to be purely sinusoidal, the voltage over r n does not 
contain higher harmonics. Hence, no voltage that determines a nonlinearity has a second-order 
component. In this way, the second-order nonlinearities do not produce a third-order signal. 
Hence, it can be concluded that at bias currents that are sufficiently smaller than I KF the third 
harmonic distortion is given by expression (8.18), which holds for a simple transistor model. 

Consider now the contribution of the other two third-order nonlinearities AV and K% n . 

' y 9ir °9Bi 

The ratio of the contribution of AT 3 to the contribution of AT 3flm can be derived from equa- 
tion (8.74), in which G s is replaced by G ' s : 

contribution of K 3tw g m K^ 

contribution of K 3gm (g w + G' s ) K :ilj r ' 

At low currents and with a low source resistance this ratio reduces to 



contribution of 9nJ<^ _ g m R s _ R' s 

contribution of K hm low injection ^ G' s K 3gm * 0 AC ~ r* 



(8.85) 



The ratio in the right-hand side reduces to r B /r n when the source resistance is zero. This ratio 
is usually much smaller than one at low currents. For example, at a collector current of 1mA 
and a f3 F of 120 (see Table 8.1), r v is about 3.1 kQ, while the base resistance at low currents is 
found from Table 8.1 to be 378fl. The ratio of equation (8.85) is then 0.12. This low ratio is in 
agreement with the curves in Figure 8.13. 
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Figure 8.13: Third harmonic distortion and its different contributions as a function of the coli 
lector current of the transistor in the single-transistor amplifier of Figure 8.1 with a zero sourc i 
resistance and a zero load resistance (AC short circuit). The model parameters used for thes\ 
computations are given in Table 8.1. HD :] is normalized to an input amplitude of IV, the collect 
tor current is normalized to Ik f- 



At high collector currents this ratio can be computed using the value of from equal 
tion (6.10) and the value of K 3gn from equation (6.27) 
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Using these values we find from equation (8.84) 
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Hence, at very high currents the contribution of K Zg ^ is sixteen times higher than the contribution 

of Ki 3m ■ 

As seen in Figure 8.13, the contribution of K^ 9Bi is small in all bias regions. Hence it can be 
neglected, except at bias values where the largest contributions mutually cancel: then the total 
third harmonic distortion is small and small contributions become significant. 

Next, consider the contributions of second-order nonlinearity coefficients. First, it is seen 
in Figure 8.13 that the contribution of K 2(Jm is negligible except at the collector current region 
where the large contributions cancel. Next, it is seen that the contribution of the other second- 
order nonlinearities is insignificant at low currents. From the high-injection region on, the non- 
linearity coefficients K 2gm and K 2g7T play a significant role. This can be explained by the fact that 
a high currents, r n is no longer much larger than r B . In this case, we have a nonlinear voltage 
divider composed of r B and r n and the voltage over r n not only has a first-order component but 
also a second-order one, as pointed out in Section 5.5.1. The second-order nonlinearities K 2g7t 
and K 2gm combine the first- and the second-order components and each produce a third-order 
signal. Just as with the contributions of the third-order nonlinearity coefficients of r„ and r B it 
is seen that at low bias currents the contribution of the second-order nonlinearity coefficient of 
g m is much larger than the contribution of the second-order nonlinearity of whereas under 
high-injection conditions the contribution of K 2g ^ is higher than the contribution of K 2gm ■ 

As in Section 8.2.4.2 it should be noticed that the collector current region in the vicinity of 
I KF and higher is seldom used. If we only consider the current region at low values of %c/h<F 
then only the third-order nonlinearity of the collector current needs to be taken into account. 

Finally, we can remark again that, just as in the case of the second harmonic, the base resis- 
tance does not influence the third harmonic when the transistor is driven by a current source. 

8.2.5 Influence of C n 

The base-emitter capacitance C n influences the nonlinear behavior of the single-transistor circuit 
in two ways: first, it is an additional nonlinear element. Next, even if C n would be considered 
as purely linear, its presence will affect the values of the nonlinear current sources of the static 
nonlinearities, as well as the transfer functions from these current sources to the circuit output. 

We will analyze the nonlinear behavior of the single-transistor with a zero AC load resistance. 
The output of interest is then the output current. Taking into account the presence of CV, the 
distortion on the output current is analyzed in two cases: in the first case, the amplifier is driven 
by an AC current. In this case we can neglect the nonlinearity of the base resistance, as we saw 
in the previous section. Next, the amplifier is excited by a voltage source and the nonlinearity of 
the base resistance is taken into account. 

8.2.5. 1 Current drive 

The circuit that is analyzed is shown in Figure 8.14. The output of interest is the AC short-circuit 
current at the output. Three nonlinearities are taken into account: 

- the nonlinear base current, which is described as % = /i(v& e )- 
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- the nonlinear collector current, described as i c = / 2 (u& c ). The dependence on v ce is nol 
considered here, since the output conductance is shorted in AC. 

- the nonlinearity of C This nonlinearity is described by a relationship between the charge 
upon C w and v^ e . 



B C 




Figure 8.14 : AC-equivalent circuit of the single-transistor amplifier of Figure 8.1 driven by t 
current source and AC shorted at its output. The nonlinear capacitance C n is included. j 

The fundamental of the AC short-circuit output current is given by 
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The second harmonic is computed using the circuit of Figure 8. 15. The value of the differe: 



(8.89} 




Figure 8.15: Circuit to be analyzed for the computation of the second harmonic of the AC shorQ 
circuit output current of the single-transistor amplifier including C v . 

nonlinear current sources can be computed using Table 5.5. They are given by: 
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The second harmonic I outy 2) o of the output current is found by multiplying each nonlinear current 
source with its transfer function to the output and summing the contributions: 



lout, 2,0 i'NL2g JT ' r ^'^'iML2g 7r ^iout ~^~^NL2g rn * lNL2g m ^out "h ^NL2c^ ’ (8.93) 

Hereby we notice that, according to the theory developed in Section 5.3 the transfer functions 
must be evaluated for the frequency variable 2 s instead of s. The transfer functions are found 
using simple network analysis. They are given by 
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(8.94) 

(8.95) 

(8.96) 



Hence we find for the second harmonic lout, 2,0 of the output current 



I out, 2 , a - (iNL2g n + iNL2 ClI ) — ~ i NL2g m (8.97) 

Substituting equations (8.90) through (8.92) into equation (8.97) yields for the second harmonic 
of the current 



•■out, 2,0 



_ 9rn (^K 2c , + K^) - (g, + 2BC,)K 29m s 
2 (</tt + $C n ) 2 (g* + 2 sCV) 



2 

in 



(8.98) 



Assume now that the nonlinearity coefficients in the above equation are given by the first-order 
expressions (see Table 6. 1 and (6.47)): 
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T F9m 










(8.99) 



With these values the second harmonic of the output current in equation (8.98) vanishes. This is 
due to the fact that the three nonlinearities “track”, as we defined in Section 3.2.6. Here we have 
a unique situation where a capacitive nonlinearity tracks with a conductive nonlinearity. 

This tracking of nonlinearities yields a transistor beta which changes with frequency while it 
is independent of the bias current. In reality, however, the second harmonic is not zero because 
the nonlinearity coefficients do not satisfy the simple expressions listed above. 

For the third harmonic, a similar conclusion can be drawn: if the first-order expressions for 
the different involved nonlinearity coefficients of order two and three are used, then one will find 
that the third harmonic is zero. 



8.2.S.2 Voltage drive 

The single-transistor amplifier is now excited with a voltage source. We will again analyze 
the AC short-circuit current at the output. Compared to the case where the circuit was driven 
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Vb'b" ~ fiM 




Figure 8.16; AC-equivalent nonlinear circuit of the single-transistor amplifier of Figure 8.1 
driven by a voltage source and AC shorted at its output and including four nonlinearities. 



by a current source, as in the previous section, we will now explicitly take into account the 
nonlinearity of the intrinsic base resistance. This is described with a function of the form i b = 
/ 4 (v 6 "&)* Hence the circuit to be analyzed has four nonlinearities, as shown in Figure 8.16. The 
fundamental of the output current is found to be 
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(8. 100)1 



in which R' s = R s + r B i and G f s = 1 /R' s . Note again that the extrinsic base resistance has been^ 
joined with the source resistance, resulting into the resistance Rs- | 

Analysis of the second harmonic distortion For the computation of the second harmonic, the! 
linearized equivalent of the circuit of Figure 8. 16 is excited by four nonlinear current sources off 
order two. We leave the detailed computations as an exercise to the reader. We will only present 
the results here. ^ 

The second harmonic consists of contributions from the nonlinear C n , from the base resist 
tance, from the nonlinear (or g n ) and from the nonlinear transconductance. It is given by 
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Since and C * are parallel elements, their respective contributions only differ in the nonlinear! 
coefficients. The ratio of the contribution of the collector current nonlinearity to the sum of th^ 
contribution of the base current and C* is given by 
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Under low- injection conditions the different second-order nonlinearity coefficients in this ratio 
can be approximated well by their first-order expression: 
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This yields 
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This equation can be interpreted as follows. At low frequencies and with R! s /+, the ratio of 
the two contributions is approximately r n /R f s . The ratio falls off with 20 dB per decade from the 
frequency ,/j that is given by 



h = 
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4 t tPacTf 4nr v C w 



(8.105) 



This frequency is a factor 2(3 AC smaller than the transistor cutoff frequency f T . 

The ratio of the contributions is again constant from the frequency f 2 on, which is given by 
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4tt (t> || R[ S )C„ 



(8.106) 



This frequency is usually much higher than f\ since R! s is the sum of the low output resistance 
of the voltage source and the base resistance. If the source resistance is zero, then R f s = r Bi . For 
a collector current of 1mA and with the model parameters of Table 8. 1 we find f\ = 66 MHz and 
h = 609.8 MHz. 

Further, it is interesting to compare the contribution of the nonlinear base resistance to the 
other contributions, in the same way as in Section 8.2.4.2. Again, this comparison is made for 
a zero source resistance, since in this situation the contribution of the nonlinear base resistance 
has a larger influence. The ratio of the base resistance contribution and the collector current 
contribution as computed from equation (8.101) is given by 

contribution of collector current _ K 2gm r\ r n +r Bi + r Bex (1 + 2 sC v (tv || r B )) 
contribution of base resistance ~ K 2gm r 2 m p A c r r B i (1 + sC n r n ) 2 

(8.107) 

The low-frequency value of this ratio has been computed in equation (8.82) and shown in Fig- 
ure 8.12. From there we know that the contribution of the base resistance reaches a maximum 
at a collector current value close to I KF . From equation (8.107) we now see that the ratio of the 
two contributions decreases with frequency at a rate of 40 dB per decade from the frequency 
h = 1/(27T7vCV), due to a double pole at this frequency. At the frequency f 2 (see equa- 
tion (8.106)) a zero occurs, such that from f 2 the ratio only decreases at a rate of 20 dB per 
decade. 

The above considerations show that the nonlinearity of the base resistance might become 
important at high frequencies and a high currents. However, when a transistor has to carry a 
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large base current, then the emitter area is usually larger than minimal, such that the effects that 
cause a change of the base resistance and, consequently, give rise to nonlinear behavior, are 
postponed to higher currents. 

In Figure 8.17 the second harmonic and its different contributions are shown as a function 
of frequency. In correspondence with the circuit of Figure 8.16, the only capacitor that has been 
taken into account is C*. The influence of other capacitors will be discussed in Section 8.2.6. 
The small-signal parameters and the nonlinearity coefficients that have been used in Figure 8.17 
have been computed with the model parameters of Table 8.1. The transistor has been biased with 
a collector current of 0.8mA, which is one tenth of the knee current I KFt and a base current of 
10 pA. The cutoff frequency of the transistor, given by g m /(27rC v ), is equal to 1 3GHz. 
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Figure 8.17: Second harmonic distortion of the output current of the single-transistor amplifii 
of Figure 8.16 together with its different contributions, as a function of frequency. The sourt 
resistance has been made zero. HD 2 is normalized to an input amplitude of IV. 



Figure 8.17 reveals that at low frequencies the collector current nonlinearity is the only sij 
nificant second-order nonlinearity. At high frequencies, it is seen that the nonlinearity of tl 
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base resistance becomes significant. It must be noted that the second-order nonlinearity coef- 
ficient of the base resistance has been computed with the power model (see Section 6.4), such 
that the contribution of this nonlinearity might be quite inaccurate. With a more accurate model, 
the contribution of the base resistance will be shifted downwards in the plot of Figure 8.17. In 
addition, we remark again that for high base currents the emitter area is usually larger than the 
minimal area that is allowed by the technology, such that the effects that cause a variation of the 
base current, are postponed to much higher currents. 

The higher contribution of the base resistance nonlinearity to the second harmonic at high 
frequencies can be explained as follows: the input impedance of the transistor (without taking 
into account C^) is equal to the series connection of the base resistance with the parallel con- 
nection of rv and C At low frequencies and moderate bias current the input impedance is high 
since it is governed by r n . At higher frequencies, the input impedance is lower: 1/sCV is now a 
much lower impedance than r n and the input impedance is then given by the series connection 
of r B and 1/sC*. Due to this lower input impedance, the AC current through the base resistance 
is higher. Also, the fraction of the input voltage over the base resistance is higher now compared 
to the low-frequency situation. Due to the higher swing of the voltage over the nonlinear base 
resistance, the second-order nonlinearity of the base resistance nonlinearity produces a relatively 
larger second-order signal. 

In Figure 8. 17 it is seen that at frequencies around 1 GHz the total second harmonic is smaller 
than the largest contributions. This can be explained by the differences in phase between the 
contributions. Whereas at low frequencies the different contributions are real numbers, each 
having a magnitude and a sign, the contributions at high frequencies are complex numbers, with 
a magnitude and a phase. 



Analysis of the third harmonic distortion The third harmonic distortion and its contributions 
are shown as a function of frequency in Figure 8.18. The small-signal parameters and the second- 
and third-order nonlinearity coefficients are computed with the same model parameters as for the 
second harmonic distortion (see Table 8.1) and for the same bias currents {I c = 0.8mA and 
In ~ 10/iA). In Figure 8. 18 we have split the contribution of a nonlinearity into two parts, a first 
part proportional to the second-order nonlinearity coefficient of a nonlinearity and a second part 
that is proportional to the third-order nonlinearity coefficient. Such separation is possible since 
a third-order nonlinear current source falls apart in two such parts (see Table 5.7). The transfer 
function from the nonlinear third-order current source to the output of interest is of course the 
same for the two parts. In the rest of this chapter we will always split a third-order nonlinear 
current source in these two parts. 

At low frequencies, the third harmonic is determined as discussed in Section 8.2.4.3 in which 
we considered the same nonlinearities except for C^. We see that at the given collector current 
of 0.8mA the largest contributions to the third harmonic come from I< 2n and K*„ . 

At high frequencies, it is seen that the third harmonic is primarily determined by the second- 
order nonlinearities K 2gB . , H 2gjn and K 2c . This is due to the large second-order signal at the 
controlling voltage of each of these nonlinearities. The controlling voltages are v BE for K 2gm and 
, and v b » b for K 2gm . At low frequencies, the signal swing over the intrinsic base resistance 



332 



Weakly nonlinear behavior of basic analog building block 




Figure 8.18: Third harmonic distortion of the output current of the single-transistor amplify 
of Figure 8.16 together with its different contributions, as a function of frequency. The sourq 
resistance has been made zero. HD 3 has been normalized to an input amplitude of IV. 



is small and v be is almost equal to the AC input voltage, which is a pure sinusoidal signal. | 
higher frequencies, the fraction of the input voltage over r Bi becomes larger. In this case, | 
have a nonlinear voltage divider. The second-order signal over both r B i and the base-emi^ 
diode is significant. Each of the second-order nonlinearities K 2gm , and K 2c combi| 
such second-order signal with a first-order signal at its controlling terminals and produced 

third-order signal. ; 

■i 

It must be noted once again that the influence of the base resistance nonlinearity at the gbii 
bias conditions is somewhat too high, due to the use of the power model, that yields overe^ 
mated values for the base resistance. Also, the presence of a nonzero source impedance, whj 
is realistic at high frequencies, will lower the influence of the base resistance nonlinearity 
discussed in Section 5.5.1. 
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8,2.6 Influence of C M and C cs 

Finally, the transistor model is completed with the collector-substrate capacitor C cs and the base- 
collector capacitance of the transistor. If a load capacitor external to the transistor is present, 
it can simply be added to C cs . 

The collector-substrate junction and the base-collector are normally inversely biased. As a 
result, both C cs and C ^ only change slightly with the voltage over the junction such that the non- 
linearity coefficients of these capacitors are small. However, the value of the linearized capacitors 
C cs and Cp will influence the nonlinear response as well. 

Table 8.2 lists the small-signal parameters and the nonlinearity coefficients that are used in 
this section. They have been computed with the model parameters of Table 8.1. A difference 
with the previous sections is that here we will consider the base resistance as a linear element. 
Therefore, the model parameter I RB , which is the current at which the intrinsic base resistance 
has fallen down to 50% of its value at very low base currents, has been made infinite. 

With the inclusion of both C n and C ^ the transistor cutoff frequency fr is now given by 



It = 



9m 

MO + g 



(8.108) 



With the small-signal parameters of Table 8.2 we find f T = 12.2 GHz. 

The nonlinear circuit that is analyzed is shown in Figure 8.19. It contains five nonlinearities, 
namely three nonlinear capacitors, a nonlinear conductance and a two-dimensional nonlinear 
conductance. The output of interest is the collector-emitter voltage. The load resistance R L is 

ikn. 




Figure 8.19: AC-equivalent circuit of the single-transistor amplifier of Figure 8.1 driven by a 
voltage source. The nonlinear capacitances C and C cs and the nonlinear base and collector 
current are included. 



8.2.6.1 Fundamental response 

The linear response is computed with the linearized equivalent of the circuit of Figure 8. 19. This 
linearized equivalent is shown in Figure 8.20. 



First-order response of the output voltage The output of interest is the first-order component 
K e ,i, 0 of the collector-emitter voltage. The ratio of V ceAj0 and V in is the voltage gain A v . This 
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Table 8.2: Bias conditions and the corresponding small-signal parameters and nonlinearity 
efficients for the bipolar transistor in the single-transistor amplifier of Figure 8.19. 



can be computed by hand or with a symbolic network analysis program such as ISAAC. 
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Figure 8.20: Linearized equivalent circuit of Figure 8.19. 



result is 
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The expression for the gain can also be found in classical textbooks [Lak 94]. The factor M 
denotes the Miller factor [Lak 94]. 

The low-frequency gain as extracted from equation (8.109) is given by 

4/0 = -9mR ! L — : - (8.113) 

r* + r B 

With the small-signal parameters of Table 8.2 and with R L - Iktt this yields a value of 26 3 or 
2SAdB. 

It is seen in equation (8.109) that A v has two poles. A numerical computation of the two 
poles with the small-signal parameters of Table 8.2 yields values of 630 MHz and 9.5SGHz. 
Since these values are widely separated, one can approximate well the two poles by the ratio of 
coefficients of successive powers of s in the denominator of the transfer function [Lak 94]. This 
yields 
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Evaluation of this expression yields a pole at 591 MHz, which is pretty close to the exact value of 
630 MHz. If the Miller effect would be stronger, either due to a larger C^, a larger R' L or a larger 
g m , then expression (8.1 15) further reduces to 
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(8.116) 



However, with the current numerical values, this yields a poor approximation, since the Miller 
effect is small here. 

The second pole can be approximated by 
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which, for a strong Miller effect, reduces to 
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Finally, the zero in the expression of the voltage gain is found to be 
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For the current numerical values, this positive zero occurs at a frequency of 189 GHz. j 

For further computations it is interesting to formulate the first-order response in terms of thi 
determinant of the admittance matrix. This determinant will be used in subsequent computations 
similarly to the computations in Section 5.3. When the admittance matrix formulation is used 
then conductances are used instead of resistances. In this way one finds 
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in which det(s) is the determinant of the admittance matrix, given by 

det(s) — (gs + 9 k)G’ L 
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The reader can verify that this is the same value as in equation (8.109). 
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First-order response of v BE The first-order response V be>h0 of the base-emitter voltage is im- 
portant for further computations since this response determines the nonlinear current sources of 
order two and three of several nonlinearities. We will write He,i,o in terms of the determinant of 
the admittance matrix. 

After some network analysis, either by hand or with ISAAC, we find, in terms of the deter- 
minant of the admittance matrix 



t/ __ 9b ( G' l + s ( C n + Ccs)) 
Vie ’ lfi - 



(8.123) 



The poles in the expression of V^i.o have been discussed in the previous paragraph. The zero 
in the expression of V bet i j0 is given by 
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In our numerical example, this zero occurs at a frequency of 2.75 GHz. 



(8.124) 



8.2.6.2 Second harmonic distortion 

The second harmonic distortion is composed of seven contributions. The five nonlinearities of 
Figure 8.19 give rise to seven nonlinear current sources: the two-dimensional collector current 
corresponds to three second-order nonlinearity coefficients, namely K 2 , K 2 and K 2 
These coefficients each give rise to a contribution to the second harmonic. The other four non- 
linearities depicted in Figure 8.19 are one-dimensional, such that they each give rise to one 
contribution. 

We will consider the second harmonic distortion not only of the output voltage, which is the 
collector-emitter voltage, but also of the base-emitter voltage. The reason is that the second- 
order component of the base-emitter voltage also determines the third harmonic distortion of the 
output voltage, as we will see in Section 8.2.6.3. 

Second harmonic distortion of the output voltage Figure 8.21 depicts the second harmonic 
distortion of the output voltage of the single-transistor amplifier of Figure 8. 19, together with its 
seven contributions as a function of frequency. 

It is seen that at low frequencies there is one dominant contribution, namely the contribu- 
tion of the coefficient K 2gm that represents the dependence of the collector current' on v BE . The 
second harmonic distortion decreases at high frequencies. At frequencies above 1 GHz the con- 
tribution of K 2c ^ becomes comparable to the contribution of K 2gm . Since the two contributions 
partially cancel above 1 GHz , the total second harmonic distortion is smaller than these two con- 
tributions. As a result of this cancellation, the contribution of K 2 is significant as well in the 
frequency range from 1 . 2 GHz which is about one tenth of the cutoff frequency, up to a few GHz . 
Further it is seen that the contribution of the collector-substrate capacitor is very small. Between 
2 GHz and 3 GHz it is larger than the total second harmonic distortion, due to the cancellation of 
larger contributions, but it remains one order of magnitude smaller than the largest contribution 
over the whole frequency band that is shown in Figure 8.21. 
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Figure 8.21: Second harmonic distortion at the output of the single-transistor amplifier of Fig| 
ure 8.19, as a function of frequency together with its contributions. HD 2 has been normalized ftj 
an input amplitude of IV. j 

-1 

We will now determine a closed-form expression for the second harmonic distortion froilj 
low frequencies up to very high frequencies. We will take into account the two most importaiij 
contributions, namely the contribution of K 2gm and K 2c ^ If a higher accuracy is required the$ 
the contribution of K 2c should be taken into account as well. 

With the two contributions to the second harmonic V outx o of the output voltage, the secodj 
harmonic distortion of the output voltage is given by 
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Using Table 5.5 we find that the contribution of K 2grn to the second harmonic V (m t; 2 ,o is given fef 
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and for the contribution of K 2r , we find 

w 
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l C n r out,z,u + V v &e,l,oy ' ±J - inl^q^ ~ ^output 
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Hereby we remark that the transfer functions from the nonlinear current sources to the output 
must be evaluated for the frequency variable equal to 2s. 

Summing the two contributions we find for the second harmonic V out>2 ,o 
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The transfer functions in this equation can be found with simple network analysis using the 
network of Figure 8.22. They are given by 




Figure 8.22: Linearized equivalent circuit of Figure 8.19 excited with the second-order nonlinear 
current sources iNL 2 g m and iNL 2 c ^ . 



TFi 



1 



»JV L2 grn -> output 



det(2s) 



( -9b -g*- 2 s(C n + (?„)) 



(8.129) 



and 



TFi NL 2 c ^ output — ^sC^) 



(8.130) 



Combining these transfer functions in equation (8.128) and using the value of VJ, e)li0 (equa- 
tion (8.123)) we find 

v 9l{G f L + s(C, + C cs )) 2 

out ’ 2,0 (det(s)) 2 det(2s) 



K 2 



9 m 



{.9b “t - 9n "F 2s(C f 7r + Cp,)) H~ sK 2 ( g m ~ 2 s Cf) 



2 ^ P) ) - — ^cv 

The second harmonic distortion is found by dividing V out ^Q by Hut, 1 , 0 : 



V 2 

f i-r 



hd 2 = 



9 2 B (G’ L + s{C, + C cs )y 



det(s) det(2s)(-g B (g m - sC„)) 



K 2 



9m 



(. 9b + 9tt + 2 s(C n + Cff)) 



(8.131) 



+ {9m — 2s Cfj) 



(8.132) 
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The denominator contains three factors: the determinant of the admittance matrix evaluated for s, 
the same determinant evaluated for 2s and the numerator of the first-order response V ou t,i,o- This 
is in agreement with the general expression of a denominator of any second harmonic distortion, 
which is given in equation (5.132). 

The low-frequency value of HD 2 is found from equation (8.132): 

HD 2 (low frequencies) = • — — V ni (8.133) 

2 9m 9 b + 9* 

This result is in agreement with the result we found in equation (8.66). 

We now consider the behavior of HD 2 at higher frequencies. Since HD 2 is a rational function 
in the frequency variable s we can analyze this in the same way as a transfer function of a linear 
circuit, namely using poles and zeros. 

The following poles are found for HD 2 \ 

- the poles of the first-order response. These are the zeros of det(s). In Section 8.2.6. 1 these 
poles were found at 630 MHz and 9.58 GHz. 

- poles at the half of the values of the poles of the first-order response. These are the zeros 
of det(2s‘). For the numerical example these occur at 315 MHz and 4.79 GT/z . 

- the zeros of the first-order response. This is due to the fact that HD 2 is equal to the second- 
order response divided by the first-order response. From equation (8. 1 2 1) we find that there 
is only one such zero in this circuit. This zero occurs at 1 89 GHz. 

These poles are easily determined once the first-order response is known. 

Next, we consider the zeros of HD 2 . These are more difficult to determine, since the nu-( 
merator of HD 2 consists of a sum of numerators of contributions or, in other words, a sum of 
polynomials. We see from equation (8. 132) that there is a double zero — G f r J(C c , s + C tl ). This oc-l 
curs at 2. 75 GHz. This double zero is the zero of (see equation (8.123)). This zero occurs?, 
twice since V£ e x 0 is a common factor of HD 2 (see equation (8.128)). Finally, the second-orders 
polynomial between the square brackets in the numerator of equation (8. 1 32) gives rise to two 
zeros. These occur at 600MHz and at 218 GHz. Since these zeros are so widely separated, a 
closed-form expression for these zeros can be found by taking ratios of the coefficients of this, 
second-order polynomial, as we did in equations (8.115) and (8.1 18). H 

The poles and zeros that have been determined can now be used to check the frequency j 
behavior of HD 2 . The sharp minimum of HD 2 around 2.5 GHz seen in Figure 8.21 cannot bej 
explained with the above poles and zeros: this minimum occurs at a frequency where the larges^ 
contributions cancel, such that the contributions that were not taken into account play a role. 

I 

Second harmonic distortion of the base-emitter voltage Next, we determine the second? 
order response at the base-emitter voltage. This response will be required to calculate the third: 
harmonic distortion in the next section. I 
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The second harmonic at the base-emitter voltage is found by computing the base-emitter 
voltage in the linear circuit of Figure 8.20, which is excited with the nonlinear current sources of 
order two. 

The second harmonic distortion of the base-emitter voltage and its most important contribu- 
tions are shown as a function of frequency in Figure 8.23. 




Figure 8.23: Second harmonic distortion of the base-emitter voltage in the single-transistor am- 
plifier of Figure 8.19 , as a function of frequency together with its most important contributions. 
HD 2 has been normalized to an input amplitude of IV. 

It is seen that the second harmonic distortion at v BE increases from about 10 MHz, it reaches 
a maximum which is about 15 dB higher than the low-frequency value of HD 2 and then it de- 
creases again. This “overshoot” is due to the contribution of the nonlinearity coefficient K 2 . 
This nonlinearity coefficient can only give a contribution to the second harmonic at v BE at high 
frequencies: the nonlinear current source that corresponds to K 2gm flows from the collector to the 
emitter. At low frequencies there is no path from the collector to the base-emitter voltage, such 
that the transfer function from the nonlinear current source to v B e is zero. At high frequencies, 
however, there is such path along C M . 
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We will now determine a closed-form expression for Vi e , 2 ,o- To this purpose, we will take 
into account the nonlinearities that give the most significant contributions to V bBj2 ,o from low fre- 
quencies up to 100 GHz. In this way, three second-order nonlinearities are seen to be significant: 
the base current nonlinearity, the nonlinearity of C * and the nonlinearity of the collector current. 
With these three nonlinearities we will determine an approximate closed-form expression for the 
second harmonic distortion of v B e- 

The contribution of K 2gm to the second harmonic V b€i2 ,o is found using Table 5.5. It is given 
by 

contribution of K 2gm to He, 2,0 =~y l • (He.i.o ) 2 • TF iflLagm ^ Vbe (8.134) 

in which the transfer function TF iNLigm -> Vbt needs to be evaluated for the frequency variable 2s 
instead of s. Similarly, the contribution of K 2gn is given by 

contribution of K 2g „ to He, 2,0 =~y l ' (He, i,o ) 2 • TF lNL1 ^^ Vhr (8.135) 



and for the contribution of K 2<3 we find 



contribution of K 2c ^ to V beX0 =sK 2c * • (Vb e>1 .o) 2 * FF iNL 2 C ^v he 



(8.136) 



The transfer functions from the nonlinear current sources to the base-emitter voltage are found 
with network analysis using Figure 8.24. They are given by 




E 



C 




9m V be 




Figure 824: Linearized equivalent circuit of Figure 8.19 excited with second-order nonlineal 
current sources for the computation ofV be , 2 , 0 * 



TF iN 



L Hm ~> Vb * 



2 s Cp 
det(2s) 



and 



(8.137] 



TF iNL2 



9ty 



~^v be 



= TFi 






G £ + 2s ( C cs + Cjj,) 
det(2s) 



(8.138! 



As already mentioned above, it is seen that the transfer function from the nonlinear second-ordej 
current source of K 2g to the base-emitter voltage is zero at low frequencies. It increases witl_ 
frequency due to the path from the collector to the base along C ^ 
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Using the transfer functions in equations (8.134) to (8.136) we find for the second harmonic 

He, 2,0* 



He ,2,0 — 



V&1.0 

2 det(2s) 



-K 2gm 2s C, - (K 2gn + 2s K 2Ci r ) ■ (G^ + 2s (C cs + C,)) 



(8.139) 



The terms between the square brackets form a second-order polynomial. For use in the calcula- 
tions of the third harmonic in the next section we rewrite He ,2,0 as follows: 



t / be,X,0 

6e,2 ’ D - 2 det(2s) 












(8.140) 



with 



a 0 = ~K 2g G' L (8.141) 

a, = - (2 K 2gm C„ + 2 K 2gw (C cs + CJ + 2 K 2 ^ G' L ) (8. 142) 

d 2 = -4K 2Cn {C cs + CJ (8.143) 

From equation (8.140) it is seen that He, 2,0 has four poles: these are the poles of He,i,o and 
they occur twice, since He , 2,0 is proportional to the square of He,i,o- Using the same numerical 
data as in Section 8.2.6. 1 we find a double pole at 630 MHz and a double pole at 9.5 8 GHz. 
Further, we know from equation (8.123) that He,i,o has one zero, at 2.75 GHz. This zero is 
a double zero of He, 2 , 0 - Further, the zeros of the second-order polynomial (a 0 + a x s + a 2 s 2 ) 
are zeros of He, 2,0 as well. These zeros occur at 35 .bMHz and at AJlGHz. Since these zeros 
are widely separated, a closed-form expression for these zeros can be found by taking ratios 
of coefficients, as we did in equations (8.115) and (8.118). Doing so, one finds for the low- 
frequency zero 



a ° K ^ G 'l 
a\ 2AT 2sin C M 



(8.144) 



With the information about the poles and zeros the reader can easily verify the frequency 
behavior of He,2.o- 



8.2.6.3 Third harmonic distortion 

The third harmonic distortion of the output voltage and its most significant contributions are 
shown in Figure 8.25. The contributions of K 2(J and K 3c are insignificant in this example 
and they are not shown. Further, the contributions regarding the Early effect can be neglected 
as well. This means that the coefficients K 2go , K 3go , # 2 9m&9o , K -h 9m k go and are not 

important in this example. 

It is seen that at low frequencies two contributions play a role, namely the contributions of 
and K 2gm • They have an opposite sign, such that the total value of HD S is smaller than the 
value of the largest contribution. This was already seen in Section 8.2.3.3, equation (8.74). From 



344 



Weakly nonlinear behavior of basic analog building blocks 




frequency (Hz) 



'> 

Figure 8.25: Third harmonic distortion at the output of the single-transistor amplifier of Fig- 
ure 8.19 , as a function of frequency together with its most important contributions. HD 3 has ! 
been normalized to an input amplitude of IV. 



Table 5.7 we know that the contribution of K 2gm is proportional to He, 2 , 0 - This explains why we 



analyzed He, 2,0 in the previous section. 

The total value of HD 3 begins to increase from about 10 MHz. This can be explained 
follows: at low frequencies the imaginary part of the contributions of K 3 and K 2 g m is zero." 
From the previous section we know that He, 2,0 has a zero at 35.5 MHz. The contribution of #2^ 
also has this zero since it is proportional to He, 2,0- As a result, the phase of this contribution go^ 
to 90 degrees beyond 35.5 MHz. On the other hand, the frequency behavior of the contribution 
of Ks gm remains flat up to nearly 100 MHz, which means that the phase is still about zero, 
a result, the two contributions will not cancel anymore, and when their magnitude is equal, 
about 80 MHz, then the sum of the two contributions is not zero. 

The third harmonic distortion reaches a maximum value around 200 MHz. This maximum ^ 
about 10 dB higher than the low-frequency value of HD 3 . Beyond 200 MHz, HD 3 falls off. j 

We will now determine an approximate expression for the third harmonic distortion whiCl 
will allow us to explain the frequency behavior of HD 3 by determining poles and zeros of HD$ 
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In order to determine this expression, we will take into account the most important contributions. 
Apart from the ones from K$ gm and K 2gm , it is seen that at high frequencies the contribution of 
A 3 and K 2r play a role as well. Hence we will take into account four nonlinearity coefficients 
during the computations. 

Using Table 5.7 the contribution of K 2gm to the third harmonic V out ^ Q of the output voltage 
is given by 

contribution of K 2gm to V out , 3fi =K 2gm ■ V beX0 ■ V heXQ ■ TF lNL3gm ^ output (8.145) 
The contribution of K 2c * is given by 



contribution of K 2c * to V^, 3 ,o = K 2 Cn * H e ,i,o * He, 2,0 ■ TF iN _+ output 

For the contribution of K 3n we find 

k 3 

contribution of K igm to V out - ifi =—^ • V b 3 eX0 • TF iNL3gm ^ mlput 

and, finally, for the contribution of K 3c we have 



(8.146) 



(8.147) 



contribution of to V oufM ) 



3 sK : 



T /3 rpr -p 

U>e,l,0 ’ 1 r i-N L'A 



cv 



> output 



(8.148) 



The third harmonic V out ^ ) o is given by the sum of the four above contributions. From equa- 
tion (8.140) we know that Vb e , 2 ,o is proportional to V^ e l Q . Hence the above contributions have a 
common factor V^ e 1)0 , and we find for the third harmonic 



V r . 



ou«,3,0 — v be, 1,0 












2 det(2s) 






-b 3s 



K 2 (no + Q’\S 4- a 2 s 2 ) 



2det(2s) 




—’Pin 



■ TF 



output 

L'7 r 



(8.149) 



The two transfer functions functions that occur in the expression of V ou t,:i, o do not have to be re- 
computed. In Section 8. 2. 6. 2 we already computed the transfer functions from nonlinear current 
sources of order two to the output. The transfer functions from the third-order nonlinear current 
sources are found by replacing 2s with 3s. Doing so, we find from equations (8.129) and (8. 130) 

TFi N L 3 gm ^output — ‘ (~9b ~ 9n — 3s(C' 7r + C^)) (8.150) 



and 



TFi 



1 



INLZ 



Cn 



> output 



det(3s) 



( 9m 3 sGjj) 



(8.151) 
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HD 3 is found by dividing by given in equation (8.121). Using this equation 

together with equations (8.123), (8.149), (8.150) and (8.151) we find 



HD* = 



9% (G' l + s(C cs + CV)) 3 VI 



4(det(s)) 2 det(2s) det(3s)5s(-5m + sC^) 

(a 0 + ais + a2S 2 ) + K s gm det(2s)) • (— 9b ~ 9tt ~ 3s (C w -1- C p )) 



+ 3s (^2K2 c ^ (ao + a i s + tt2<5 2 ) + Ksq* det(2s)^ (— g m + 3s C^) 



(8.152) 



It is seen that the denominator in equation (8.152) is the same as the general expression of the 
denominator of any third harmonic distortion, which is given in equation (5. 134). 

The low-frequency value of the third harmonic distortion of the output voltage is found from 
equation (8.152): 



HD S ( low frequencies) 



9lVl (2^2 9m (-K 2g G' L ) + K 3gm G’ L ( 9B + &,)) 

^G^gmigB 4 - £tt) 3 



(8.153)| 



This expression is consistent with the result obtained in Section 8.2.3 where we did not take intq 
account any frequency dependence. j 

We now consider the poles and zeros of HD$ in order to explain the frequency behavior. | 
The following poles are found for HD$: 

- the poles of the first-order response. These are the zeros of det(s). It is seen in equa- 
tion (8.152) that these poles occur twice. In Section 8.2.6. 1 these poles were found at 
630 MHz and 9. 68 GHz. 



- poles at the half of the values of the poles of the first-order response. These are the zeros 
of det(2s). For the numerical example these occur at 316MHz and 4.79 GHz. 



- poles at one third of the values of the poles of the first-order response. These are the zero? 
of det(3s). For the numerical example these occur at 210 MHz and 3.19GHz. 

- the zeros of the first-order response. This is due to the fact that HD 2 is equal to the second^ 

order response divided by the first-order response. From equation (8. 121) we find that ther| 
is only one such zero in this circuit. This zero occurs at 189 GHz. I 



The above poles are easily determined once the first-order response is known. | 

Next we consider the zeros of HD 3 . Since the transfer functions TF lNL3gm ^ output an<j 
TF lNL3 output that occur in the expression of V out j$ (equation (8. 149)) are first-order polyno| 

mials, the terms between the square brackets in equation (8.149) form a fourth-order polynomial 
in the frequency variable s. For our numerical example we find two real zeros at 35.7 MHz and 
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A.12>GHz, and two complex conjugate poles at 113 GHz. The zero at 35.7 MHz is almost identi- 
cal to the zero at 35.5 MHz in the expression of 1^,2, o- An approximate expression of this zero 
has been given in equation (8.144). Further, the zero of He,i,o is a triple zero of HDs since HD$ 
is proportional to the third power of He^o- In Section 8.2.6. 1 it was found that this zero occurs 
at 2.75 GHz. 

With these poles and zeros the maximum of around 200 MHz can be explained. 



8.2.6.4 Third harmonic distortion with different values of 

In the single-transistor amplifier the base-collector capacitor gives rise to the Miller ef- 
fect [Lak94]. In fact this capacitor constitutes a shunt-shunt feedback: this kind of feedback 
lowers both the input impedance and the output impedance. From Section 4.8 we know that 
feedback can lower the distortion. We will check this by changing the parameters of the loop 
gain of this shunt-shunt feedback via C ^ 

First we analyze the loop gain qualitatively. The loop gain of the shunt-shunt feedback in- 
creases with an increase of g m , and the load resistance Rl , as can be seen in the expression of the 
Miller factor, equation (8. 111). This loop gain is low at low frequencies, since C ^ is then a high 
impedance that does not couple the collector to the base. The loop gain increases with frequency, 
it then reaches a maximum value and at high frequencies it decreases. Further, it increases as C ^ 
increases. 

The loop gain of the shunt-shunt feedback can be computed by splitting the single-transistor 
amplifier into a basic amplifier and a feedback network, just as we did in Section 4.8.6. In this 
case, the feedback network consists of nothing else but C^. When computing the loop gain, the 
loading of the feedback network must be taken into account in the basic amplifier [Gray 93]. 

The computation of the loop gain is left to the reader. We will only analyze the result. A 
schematic representation of the loop gain T as a function of frequency is shown in Figure 8.26. 
Its maximum value T max is given by 



T = 

-*■ TTlflT 



9mGn 



This maximum value is obtained from a frequency f \ , given by 

9i tGl 



fi = 



2?r {Gl{C 1 4- C M ) + g^C M ) 
and the loop gain decreases from a frequency / 2 , given by 

f — + Cfi) + g-nCfi 

h ~ 27T {C n C, + Cl) 



(8.154) 



(8.155) 



(8.156) 



With this knowledge the third harmonic distortion has been computed with different values 
of C ^ and R L . For this experiment, the transistor output resistance has been omitted, since 
otherwise a very large Rl would be shunted by a smaller r Q such that the effect of a large effective 
load resistance cannot be examined properly. When changing the nonlinearity coefficients 
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Figure 8.26: Bode diagram of the loop gain of the shunt- shunt feedback along C lL in a single- 
transistor amplifier. 

I < and have been kept constant. The other small-signal parameters and nonlinearity 
coefficients have been adopted from the numerical example that has been used in the previous 
sections. . 

The third harmonic distortion as a function of frequency with different values for and Rl ] 
is shown in Figure 8.27. The solid line in this figure corresponds to the same values as used in' 
Figure 8.25, except that r 0 has been omitted. For these values the maximum value of the loop 
gain, according to equation (8.154) is 1.8. When C ^ is increased with a factor of ten and Rl 
is 4/cf2, then the maximum loop gain increases to 45. The frequencies fi and / 2 , according to 
equations (8.155) and (8.156), are found to be 60 MHz and / 2 — 254 MHz, respectively. For 
this case, shown with the dashed line in Figure 8.27, it is seen that the maximum of HD shifts 
to lower frequencies. Between 30 MHz and AG Hz it is seen that HD 3 is smaller than with the 
previous value of 

When R l is increased to 10 kD, then from equation (8.154) a value of 104 is obtained for 
T max , and f x and f 2 are equal to 38 MHz and 159 MHz, respectively. Compared to HD :i with 
R l — AkQ, it is seen that the maximum of HD^ is lower now. 

For R l = lOO&fi, T max equals 488 and /i and / 2 are 5.95 MHz and 101 MHz, respectively. 
Despite the increase of the loop gain, HD 3 is almost the same. This can be explained by the fact* 
that the feedback network, in this case is nonlinear. In Section 4.8.2 it was proven that a largej 
feedback can effectively suppress the nonlinearities in the basic amplifier but it cannot eliminate^ 
the effect of nonlinearities in the feedback network. 
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O — OC „ = 250 fF, R l = loom 

C, t = 24 fF, R l = lkQ 

C „ = 250 fF, R l = 4ktt 

• — • C ti = 250 fF, R l = WkQ 



frequency (Hz) 

Figure 8.27: Third harmonic distortion at the output of the single-transistor amplifier of Fig- 
ure 8.19 as a function of frequency for different values of R' l and C,,, HD 3 has been normalized 
to an input amplitude of IV. 
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8.3 Single MOS transistor amplifier 



Figure 8.28 shows an amplifier with one MOS transistor. The source and the bulk of the transistor 
are grounded. The input to the amplifier is a voltage source with an output resistance R s . The 
amplifier is loaded with a resistance R L and a capacitance C L . 



Vdd 






Figure 8.28: A single-transistor amplifier (MOS version). 

\ 

We will analyze the harmonic distortion of this amplifier for different operating regions of th 4 
transistor and with the inclusion of different parasitics. First, the transistor will be represented b4 
its (nonlinear) transconductance only. Next, the influence of the nonlinear output conductance 
will be modeled. Finally, the distortion at high frequencies will be considered for a MOS tran^ 
sistor in saturation. For the computations in this section many results can be taken over from thcfc 
analysis of the bipolar single-transistor amplifier. 

For numerical evaluations of the derived expressions we will make use of the technology data 
for the 0.7 pm process with the model parameters of Table 7.1. 



8.3.1 Influence of g m only * 

We first compute the harmonics of the output voltage at low frequencies. This output voltage il 
the drain-source voltage of the transistor. In this section it is assumed that the drain current i|j 
a function of vqs only. Since no output conductance is taken into account, and since the load) 
resistance Rl is assumed to be linear, the distortion of the output voltage is the same as 
distortion of the output current. 

The starting point for the calculations is the nonlinear circuit of Figure 8.29 that is equn 
alent to Figure 8.28 for AC signals. In this circuit the nonlinear drain current is described 
a function of v gs . This function is found from the model equation of the drain current, 
circuit of Figure 8.29 is identical to its bipolar counterpart from Figure 8.2, apart from the fun<; 
tional dependence of the transistor current on the controlling voltage (gate-source or base-emittfl 
voltage). The base current in Figure 8.2 does not play a role since R s is zero. Hence, we ca 
adopt the results from Section 8.2. 1.2 for the second and third harmonic distortion in terms of tt 
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G 



D 




Rl 



Figure 8.29: AC-equivalent circuit of the single-transistor amplifier of Figure 8.28 including the 
nonlinear dependence of the drain current on the gate-source voltage . 

nonlinearity coefficients. The values of the nonlinearity coefficients, of course, will be different 
here. 

With equation (8.36) we find that the second harmonic distortion of the output voltage or the 
output current is determined by the second-order normalized nonlinearity coefficient: 



HD 2 




V<„ 



(8.157) 



and hence 



IM 2 




V m 



(8.158) 



For the third-order distortion we find from equation (8.40) that the third-order distortion is 
determined by the third-order normalized nonlinearity coefficient: 



HD 3 

/m 3 







The second-order intercept points IP 2 h and IP 3h are then given by 



IP 2k = 




(8.162) 



IPzh = 2 



(8.163) 
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and for intermodulation distortion 



IP* = 




IPk = 




(8.164) 

(8.165) 



We will now evaluate these expressions in different operating regions. 

i 

8.3. 1.1 Transistor in the saturation region 

k 

For the above distortion figures we will present expressions using different transistor models: 
we will use the level 1 model, since this is still widely used for hand calculations, as well as 
the model described in Section 7.7. 2. 4 that takes into account mobility reduction and velocity 
saturation. 

■M 

Using the level 1 model If the MOS transistor in saturation is modeled with the level 1 model j 
equation then K 2grti is given by equation (7.55), and we find ] 



I jn Viri 

4 (Vgs — V T ) 


(8.166)1 


V 


1 


IM 2 " 2 (V GS ~ V T ) 


(8.167); 

; 


IP 2h = 4(Vgs ~ Vt) 


(8.168)] 



It is seen that the intercept point can be increased, or the linearity improved, by increasing ( V G s - 
V T ). This is a design parameter that can be controlled. This situation is different from the single- , 
transistor amplifier with a bipolar transistor. There it was seen that IP 2h only depends on the j 
thermal voltage V t . j 

The factor (V GS - Vt) increases when V GS increases, and it decreases when V$b increases, j 
since this increases the threshold voltage V^. In this way, the bulk effect increases the nonlinear j 
distortion. j 

Assume that the MOS transistor is biased such that (Vgs ~ Vt) ~ 200 mV. Then we findtj 
that IP 2 h is 800m V. This is about eight times larger than for a bipolar transistor. $ 

Consider now the third-order distortion. Due to the quadratic dependence of the current on| 
v G s with the level 1 model, the third-order distortion figures HD 3 and JM 3 are zero and IPzh; 
IP 3i are infinite. This is an oversimplification, and in the next paragraph we will obtain more^ 
realistic values with a more accurate MOS model. | 

Using a more advanced model In Section 7.7.3 we used a drain current model that takes into 
account mobility reduction and velocity saturation. We will use the nonlinearity coefficients that 
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have been derived from this model in order to obtain closed-form expressions for the distortion 
figures. 

An approximate closed-form expression for the normalized nonlinearity coefficient K* 2 has 
been derived in equation (7.139). Using this expression we find 



2 0 + (* + ^l) {VgS - Vr) ) ■ ( 2 + ( 0 + ^z) Was ~ V T )) • (Vgs - V T ) 

(8.169) 

It is seen that mobility reduction and velocity saturation lower the second harmonic distortion. 

Setting HD 2 to 1 and solving for V in yields the second-order intercept IP 2 h for harmonic 
distortion: 

"’«■ -’M'+sfe) (v “ s - w ) <"* - Vt) )' «» - 

(8.170) 

Comparing this value to the intercept point computed with the level 1 model, it is seen that with 
the inclusion of mobility reduction and velocity saturation the intercept point is larger. This 
means that these effects cause a linearization of the transistor characteristics. 

For a transistor with L = 0.7 //m, V GS = 1.25V and V SB = 0V, and using the data of 
Table 7.1 we find V G s ~ Vr = 0.5V. Further, 6 = 0.079V -1 , and fi 0 /v sat /L = 0.346V -1 . The 
factor (0 -h ii$/v sai /L) * {V GS - Vr) equals 0.212. Then we find an intercept point IP 2 h of 2.68V. 
Without mobility reduction and velocity saturation, equation (8.168) yields an intercept point of 
2V. 

Next, we consider the third harmonic distortion. An approximate expression for the third- 
order normalized nonlinearity coefficient K f 3gm that takes into account mobility reduction and 
velocity saturation has been given in equation (7.141). Using this expression we find for HD 3 



HD , = 






4 1+ 0 + 



Mo 

^ sat L , 



(Vgs ~ V T ) 



2 + 0 + 



Mo 

sat L , 



{Vgs ~ V r ) 



( Vgs ~ Vt) 
(8.171) 



It is seen that HD 3 would be zero if mobility reduction and velocity saturation would not be 
present. This is not exact. Expression (7.141) for the third-order nonlinearity coefficient K r 3 
that has been used to find the expression for HD 3 is only an approximation. When mobility 
reduction and velocity saturation do not occur, then other terms in the exact expression for K\ 
become dominant. More precisely, KV would be determined by the third-order derivative of 

the - powers that occur in the drain current due to the fact that the depletion layer underneath the 
channel varies along the channel. 

Further it is seen that, just as for HD 2 , the third harmonic distortion can be lowered by 
increasing V GS — V T . 
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By setting HD 3 equal to one and solving for V in one finds the third-order intercept point IP^h 
for harmonic distortion. For the same transistor as in the numerical example for the computation 
of 7P 2 /i» we find with L = 0.7 /im and V GS — V T = 0.5V, a third-order intercept point IP 3h of 
3.9117. 



8.3.1.2 Transistor in the triode region 

Suppose that a MOS transistor in the triode region is used for amplification. This occurs for 
example in some integrators of active filters [Groen 94]. In this case, the nonlinearity coefficients i 
can be found from equations (7.133) and (7.134). In this way we find for the second harmonic! 
distortion of the output voltage or output current I 

HD > a \ihr, ' v - (8172) 



and for the third-order distortion 



HD, 



e 2 



4 (i + W 



■ v l 

r IT 



(8.173) 



The coefficient /„ is given by equation (7.68), which is repeated here for convenience: 



fn = {vgb ~ Vfb ~ <f>) ~ \ ( vdb + vsb) + | 



(<j> + Vdb ) 3 ^ 2 — (</> + Vsb ) 3 ^ 2 
vdb — vsb 



(8.174) 



It is seen that HD 2 and HD% are only determined by mobility reduction. If no mobility reduction^ 
is present, then no distortion occurs. This is clear when one looks at the drain current expression! 

ij 

in the triode region, equation (7.40), which shows a linear dependence of the drain current oni 

Vc IS- 

Further, it is seen in equations (8.172) and (8.173) that the influence of velocity saturation is 
negligible. j 

As an example, we consider an n-MOS transistor in the 0.7^m process with L = 0.7/xm,j 
W = 16/im, V gb = 3.21/, V DB - 1.55V and V SB - 1.3V. Further 9 = 0.0 5V“ ] . Then we finJ 
f fl = 3.717V and the second and third-order intercept points for harmonic distortion, IP 2 h 
IP :ih are both equal to about 47.2V, which is much larger than the intercept points for a MOS 
transistor in saturation. | 

/ 

8.3. 1.3 Transistor in the weak inversion region 

In the weak inversion region there is an exponential relationship between the drain current anj 
the gate-source voltage. Then the expressions for the distortion figures closely resemble thl 
expressions for the single-BJT amplifier with an elementary transistor model. We find for tM 
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second- and third-order harmonic distortion of the output voltage or the output current: 

Kr 



hd 2 = 



Y m 



HD- 



4nV( 

V 2 

r %n 

“ 24 n 2 V? 



(8.175) 

(8.176) 



in which n is the weak-inversion slope, defined in equation (7.208). It is given by 



n « 1 + 



7 



2\/L5$f T- vsb 



(8.177) 



The second- and third-order intercept points for harmonic distortion, IP 2h and IP 3h are found 
by setting HD 2 and HD 3 to one: 



IP 2h = 4nV t (8.178) 

IP 3h = 2V6nV t (8.179) 

In Section 7.13.1 we found a weak inversion slope of 1.275 for the 0.5 [im technology from 
Table 7.1. With this value, IP 2h is about 131mF and IP 3h is approximately 161 mV at room 
temperature. 

8.3.2 Influence of the output conductance 

The simple transistor model used in the previous sections is now extended with an output con- 
ductance. As we saw in Section 7. 1 1 this resistance is nonlinear. When the drain of the transistor 
is a high-impedance point, which means that R L is high, then the effect of the output conductance 
and its nonlinearity can play a role in the harmonics of the current that flows into the external 
load resistance R L . This has been discussed in Section 8.2.2 for a bipolar transistor. The results 
obtained there can be adopted and we will discuss them briefly here. 

In several transistor models such as the BSIM3 model the drain current in saturation is de- 
scribed with a function of the form 



%DSAT — ^DS At{^CS j Vsb) * g(VGS, V SB, Vds) (8.180) 

in which g(v GS , v S b , v DS ) models the output conductance, which is due to several phenomena, 
as described in Section 7.1 1. 

If, on the other hand, the output conductance is assumed to be linear, then the drain current 
in the saturation regime is given by 



^ DSA T ~ VDSAT (1 + ^Vds) (8.181) 

For the computation of harmonics with the calculation method of Section 5.3, we start from 
the equivalent circuit of Figure 8.30. When the output resistance is included, then, both for a 
linear and nonlinear output resistance, the drain current is a function of two voltages. This func- 
tion can be expanded into a two-dimensional power series. Compared to the previous section. 
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D 




id — / i^gs : Vds) 



Rj 



S,B 

Figure 830: AC-equivalent circuit of the single-transistor amplifier of Figure 8.28 including the\ 
nonlinear dependence of the drain current on the gate-source and the drain-source voltage. \ 



additional nonlinearity coefficients must be taken into account during the calculations, name! 
the coefficients that are proportional to second-order derivatives with respect to v DS only and t 
both vqs and vps- j 

The circuit of Figure 8.30 is identical to the circuit of Figure 8.4, apart from the functional; 
dependence of the transistor current on the controlling voltages and apart from the base currents 
However, since the base current does not play a role in Figure 8.4, we can adopt the results frorii 
Section 8.2.2 in terms of the nonlinearity coefficients. The value of the coefficients, of course;! 
will be different here. I 

The second harmonic of the output current is given by 



l 



out, 2,0 — ^ 



K0„ -K, 



*9m 






A v + K 2go A 2 



G, 



V 2 

in 



Gl + fh 2 



(8.182 



in which A v is the voltage gain g m /(G L + g 0 ). It is seen that K 2 « contributes a factor A 
more to the second harmonic than K 2gm * The coefficient K 2(Jq contributes a factor A\ more u 
the second harmonic than K 2f)m . 

Equation (8. 182) reveals that when R L is a large resistance, such that A v is high and the drai< 
of transistor M\ is a high-impedance node, then the contributions from K 2 ? and K 2go migli 

be considerable. This situation occurs for example when transistor Mi is at the output of th< 
first stage of a two-stage amplifier with Miller compensation. On the other hand, when Ri i; 
low, then the contribution of K 2gm is dominant. In the limit, when R L is a short circuit, then til 
contributions of K 2 . and K 2n vanish. 

The result obtained in equation (8.182) can be intuitively explained as follows: when 
voltage gain is high, then the voltage swing at the output is high. In this case, nonlinearities tha 
are determined by the output voltage contribute much to the total harmonic. 

Assume now that we consider the output conductance as a linear conductance. This mee 
that the coefficient K 2 „ is zero. On the other hand, the coefficient K 2 v is not zero. Fc 

*9o * gm&go 

example, for the level 1 model we find from Table 3.2 



K hmkgo = MoC'^A (V GS -^r) 



(8.18: 



As a result, the second harmonic of the output current still contains a term that is related to 
output conductance. This means that the presence of the output conductance contributes to t| 
second harmonic, even when this conductance is assumed to be perfectly linear. 




8.3 Single MQS transistor amplifier 



357 



Next, we consider the third harmonic 3,0 of the output current. In accordance with equa- 
tion (8.58) we find 



The terms on the first line of this equation arise from third-order nonlinearities (third-order non- 
linearity coefficients) whereas the next terms are caused by second-order nonlinearities produc- 
ing a third-order signal by combining a second-order signal with a first-order one. Similar con- 
clusions can be drawn from equation (8.184) as from the expression of the second harmonic: 
when the drain is a low-impedance point, which means that R L and A v are low, then only K 3gm 
gives a considerable contribution. In the case of a large value for R h other contributions become 
important as well. 

8.3.3 Frequency behavior 

In this section we will analyze distortion at the output of the single MOS transistor amplifier of 
Figure 8.28 as a function of frequency. It is assumed that the transistor is in the saturation region. 
As a result, we can consider the capacitors C gs and C gd as linear capacitors (see Section 7.12). 
The output conductance will not be taken into account. It can always be added to the load 
conductance G L = 1 /R L . Two nonlinearities will play a role in the single-transistor amplifier, 
namely the nonlinearity of the drain current and the nonlinearity of the drain-bulk capacitance. 
The other nonlinearities of the nonlinear equivalent circuit of a MOS transistor (Figure 7.1) are 
shorted such that they do not play a role. In this way, the single-transistor amplifier of Figure 8.28 
reduces to the nonlinear equivalent circuit of Figure 8.31. The drain current nonlinearity is 
represented as a function fi that relates the drain current to the gate-source voltage. The nonlinear 
drain-bulk capacitance is nothing else but a junction capacitance. It is described by a function / 2 
that relates the charge upon the capacitor to the drain-bulk voltage. 

The small-signal parameters and the nonlinearity coefficients for the transistor that we will 
use in this section are listed in Table 8.3. The values have been obtained by computing the 
derivatives of the model equation (7.121). This equation does not take into account an output 
conductance. Further, the model parameters of the 0.7 fxm process of Table 7.1 have been used, 
except that v sat has been given the more realistic value of 10 5 m/s* and a value of 0.05V~ l has 
been used for 0 , since a different mobility reduction model is used than the model for which the 
value of 9 from Table 7.1 has been fitted. 

Further, the load resistance R L is 60011 In this way, the low-frequency value of the gain 
v ds!v in , given by g m RL > equals 12 dB. Further the source resistance is 200£1 Finally, the capac- 
itive load of the amplifier is taken equal to 100 fF, which is about the same as the gate-source 
voltage of the transistor. We will analyze the circuit up to frequencies beyond the frequency 




(8.184) 
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Figure 8.31: AC-equivalent circuit of the single-transistor amplifier of Figure 8.28. The nonlin\ 
ear capacitance C db and the nonlinear drain current are included. 



w 


80 pm 


L 


0.7 pm 


V GS 


1.9V 


C 9 s 


92.4 fF 


Vds 


2.25 V 


C 9 d 


16.8 fF 


VsB 


0.0 F 


c db 


42.7 fF 


9m 


6.61 in A/ V 


K >c ib 


-2.19 fF/V 


^ 9m 


1.81 mA/V 2 




0.328 fF/V 2 


^ 9m 


—0.592 mA/V 3 







Table 8.3: Dimensions , bias conditions and the corresponding small-signal parameters and nor 
linearity coefficients for the MOS transistor in the single-transistor amplifier. 

range in which the nonlinear MOS model of Figure 7. 1 is valid. This model is only valid for qi 
sistatic operation, which is limited to a frequency 0.1 f 0 with f 0 given in equation (7.201). Fc 
the transistor here, we have an effective mobility p = 0.042ra 2 /(V.s), the parameter a equfi 1 
1.2475, and (V GS - V T ) = 1.15V, such that f 0 = 12 .6GHz. Nevertheless, an analysis up 
frequencies higher than 0.1 / 0 can be useful to see some trends in the high-frequency behavior^ 



8.3.3. 1 First-order response 

First we analyze the response of the linearized equivalent of Figure 8.31. This linearized circt 
is shown in Figure 8.32. 

The output of interest is the drain-source voltage. Apart from this voltage we will also cc 
pute the first-order response of the gate-source voltage, since this determines the nonlinear ct 
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Cd* + C l = C' l 



Figure 8.32: Linearized equivalent circuit of Figure 8.31. 



rent sources of order two that correspond to the drain current nonlinearity. 

The linearized circuit of Figure 8.32 has the same topology as the linearized equivalent circuit 
of the single-BJT amplifier from Figure 8.20 except that is present there. Therefore we can 
adopt several results from Section 8.2.6. 



First-order response of the output voltage The first-order component \4, t i,o of the drain- 
source voltage can be computed by hand or with a symbolic network analysis program such as 
ISAAC. Just as with the computations with the bipolar transistor amplifier in Section 8.2.6 we 
will express the first-order response as a numerator that is divided by the determinant of the 
admittance matrix of the linearized network. This determinant will be used throughout the rest 
of the computations. Doing so we obtain 



T/ \r _ ( 9m s Cgd) 

*out, 1,0 — Vds,l,0 — ■, , / \ 

det(s) 



•Vir. 



in which det(s) is the determinant of the admittance matrix, given by 



(8.185) 



det(s) = GsG l 

+ s (CgdGs + CgdQm. + C* L G$ 4- C gs Gi 4- CgdGifj (8.186) 

+ S 2 ( C f L C gs 4* C^Cgd 4 CgdCgs ) 



in which C L = C L 4- C db . 

We now consider the poles of the circuit. These are the zeros of the determinant det(s). Since 
this is a second-order polynomial, the circuit has two poles. When the Miller effect is strong, 
then the two poles of the circuit are widely separated. In this case, the two poles are given by 



Pi 

P2 



Gs 

^Gg d gmRL 

QmGgd 

G'lCgs + CgdC l L 4* CgdC, 



gs 



(8.187) 

(8.188) 



These formulas can be found in several text books on analog integrated circuit design [Gray 93, 
Lak 94]. 




360 



Weakly nonlinear behavior of basic analog building blocks 



With the given numerical values, the Miller effect is quite small, due to the low gain of 
the amplifier. Then the approximations given in equations (8.187) and (8.188) are inaccurate. A 
better approximation is obtained by taking ratios of coefficients of different powers of s in det(s) 
as follows: 



coefficient of s° 

coefficient of s 1 
coefficient of s 1 
coefficient of s 2 



(8.189) 

(8.190) 



Using these approximations we find poles at 1.2 GHz and at 10.2 GHz. An exact calculation 
yields a pole at l AG Hz and another one at 8.7 GHz. In reality, the high-frequency behavior will 5 
deviate from the behavior determined by the two poles, due to non-quasistatic behavior. 

The expression for has one zero zi : 



Zl 



9m 

‘Z'KCgd 



(8.191) 



With the numerical values here, this zero occurs at 63 GHz. 



First-order response of v G s The first-order response of the gate-source voltage is founc 
using network analysis. Similarly to the result from Section 8.2.6. 1 for V be ,i,o we find 



T /■ _ Gs ( G L + 8 ( Cgd + C f L )) 



(8.192) 



The poles in the expression of V^i.o have been discussed in the previous paragraph. The zero oi 
K;,, 1,0 is given by i 

1 



^2 = 



RL{C 9d + C’ L ) 

In our numerical example this zero occurs at 1.67 GHz. 



(8.193) 



8.3.3.2 Second harmonic distortion 

For the computation of the second harmonic distortion we apply to the linearized circuit two cur^ 
rent sources of order two, as shown in Figure 8.33. One source corresponds to the nonlinearity qj 
the drain current and the other one to the nonlinearity of the drain-bulk junction capacitor. The 
nonlinear current sources appear in parallel in the circuit. The contribution of each nonlines 
current source is given by the product of its value and the transfer function from the nonlines 
current source to the output of interest. 

We will not only compute the second-order response of the output voltage. In addition, 
will also compute the second-order response V gs , 2 ,o °f gate-source voltage. The reason | 
that V gs , 2,0 determines the nonlinear current source of order three that corresponds to the dra 
current nonlinearity. We will need the value of this current source in the computations of 
third harmonic at the output. 
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Figure 8.33 : Linearized equivalent circuit of Figure 8.31 excited with the nonlinear current 
sources of order two. 



Second harmonic distortion of the output voltage Figure 8.34 depicts the second harmonic 
distortion of the output voltage of the single-transistor amplifier of Figure 8.31, together with its 
contributions as a function of frequency. 




frequency (Hz) 

Figure 8.34: Second harmonic distortion at the output of the single-transistor amplifier of Fig- 
ure 8.31, as a function of frequency together with its contributions. HD 2 has been normalized to 
an input amplitude of IV. 

It is seen that there is one dominant contribution, namely the contribution of the coefficient 
K'igm that represents the nonlinear dependence of the collector current on v G s- The contribution 
°f C db is small: at low frequencies it is small, since capacitive effects, both linear and nonlinear, 
do not play a role at low frequencies. At higher frequencies, the current through the capacitances 
C i and C db at the output increases. The part of the output current that flows through C db yields 
additional distortion. One could expect that the distortion produced by C db is high, since the 
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voltage swing over C db is high. However, Cdb is shunted by a larger linear capacitor C L . Further- 1 
more, the nonlinearity of C db is small, since C db is the capacitor of an inversely biased junction, j 
The linearity of a junction capacitor improves when the junction is more reversely biased, as i 
discussed in Section 3.4. 

It is seen in Figure 8.34 that the second harmonic distortion decreases at high frequencies. 

We will now determine a closed-form expression for the second harmonic distortion as a 
function of frequency. With the two contributions to the second harmonic V outi 2 ,o of the output 
voltage, the second harmonic distortion of the output voltage is given by \ 



HD s 



contribution of K 2gm to + contribution of K 2Cib to V ouU 2,0 



(8.194)] 



first-order response 

Using Table 5.5 we find that the contribution of K 2grn to the second harmonic V oui , 2,0 is given by 



contribution of K 2gm to V out , 2 , 0 = -|=- • (V^.i.o) 2 ■ TF iNL2gm ^ output 
and for the contribution of K 2 „ we find 



(8.195); 



contribution of K 2Cm to = sK 2c<a • (V rfSjl , 0 ) 2 ■ TF t 



lNL‘1, 



J db 



* output 



(8.196) 



Hereby it must be noticed that the transfer functions from the nonlinear current sources to th^ 
output must be evaluated for the frequency variable equal to 2s. It is seen that the two nonlineal 
current sources are parallel to each other. Hence 



-^output — TFi NL2 -4 output 

C db ym 



(8.197) 



This transfer function can be determined with network analysis. One finds 



(8.1983 



TF _ G s + 2s [C (JS + C gd ) 

” det(2s) } 

If we only take into account the drain current nonlinearity — this is a reasonable assumpj 
tion as seen from Figure 8.34 — then we find for V out , 2 $ using equations (8.192) and (8J 
through (8.198) 



Vr 



out, 2,0 — 



Ktym &s (Gl + s(C' L H- C gd )) 2 (G s + 2 s ( C gs + C gd )) 



•U; 



r'2 



2 (det(s)) det(2s) 

The second harmonic distortion is found as the ratio of V out , 2 ,Q and V ou t,i,o- This yields 

K 2gm G s (G h + s(C' L 4- C gd )f (G s + 2s (C 9S + C^)) 



( 8 . 1 ! 



HDo = 



(~9m + sC gd ) det(s) det(2s) 



Vrn 



(8.2C 
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The frequency response of HD 2 can now be determined. At low frequencies we find that 

K 2 

(low frequencies) = ~^ L V m (8.201) 

which corresponds to the result obtained in Section 8.3.1. 

We now consider the behavior of HD 2 at higher frequencies. Since HD 2 is a rational function 
in the frequency variable s we can analyze this in the same way as a transfer function, namely 
using poles and zeros. 

The following poles are found for HD 2 : 

- the poles of the first-order response. These are the zeros of det(s). In Section 8.3.3. 1 these 
poles were found at 1 AG Hz and 8.7 GHz, 

- poles at the half of the values of the poles of the first-order response. These are the zeros 
of det(2s). For the numerical example these occur at 700 MHz and 4.35 GHz. 

- the zeros of the first-order response. This is due to the fact that HD 2 is equal to the second- 
order response divided by the first-order response. From equation (8. 1 85) we find that there 
is only one such zero in this circuit. This zero occurs at 63 GHz. 

The above poles are easily determined once the first-order response is known. 

Next, we consider the zeros of HD 2 . The only contribution that we take into account in the 
expression of HD 2 is the one from the nonlinearity of the drain current. This contribution is 
proportional to Vg S l Q . Hence the zero of V gs ^$ given in equation (8.193) is a double zero of 
HD 2 . This double zero occurs at 1.67 GHz. Next, a zero occurs in the transfer function from the 
nonlinear current source to the output. From equation (8.198) we find that this zero occurs at a 
frequency 1/(47t Rs{C gs + C gd )). For the numerical example, this frequency is 3.65 GHz. With 
these poles and zeros the frequency behavior of Figure 8.34 can be explained. If the contribution 
of K 2 is taken into account, then the numerator of HD 3 becomes a third-order polynomial, 
yielding an additional zero. 



Second harmonic distortion at the gate-source voltage Next, we determine the second-order 
response at the gate-source voltage. This response will be required to calculate the third harmonic 
distortion in the next section. 

The second harmonic at the gate-source voltage is found by computing the gate-source volt- 
age in the circuit of Figure 8.33, which is the linearized circuit excited with the nonlinear current 
sources of order two. The second harmonic distortion of the gate-source voltage and its contri- 
butions are shown as a function of frequency in Figure 8.35. 

It is seen that at low frequencies there is no distortion at the gate-source voltage. This is ex- 
plained as follows. The two sources of nonlinear distortion occur at the output. At low frequen- 
cies there is no path from the output (= the drain node) to the gate node. At higher frequencies, 
however, there is a path along C gd . As a result, the second harmonic at the gate-source voltage 
increases with frequency. However, above 1 GHz , the second harmonic falls off with frequency. 
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total 



1 2, 



Cdb 

o 



frequency (Hz) 

Figure 8.35: Second harmonic distortion at the gate-source voltage of the single-transistor am 
plifier of Figure 8.31 , as a function of frequency together with its contributions. HD 2 has bee^ 
normalized to an input amplitude of 1 V. J 



Further it is seen that along the complete frequency band the contribution of the second-ord^ 
nonlinearity of the drain current is more than 10 dB higher than the contribution of K' 2 Clb • Henc! 
an approximate expression for the second harmonic is given by i 



K 



K‘ 



9 s, 2,0 



2 9r, 



(Vi-,1, o) 2 • TF 



iNL2g m ^V 9 B 



(8.202 



The transfer function from the nonlinear current source to the gate-source voltage is proportion! 
to sCgdy as we already mentioned. Indeed, with network analysis one finds * 

2sCg d 



Tp 

det(2s) 

Combining equations (8.192), (8.202) and (8.203) we find 



( 8 . 2 ( 



V 9S, 2,0 - 



_ 2sC gd G 2 s (G l + s(Cgd + Cjjy 



(det(s)) 2 det(2s) 



■K, 



( 8 . 20 * 



The frequency response of V gs $$ can now be analyzed. The poles of Vie^o are the samei 
the poles of V ou t,2$- Further, the zero of V^ s> i >0 (see equation (8.193)) at 1.67 GHz occurs twic 
With the knowledge of the first- and second-order responses at the controlling voltages, ■ ,*| 
now have enough information to compute the third-order response. 
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8.3.3.3 Third harmonic distortion 

For the computation of the third harmonic, the nonlinear current sources of order three are applied 
to the linearized equivalent circuit of the single-transistor amplifier. The situation is completely 
similar to the computation of the second-order response with the nonlinear current sources of 
order two, as shown in Figure 8.33. The third harmonic distortion of the output voltage and its 
most significant contributions are shown in Figure 8.36. 






■“ total 


G- 


-O K- 1( , 




Cdb 


B- 




o- 




A- 





Figure 8.36: Third harmonic distortion at the output of the single-transistor amplifier of Fig- 
ure 8.31 , as a function of frequency together with its contributions. HD :i has been normalized to 
an input amplitude of 1 V. 

It is seen that at low frequencies there is only one significant contribution, namely the one of 
one would use the level 1 transistor model then this dominant contribution would be 
completely missing since with this model K Zgm is zero. The magnitude of the contribution of 
starts to decrease from about 200 MHz. Above 200 MHz the total value of HD 3 is higher 
than the contribution of K Zgm since K 3c and the second-order nonlinearities give a contribution 
to the third harmonic distortion as well, f’he contributions of the second-order nonlinearity K 2g 
arises from the coupling of the drain node to the source node through C gd . In this way, there islt 



366 



Weakly nonlinear behavior of basic analog building blocks! 



second-order component at the gate-source voltage. This component is combined by the second-j 
order nonlinearity K 2gm with the first-order component at the gate-source voltage, resulting in a. 
third-order signal. 

A closed-form expression for the third harmonic distortion as a function of frequency can! 
be obtained by computing an expression for the different contributions and combining them.* 
Here we will limit ourselves to the contribution of K %Qm only, which is dominant over the entire* 
frequency band. We find with Table 5.7 



V, 



Ks 



out, 3,0 



9m 



■ v 3 
* 38 , 1,0 



TF 



*NL3 



9m 



tout 



(8.205); 



The transfer function from the nonlinear current source to the output does not have to be recom- 
puted. We can adopt it from the calculations of the second-order response. The only difference 
is that the frequency variable is now 3s instead of 2s. Using equation (8.198) we have 



TF 



i NLZg m output 



Gs + 3s ( Cgs -T Cgd) 
det(3 s) 



(8.206), 



Substituting this value into equation (8.205) and using the value of V^i.o from equation (8. 
we find 



V r . 



out., 3,0 



K, gm G\ (G l + a(C L + C ffd )) 3 (G S + 3s (C„ + C g „)) y? 
4 (det(s)) 3 det(3s) 



(8.207; 



Dividing K u t, 3 ,o by V ou t,i,o from equation (8. 185) we obtain the third harmonic distortion: 



HD, 



K 3 



•9m 



Gl (Gl ± s{C L + C 9ri )) 3 (Gs + 3s (C g8 + C*)) 
(det(s)) 2 det(3s)(-g m + sC g i) 



■Vll 



(8.208 



The low frequency value found from this equation is given by 

K 3 



HD 3 (\ow frequencies) = 

^9m 



(8.2( 



which corresponds to the result obtained in Section 8.3.1. 

The frequency behavior is easily derived from the poles and zeros of the expression for HI 
If an expression for HD 3 is required that is more exact than the one from equation (8.208) tl 
more contributions need to be taken into account. 



8.4 Bipolar differential pair 

Figure 8.37 shows a differential pair with bipolar transistors Q \ ,.i and Qib- This circuit has 
ready been analyzed qualitatively in Section 4.5.1. The differential pair is driven by a different^ 
sinusoidal voltage v ID = V id sin(wif). The output of interest is the voltage difference vq4 
between the two collectors. 
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Figure 8.37 : A bipolar differential pair. 



We will limit the discussion here to the low-frequency nonlinear behavior. First, we will 
analyze the nonlinear distortion for an elementary transistor model. For this model it is easy 
to derive a closed-form expression for the DC transfer characteristic. Having such DC transfer 
characteristic, it can be developed into a power series. From the coefficients of this series it is 
possible to derive an expression for the harmonic and intermodulation distortion figures. 

Next, we will compute distortion with the method of Section 5.3. This method is more 
general than using a DC transfer characteristic since this method allows to obtain closed-form 
expressions for the distortion even when a DC transfer characteristic cannot be computed. 

A differential pair is a balanced circuit. When it is excited by a differential voltage and no 
mismatches are present in the circuit, then the even-order nonlinear responses are zero. This is 
only true if the components that have been designed identically, are really identical. In reality, 
such components have random differences in their behavior and they show a certain level of 
random mismatch in the parameters which model their behavior. This mismatch is due to the 
stochastic nature of physical processes that are used to fabricate the device. In Section 8.4.3 we 
will compute the second harmonic distortion in the presence of mismatches. 

8.4.1 Computation of harmonics from the DC transfer characteristic 

It is first assumed that the transistors Qia and Q\b match, as well as the resistors R LA and 
Rlb ■ If the transistors are modeled with their collector current only which satisfies the simple 
exponential relationship of equation (3.12), then a closed-form expression for the input-output 
relationship of a bipolar differential pair can be derived as explained in Section 4.5.1: 

vqut ~ IeeRl ^ nh 



( 8 . 210 ) 
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in which R L = R L a = Hlb- Since capacitors have been neglected, the input-output relationshi 



in Figure 4.15. 

Having an explicit input-output relationship, the distortion figures can be easily derived. Us- 
ing the power series expansion of a hyperbolic tangent around zero 



the input-output relationship can be approximated for sufficiently small signals as follows: 



This series can be identified with equation (2.4). Using equations (2.13) and (2.14) we find 



These distortion figures also apply to the differential output current, which is the 
of the current through the two load resistors: since the load resistors are linear and no outpn 
conductance of the transistors has been taken into account in the calculations, the ratio between 
the differential output voltage and the differential output current is just a factor R L . ^ 

It is seen that the second harmonic distortion of the output voltage or current is zero. Al 
analysis of the higher harmonics will show that all even-order harmonics are zero. This is 
general property of balanced circuits, as explained in Sections 2.2 and 4.5. The third harmoni 



The second- and third-order intercept points are derived from equations (8.213) and (8.214); 



At room temperature we find IP 3h ~ 0.179 V\ This is a factor y/2 higher than for the single-E 
amplifier. 

At low frequencies and for small input amplitudes we know that IM 2 — 2 HD 2 and /Mg 
3 HD 3 such that 



of equation (8.210) is also the DC transfer curve of the differential pair. This curve is depicted 




( 8 . 211 )] 




(8.212)1 



HD 2 = 0 



(8.213) 




(8.2145 




is a factor two smaller than for the single-transistor of Section 8.2. If V id = 25 mV then HD S 



1/48 « 2.1%. 



IP 2h = oo 

ip 3h = aVz ■ v t 



(8.215; 

(8.2 



im 2 = 0 




(8.2 



(8.2 



(8.2 

(8.2 




and 



IP 2 i = 00 
IP 3i = 4V t 
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At room temperature we find IP a & 103 mV. 

The higher-order even harmonics and intermodulation products of the output voltage or cur- 
rent are all zero when no mismatches are present. On the other hand, at the common-emitter 
point, only the even-order responses are not zero, whereas the odd-order responses are all zero, 
as explained in Section 4.5.1. 



8.4.2 Symbolic analysis of HD 3 

The method explained in Section 5.3 to compute harmonics, that has been implemented in the 
symbolic network analysis program ISAAC, is now used to compute the third harmonic at the 
output of the differential pair. The advantage of using this method is that closed-form expres- 
sions for the harmonics can be obtained also when no explicit input-output relationship such as 
equation (8.210) can be found. 

The starting point for the calculations is the nonlinear circuit of Figure 8.38, that is equivalent 
with the differential pair of Figure 8.37. In this circuit, the base current and the collector current 




Figure 8.38 : AC-equivalent circuit of the differential pair of Figure 8.37. Each transistor is 
modeled with a nonlinear collector current and a nonlinear base current. 

of transistor Q 1A are modeled as a nonlinear function f, and / 2 , respectively, of the base-emitter 
voltage of Q 1A . Similarly, the functions f 3 and f 4 model the collector current and the base 
current of Q lB . For the calculation of the third harmonic, the two transistors are assumed to 
match perfectly, just as the resistors. In this way, their small-signal parameters and nonlinearity 
coefficients are represented by the same symbol. This means for example that we will represent 
the transconductance of the two transistors with one symbol g m rather than using two symbols. 
This will yield simpler expressions. 

Further, the output resistance of the current source I EE is assumed to be infinite. 

The circuit of Figure 8.38 resembles the circuit of Figure 5.6, except that here the base cur- 
rents are taken into account and only one excitation is applied. Interested readers can use the 
circuit of Figure 5.6 as a basis to compute the third harmonic by hand. Here we will use the 
symbolic network analysis program ISAAC that uses the calculation method of Section 5.3 to 
generate a closed-form expression. 



First-order response First, the response of the linearized circuit to the differential voltage is 
computed. This circuit is shown in Figure 8.39. 
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Figure 8.39: Linearized equivalent of the differential pair of Figure 8.38 used for the computatioi 
of the fundamental response. 



Using ISAAC we find that the fundamental response of the output voltage is given by 



Vr 



out, 1,0 



— ^ 21 , 1,0 — 



9m{9m 9n) 

det(s) 



• Vi 



id 



(8.221 



with g m = g m i A = g miB , G L = G L XA = G LXB and g* = g niA = g„ 1B - The denominator o 
Kwu,o IS the determinant of the (C)MNA matrix, which has been found to be 

det(s) = 2G\(g m + g *) (8.22? 

Since frequency dependence is not taken into account here, the determinant is equal for an; 
frequency. Substituting equation (8.222) into equation (8.221) yields 

Vauvfl = P- ■ V ld (8.223 

This is the well known result for a the response of a differential pair [Gray 93, Lak 94]. 

Next, we switch immediately to the third-order response. We know that the second-ordj 
response at the output is zero due to the balanced operation of the circuit. The second-ord| 
response at the base-emitter voltage of the two transistors, which will determine part of the thirfj 
order nonlinear current sources, will not be computed explicitly. Its value will be directly tak&l 
into account in the result of the third harmonic. 



Third-order response With the calculation method of Section 5.3 the third-order response^ 
computed as the output of the linearized equivalent of Figure 8.38, excited with the approp$ 
ate current sources of order three. The value of these current sources can be determined wfi| 
Table 5.7. This situation is shown in Figure 8.40. | 

It is seen that the current sources i NL 3 9jrlA and are common-mode signals. When a 

mismatches are present then they do not contribute to the third harmonic of the output voltage! 
current. This means that the third harmonic will not depend on K $ gir of one of the two transisto|| 
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Figure 8.40: Linearized equivalent of the differential pair of Figure 8. 38 used for the computation 
of the third harmonic of the differential output voltage. 



Using ISAAC the following approximate expression has been computed for the third har- 
monic V OU (, 3 ,o of the output voltage 



Kmf,3,0 = V'21,3,0 « — — ~ — + 9 A + 2I<2 ^ + K ^)) 



4 (det(s)) J det(2s) det(3s) 



-V* 



(8.224) 



The only assumption that has been made to obtain this approximate expression is that g m and its 
nonlinearity coefficients K 2gm and K 3gm are 80 times larger than 9lr , and , respectively 
This corresponds to a transistor beta of 80. The error between the approximate" result and the 
complete expression is less than 1%. 

Substituting equation (8.222) into equation (8.224) yields, after some algebra 



V, 



-K, 



out, 3,0 — 



(,9m + Stt) + 2K 2gm + K 2llm ) 

16Gx,(p m + 9*) 



If 



id 



(8.225) 



rhe third harmonic distortion is found by dividing V oulA0 by V out]]fi . Using equations (8.223) 
uid (8.225) we find 



HD 3 = K ' iSm + + i K 2g* + K i qm ) v 

16(p m + g^g, 

f we put g n and K 2giT to zero, then we obtain 

~^g m 9m + 2K 2am K 2 



2 

id 



(8.226) 



HD , = 



16 g. 



2 

m 



z 9m ^9m t /2 

' V id 



(8.227) 
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Using the simple expressions for K 2gm and K 3gm given in equations (3.14) and (3.15), we find 



HD 3 



YL 

48 V t 



(8.228) 



which corresponds to equation (8.214). 

Although we obtained the same result seemingly with more effort than with the classical 
method of finding an expression for the DC transfer characteristic and developing it into a power 
series, the approach with ISAAC offers many advantages: 

- The approach with ISAAC allows to take into account more nonlinearities than with the 
classical method. The latter does not work anymore if no explicit relationship between the 
input and the output can be found. 

- The expressions are generic: they are function of the symbolic nonlinearity coefficients 
and small-signal elements, without actually using an explicit value for these symbolic pa- 
rameters. This means that the expressions are valid for any model equation. The actual 
value of a parameter is only taken into account to approximate the symbolic expression. 

- The expressions can be simplified with a user-defined error, such that the smaller terms do 
not disturb the interpretation of the dominant terms of an expression. 

- As illustrated with other circuits in previous sections, it is possible to take into account 

frequency effects. j 

j 

8.4.3 HD 2 due to mismatches 

When there are mismatches between the transistors Q 1A and Q\b or between Rjaa and Rlib > 
then the circuit is no longer perfectly balanced. As a result, the even-order components of the 
differential output voltage or current are no longer zero. This can be seen as follows. Figure 8.41 'j 
shows the linearized circuit that is excited by the nonlinear current sources of order two fori 
the computation of the second harmonic. The nonlinear current sources that are applied in this 
circuit are determined by the square of the base-emitter voltage of the corresponding transistor. 
When there are no mismatches in the circuit, then the base-emitter voltages of the two transistors 
have the same absolute value and an opposite sign. Hence the nonlinear current sources that 
correspond to transistor Qi A are equal to the nonlinear current sources of transistor Q\b> This^ 
means that the circuit of Figure 8.41 is perfectly symmetric, in the sense that no current flows^ 
across the dashed line. As a result, the voltages on nodes 1 and 2 are equal, such that the 
differential voltage in this circuit, which corresponds to the second harmonic, is zero. 

When mismatches are present, then the circuit is not symmetric anymore, and a current flows; 
across the dashed line in Figure 8.41. As a result, the voltages on nodes 1 and 2 will no loiigetfj 
be identical, such that a second harmonic occurs. - § 

Due to mismatches the circuit parameters of corresponding devices such as the transconducJ 
tance and the nonlinearity coefficients of transistors Q XA and Q i B are no longer identical. I8| 
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Figure 8.41: Linearized equivalent of the differential pair of Figure 8.38 used for the computation 
of the second harmonic of the differential output voltage. 



order to describe mismatches, we define new parameters with the relations 

A X=X A -X B (8.229) 

X = — + — (8.230) 

£ 

in which AX is the difference between two parameters and X is the average of the two nominally 
matching parameters. Note that AX can be positive or negative. In the differential pair we have 
for example 



Ag m — 9 ml A 9mlB 

9mlA 9mlB 
9m — n 



Equations (8.229) and (8.230) can be inverted: 



X A = X + 
Xq = X — 



AX 

2 

AX 

2 



(8.231) 

(8.232) 



For the actual computation of the second harmonic of the output voltage, we have assumed 
that there is a mismatch of 1% on the small-signal parameters and on the nonlinearity coefficients. 
This means for example that A g m is 1% of p m . 
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The exact expression of the second harmonic is too complicated for an easy interpretation. 
Therefore, the exact expression has been approximated. The numerical values of the transistor 
parameters that have been used for this approximation are the ones from the single-transistor 
amplifier, listed in Table 8.2. These data correspond to a transistor beta of 80. Further the load 
resistance R L is IkQ, and AR L is 100. With these numerical data ISAAC obtains the following 
approximate expression for the second harmonic of the differential output voltage: 



Kut,2, 0 = ^21,2,0 — 



( 3 A + A K 2gm gm) 



2det(2s) (det(s))' 



V- 



id 



(8.236) 



This approximate expression consists of only two terms. The absolute value of the third 
largest term (that has been neglected) is a factor of about twenty five smaller than the sum of 
the absolute values of the two terms in the numerator of equation (8.236). This proves that the 
approximate expression is very accurate. Further, it is seen that the mismatches on or K 2(Jn 
are negligible. Also, the mismatch between R LXA and R L \ B turn out to be negligible. 

Using the expression for the determinant of the admittance matrix (equation (8.222)) and 
dividing V outi 2,o by given in equation (8.223), the second harmonic distortion becomes 



1 



HD 2 = - 



9™ 

jm 



3 (#771 “b 9n)^ 
1 



-3—KL +A^9 



9m 



9m 



l 9m 



8 



_3 + AK , 

*9m ^ 



9m 



9m 



■V id 






id 



Using the simple expression for K. 2 gm of equation (3.14) yields 



HDo = - 



3 A 9m ^ A 9m 1 



2Vj Qm 9m 



•r r 1 A 9m Vid 
Vid X ' jr 

3 9m Vt 



(8.237) 

(8.238) 

■ 



(8.239) 



Hereby, we assumed that the mismatches on g m and K 2gTn are correlated, such that they can; 
be summed as normal numbers. If this would not be the case, then one should use standard 
deviations for the mismatch parameters A g m /g m and A K 2gm ■ 

The factor A g m /g m in equation (8.239) can be related to a mismatch on the saturation current 
I s , such that we obtain 



HD 2 = 



1 A/s Vu 
8 I s V t 



(8.240) 



Mismatches in a differential pair give rise to an offset voltage. We will now relate the offset 
voltage to the second harmonic distortion computed in equation (8.239). 

The offset voltage Vos for a differential pair has been computed in [Gray 93]: 



Vos = V t 



A R l A I s \ 

Rl Is ) 
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It is seen that the offset voltage has two contributions, one due to a mismatch on the load resis- 
tances, and the other one due to a mismatch on the saturation current I s of the transistors Q 1A 
and Qib - Splitting the two terms in equation (8.241) 

Vos = Vos Rl + Vos Is (8.242) 



with 



Vos Rb =V t ^ and V 0 s, s =V t ^- (8.243) 

we can substitute Vos Is into the expression for HD 2 : 

HD 2 = \^-V id (8.244) 

Hence we see that the second harmonic is proportional to the part of the offset voltage that is 
determined by mismatches on the saturation current. 

The second-order intercept point IP 2h is determined by setting HD 2 equal to one and solving 
for Vid- This yields 



IP2h = 8 



Yl 

v ° s h 



(8.245) 



If A Is /Is is 1% then we find that IP 2 t l is 800 VJ, which is 20. 6V at room temperature. This is 
more than two orders of magnitude larger than the intercept point IP 3hr for third-order harmonic 
distortion. 



8.5 MOS differential pair 

Figure 8.42 shows a differential pair with MOS transistors M 1A and M iB . The differential pair 
is excited with a differential voltage v ID = Vm sin (a )\t). 

For this circuit we will analyze the distortion of the differential output voltage v 0 ut at low 
frequencies. We will follow the same approach as for the bipolar differential pair: first, the dis- 
tortion figures will be derived from the DC transfer characteristic, using an elementary transistor 
model. Hereby the output conductance of the transistors will be neglected. As a result, the dif- 
ferential output voltage and the differential output current, which is the difference between the 
current through R LA and R LB , only differ by a constant factor R L = R LA ~ R LB . In this way, 
the distortion on the output voltage is the same as on the output current. 

Next, we will calculate a symbolic expression of the third harmonic. Here we will include 
the bulk effect. Finally, the second harmonic will be computed in the presence of mismatches. 



376 



Weakly nonlinear behavior of basic analog building blocks 
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Figure 8.42: A MOS differential pair. 



8.5.1 Computation of harmonics from the DC transfer characteristic 

In classical text books on analog integrated circuit design [Gray 93, Lak 94] a closed-form ex- 
pression for the differential output voltage or output current is calculated using the level 1 MOS 
model. Hereby the transistors M\ A and M iB are assumed to match perfectly and the output con- 
ductance of the transistors is neglected. With these assumptions one obtains for the differential 
output voltage 



VquT — 



RlIssVID 
Vgs ~ Vp 



v w 

4 (Vgs - Vt) 2 



(8.246) 



in which V GS is the quiescent value of the gate-source voltage of both M XA and M 1Bt V T is their] 
threshold voltage, and R L = R LA — R LB . 

The DC transfer characteristic of equation (8.246) is valid for 



vjd | < 2 (Vgs — Vt) 



(8.247) 



From the DC transfer characteristic of equation (8.246) the distortion figures are now derived. 
To this purpose, we develop the characteristic into a power series around V ID = 0. First, we 
introduce an auxiliary variable x given by 



Vid 

2 (V GS ~ V T ) 



(8.248) 



It can be remarked that we work here with the AC value v id , whereas in equation (8.246) the total* 
value v fD is used. The use of v id rather than v ID is allowed since v w = v id + V ID and V ID — Grt 




8.5 MOS differential pair 



377 



With the new variable x from equation (8.248) the DC transfer characteristic around zero 
becomes 

v out = 2 R l I ss x \/l - x 2 (8.249) 

The square root in this equation can be developed in a power series by making use of the relation 

y/l — x 2 = 1 - \x 2 - ~ x 4 + . . . (8.250) 

The power series expansion of the DC transfer characteristic of equation (8.249) now becomes 

v out = 2 R l I S s (x - \x 3 - . . .) (8.251) 

Substituting x by its value given in equation (8.248) we finally obtain 

V °' d = 2RlJsS (2(Vg S - V T ) " 16(Vgs- Kt) 3 " " ' ) (8 ' 252) 

It is seen that there is no term in v id- This is due to the balanced operation of the differential pair. 
Hence 



HD 2 = IM 2 = 0 (8.253) 

IP 2 k = IP 21 = 00 (8.254) 



The third harmonic distortion is found by making use of equation (2.14): 



HD % 



V 2 

32 Wgs~ Vt) 2 



(8.255) 



The third-order intercept point for harmonic distortion is found by setting HD 3 equal to one and 
solving for V id . This yields 



IP 3 h — 4\/2 ( Vqs — Vr) 



(8.256) 



It is seen that IP 2h can be increased, and thus the linearity improved, by increasing (V G s ~ Vt)- 
Hence, the design can influence the linearity of the differential pair. This is not the case for the 
bipolar equivalent (see equation (8.214)). For Vqs - Vt = 0.2V we find IP Zh ~ 1.13V. This 
is higher than the value of a bipolar differential pair, which is 179m V for any transistor bias 
condition in the forward active region and at room temperature. 

At low frequencies and for small input amplitudes, 7M 3 is three times higher than HDy. 



/M 3 = — 






32 (Vgs — Vt) 2 

and for the third-order intercept point IP 3i we find 



IP*i=±\i-{VGS-V T ) 



For V GS — V T = 0.2 V we find that IP 3i ~ 653m V. 



(8.257) 



(8.258) 
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8.5.2 Computation of HD$ including the bulk effect 

We now compute an expression for HD$ in terms of the small-signal parameters and the nonlin- 
earity coefficients by using the method of Section 5.3. Hereby, we will take into account the bulk 
effect. This means that the common source node is not connected to the bulk of the transistors 
Mia and M\b* 

From classical text books on analog integrated circuit design [Gray 93, Lak 94] we know 
that the first-order response at the common source node is zero. However, we will find that 
the second-order response at this node is not zero. This second-order response will determine 
third-order nonlinear current sources that may give rise to significant contributions to the third 
harmonic of the differential output voltage. 

The starting point for the calculations is the nonlinear circuit of Figure 8.43, that is equivalent; 
with the differential pair of Figure 8.42. In this circuit, the drain current of each transistor is 




Figure 8.43: AC-equivalent circuit of the differential pair of Figure 8.42. Each transistor is 
modeled with a drain current that depends on the gate-source and the source-hulk voltage. 

modeled as a function of the gate-source and the source-bulk voltage. The output conductance i^ 
neglected. For the calculation of the third harmonic it is assumed that there are no mismatches in 
the circuit. In this way, corresponding small-signal parameters and nonlinearity coefficients are 
represented by the same symbol in the final result. Further, the output resistance of the current 
source Iss is assumed to be infinite. 



First-order responses First, the response of the linearized circuit to the differential voltage is 
computed. This circuit is shown in Figure 8.44. The differential output voltage in this circuit is 
found to be 



Vaut,lfi = V21X0 = ^'V ld 



(8.259) 



with Qrn — QmiA — Qm\B and G l, — G a — Gm^. The transconductance grnb — Qmb\A — Qmb\& 
does not play a role here. 

Further, we find that the first-order response at the common-source node is zero: 



^ 3 , 1,0 — 0 
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Figure 8.44: Linearized equivalent of the differential pair of Figure 8.43 used for the computation 
of the fundamental response . 

Several nonlinear current sources of order two and three will be determined by the first-order 
response of the gate-source voltage of one of the two transistors. These are simply given by 

vw,o = \ (8 - 261) 

V 5 3,i,o = -^y (8.262) 

Second-order responses Next we compute the second-order responses. The linearized circuit 
that is excited with the nonlinear current sources of order two is shown in Figure 8.45. Since for 




Figure 8.45: Linearized equivalent of the differential pair of Figure 8.43 excited with nonlinear 
current sources of order two for the computation of the second-order responses. 

the computation of the second-order responses, the external voltage sources v id /2 and —Vi d / 2 
have to be shorted, the voltage-controlled current sources determined by g m * v gs and g mb * v sb 
are parallel for both transistors. Further, the nonlinear current source inl 2 A is the sum of the 
nonlinear current sources that correspond to the nonlinearity coefficients K 2gmlA , K 2 9mblA and 
K 2 . These coefficients describe the second-order nonlinear dependence of the drain 

gmlA&gmblA . , , , 

current on vgs and vsb- Using Table 5.5, we see that the current sources corresponding to the 
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coefficients K 2gmblA and K 2 gmiA&£ A are proportional to the first-order response V 3 )lt0 at the 
common-source node, which was found to be zero. As a result, the only component of i NL2 A that 
is not zero, is the one determined by K 2gmlA : 



l NL2A ~ 



k 2 



'flmM 



V 2 

M3, 1,0 



K r 



9m 1 A 



K: 



id 



(8.263) 



The nonlinear current source i NL 2B in Figure 8.44 is the sum of the nonlinear current sources 
that correspond to the nonlinearity coefficients K 2n 0 , K 2n and K 7 0 . Again we 

find that only the current source that corresponds to K 2gmiB differs from zero: 



^NL2B ~ 



K' 



9mlB 



V 2 

M3, 1,0 



^ 2 9 mlB 

8 




(8.264) 



It is seen that this nonlinear current source has the same value as i NL2 b when there are no mis- 
matches in the circuit. 

The differential output voltage in this network is the second-order response V^ i2 ,o at the 
output. With simple network analysis we easily find from Figure 8.45 



V, 



out ,2,0 



= Vo 



21 , 2,0 ~ 



l N L2A ~ 1>NL2B 
Gr 



Since Inl 2 a = i nl 2 b we find the expected result 



(8.265) 



Vout, 2,0 — 0 



(8.266) 



For the second-order response at node 3 we find with simple network analysis 



^ NL2A + INL2B 
2(pm Qmb) 



Using the values of inlza and i NL2 b from equations (8.263) and (8.264) we find 



(8.267) 



^ 3 , 2,0 = 



K , ; 



9m 



^(pm “t - Qmb) 






(8.268) 



with K 2gm = K 2 g miA = K 2 gmiB . This expression is the second-order response of the source- 
bulk voltage of each of the two transistors M\a and We will use this expression in the 

calculation of the third harmonic. Further, we will need the second-order response of the gate- 
source voltage of the two transistors. The gates of the two transistors are fixed to the input voltage 
source, which is assumed to be a pure sinusoidal signal. Hence there are no higher-order signals- 
present at the gate of M , 4 and M 1S . As a result we find 



^43,2,0 ~ U 4i2 ,o — U 3)2 ,0 — 0 ~ 1^2,0 ~ 



K‘ 



9m. T /2 

‘ V id 



8 (9 m Qmb ) 



and similarly 



T /" ^ 2 9 m T /2 



(8.269) 



(8.270) 
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Figure 8.46: Linearized equivalent of the differential pair of Figure 8.43 excited with nonlinear 
current sources of order three for the computation of the third-order response. 



Third-order response For the calculation of the third harmonic, the linearized circuit is ex- 
cited with nonlinear current sources of order three as shown in Figure 8.46. 

The third-order nonlinear current source i NL3A shown in this figure, is the sum of the third- 
order nonlinear current sources that correspond to the nonlinearity coefficients K 9 K* 

TS TS TS js jr (Jjnl A * 6 9mlA ’ 

’ F iiA ’ 2 ^^a’ K *2 9mlA b 9mblA and K * tmlA h2^ lA - From Table 5 - 7 we see 
that the nonlinear current sources that correspond to the coefficients K Zg biA , K 3 

and ^ 3 9mM&2 9m61/ , are proportional to the first-order response 13,1,0 of the source-bulk voftage. 
Hence these sources are zero since we found th^t VJj^q = 0. 

From Table 5.7 we find that the third-order nonlinear current source that corresponds to the 



coefficient K 2 



9mlA&9mblA 



, consists of two parts: 



3rd-order current source proportional to K 2 9 = \K 2 v 4 * 9 n Vi 1 n 

£ 9mlA^9mblA 2 43 , 2,0 * 3 , 1,0 

(8.271) 

The first term of this component is proportional to the first-order response V 3jl>0 at the common 
source. Hence it is zero. The second term is not zero since l/ 3 , 2 ,o differs from zero. 

We can conclude that the nonlinear current source i NL3A consists of three parts that are not 
zero: a first part that is proportional to K? . , a second part proportional to K 7 and a 

third part proportional to K 3gmiA . Using Table 5.7 we find 



K 3 



K o 



l NL3A = ^43,1,0 + X-lg mlA ^3, 2, 0^43,1,0 + V i3<lfi V 3i2fi (8.272) 



Using equations (8.260), (8.261), (8.268) and (8.269) we find 



l NL3A = 



_K 3g 



'mlA T/3 

v id ~~ 



K< 



2 



'mlzl 



T3,2,0^d + 



K, 



2 

9m\A^9mblA 



U 3 ,2,oU 



id 



(8.273) 
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For the third-order nonlinear current source i NL3B we find that it is opposite to i NL3A when 
there are no mismatches in the circuit. Hence 

i N L3B = VmVu ~ V, x() V u j (8.274) 

The third harmonic of the output voltage is equal to the differential output voltage in 

Figure 8.46. We easily find 



14 



out, 3,0 



— ^21,3,0 — 



l N L3A ~ INL3B 
Gr 



Since i NL 3 A = ^NL 3 B we have 



V n 



out, 3,0 



= v> 



21,3,0 



NL3A 

Gl 



(8.275) 



(8.276) 



Since we have assumed that there are no mismatches in the circuit, we now omit the subscripts 
in the small-signal elements and the nonlinearity coefficients that make a difference between 
the two transistors M 1A and M iB . Using equations (8.268) and (8.273) we find for the third 
harmonic at the output 



Vout, 3,0 — 



_ 2 _ 

G~l 



K 3 



9m 



Kl 

^ 9m 



+ 



^ 2 9m&9m6^" 2 S’" 



•Vi 



id 



32 16(s m + Qmb) 32 {(/ m T Qmb) 

The third harmonic distortion is found by dividing 14 ^ 3,0 by V out , l)0 . This yields 



HD » = 



K- 



8 9r, 



'9m 



^ 2 9m^9mb^ 2( J m 
{dm “t" 9mb ) 2((? m + (/mb) 



K L 

^ 9m 



+ 



•v& 



(8.277) 



(8.278) 



We first evaluate HD 3 using the level 1 model for the transistor. Since this is a quadratic 
model, the nonlinearity coefficient K 2grn is zero. Next, we find, using Table 3.2, 



Ko K 2 f 

*9m 9m&9mb 

9m ^9 mb 



Using this identity, HD 3 reduces to 



HD Z (level 1) 




Using K' 2gm = \ (V GS - V T ), we find 



HD 3 (level 1) = 



32 {V GS - v T y 



(8.279) 



(8.280) 



(8.281); 
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which is the same value found in equation (8.255) using the DC transfer characteristic. It is seen 
that with the level 1 model the bdlk effect does not play any role for HD 3 except of course that 
the bulk effect increases the threshold voltage, such that (V GS — Vt) is smaller. 

The modeling of the bulk effect with the level 1 model is poor, since it does not take into 
account the variation of the depletion layer width along the channel. Therefore, we check the 
influence of the bulk effect with a more advanced model. If no bulk effect is present, then HD 3 
is found from equation (8.278) by setting g mb and K\ equal to zero: 

1 (k 3 Kl \ 

HD 3 (no bulk effect) = — • — • V? d (8.282) 

^9m y ^ 9m J 

We now evaluate HD 3 numerically with and without bulk effect using the model of equa- 
tion (7.121), that takes into account mobility reduction and velocity saturation and the variation 
of the depletion layer width along the channel. To this purpose, we first bias the transistors 
Mia and M iB with a bulk effect and compute the small-signal parameters and nonlinearity co- 
efficients. Then the transistors are biased without a bulk effect in such a way that the value of 
(V^s - Vt) is the same as with the bulk effect. For both cases HD 3 is then evaluated. 

The bias conditions and the computed small-signal parameters and nonlinearity coefficients 
for these two cases are shown in Table 8.4. The model parameters used in the computations are 
the ones from the 0.7 fim process of Table 7.1 except that v sat = 10 5 m/s and 9 = 0.05V" -1 . 
These parameters are different since the parameters v sat and 6 of Table 7.1 have been fitted for a 
different model of mobility reduction and velocity saturation. 

Without bulk effect, the evaluation of HD Z with equation (8.282) yields 

HD 3 (no bulk effect) = 0.301 (8.283) 

The largest contribution to this value comes from the term with I< 2gm in equation (8.282). This 
term is about 22 times larger than the term with K 2gm . From equation (8.283) we find a third- 
order intercept point for harmonic distortion of 1.82V". 

If we would use the numerical values from Table 8.4 for a common-source amplifier, then, 
using equation (8.163) we would find an intercept point IP 3h of 4.15V. This is more than two 
times larger than for a differential pair. This contrasts with the bipolar case where we found that 
the third-order intercept point for a differential pair is larger than for a common-emitter amplifier. 
The relatively small value of IP 3h , for a MOS differential pair is due to the fact that it is mainly 
determined by K' 2 whereas IP 3h for a common-source amplifier is only determined by K\ 
which is very small (with the level 1 model it is even equal to zero). 

When the bulk effect is taken into account, the evaluation of HD 3 with equation (8.278) 
yields 



HD 3 (with bulk effect) = 0.296V^ (8.284) 

This yields a third-order intercept point for harmonic distortion of 1.84V". 

Hence we can conclude that the bulk effect does not influence HD S significantly, except of 
course that it lowers (Vgs — Vr). When this decrease is compensated, then almost no difference 
is found with the value of HD 3 in the absence of bulk effect. 
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parameter 


with 

bulk effect 


without 
bulk effect 


W 


160 pm 


160 pm 


L 


0.7pm 


0.7 pm 


V G s 


1.25V" 


1.065V 


VSB 


0.5V 


ov 


Vds 


1.45V 


1.45V 


Vt 


0.934V 


0.75V 


Vqs — Vt 


0.316V 


0.316V 


Ids at 


0.730mA 


0.70mA 


9m 


4.57mA/ V 


4.38mA/V 




6.88mA/V 2 


6. 67 mA/ V 2 




-1.0 6mA/V 3 


— 0.898mA/V 3 


9 mb 


lA&mA/V 


1.75mA/V 


^ 2 9mb 


-0.927mA/V 2 


— 1.46mA/V 2 


^ 3 9mb 


0.249mA/ V 3 


0.607mA/V 3 


k 2 . 

^9rnkg mb 


-4.28mA/V 2 


— 5.09mA/V 2 


K o 

2pm&Pm6 


1.32mA/V 3 


1.69mA/V 3 


K-i 

gm^i-^Qjnb 


0.192mA/V 3 


0.361mA/V 3 



Table 8.4: Dimensions , bias conditions and the corresponding small-signal parameters and non- 
linearity coefficients for a transistor with and without bulk effect The value of (Vqs — Vt) I s 
same in both cases. 

h 

8.5.3 HD 2 due to mismatches 

When there are mismatches between the transistors M 1j4 and M { B , then the differential pair nd 
longer operates in a balanced way. As a result, the even-order responses at the output will not be 
suppressed completely anymore. J 

According to the work of [Pel 89, Bas 95], the mismatch of two MOS transistors that hav| 
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been designed identically, is characterized by the random variation of the difference in their 
threshold voltage V T o > their body-effect coefficient 7 and their “current factor” that is given by 

W 

P = (8.285) 

For illustration purposes, we will only assume a mismatch of 10m V on the threshold voltages. 
In addition, we will assume that there is a mismatch of 1% between the resistors R^a and Rib- 
With these mismatches, we will now compute the second harmonic distortion due to mismatches 
in a similar way as we did for the bipolar differential pair in Section 8.4.3. Hereby, we will not 
take into account bulk effect for simplicity. 

To this purpose, we will assume that a circuit element is written as the sum of its nominal 
value and a mismatch term, as we did in Section 8.4.3. In this way, we have 











A G l 




Gla 


-G i+ / 


Gib 


= g l - 


2 


(8.286) 




AK 2a 










' 2 9mlA 


- R2g m + g 




= k 2 „ 


2 


(8.287) 




A gm 






A g m 




fJvn\A 


~9rn+ 2 


9mlB 


= 9m- 


2 


(8.288) 



We now evaluate the nominal values and the mismatch terms for two transistors that ideally 
match in the 0.7 /rm process of Table 7.1. Their parameters are: W = 80/im, L = 0.7/rm, 
V as = 1 .25 V and Vsb = 0 V. The threshold voltage of transistor M\b is 750 mV, which is the 
nominal value. In this way we find Vos — Vt = 0.5V. The threshold voltage of transistor M }A 
has been taken equal to 740 mV. The drain current and its derivatives have been computed based 
upon the model equation (7. 121). In this way we find for the nominal drain current 



to = 0.882mA 



(8.289) 



For the nominal value of the transconductance g rn and the second-order nonlinearity coefficient 
w e find 

g m = 3A0mA/ V K 2gm = 3.03mA/V 2 (8.290) 

The mismatch terms are found to be 



Ag m = 60.7fiA/V 
or, normalized to the nominal values 

Ag„ 



A K 2gm = -18.3 nA/V 2 



(8.291) 



9m 



= 0.0178 



A K, 



'9m 



K 2 



= -0.00605 



‘9m 



(8.292) 
This can 

be explained by considering the approximate expressions of g m and K 2gm of equations (7.137) 



Clearly, the sign of the mismatch term A g m is different from the sign of AA\ 



‘9m ’ 
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and (7.138), respectively: g m is roughly proportional to {V GS - V T ) whereas K 2gm is inversely 
proportional to (Vgs ~ Vt)- 

With the above numerical data we compute the second harmonic distortion. The load resistor 
R l has a value of 2 kQ. According to equation (8.259) this corresponds to a gain of about 16.6dB. 

The exact expression for the second harmonic distortion has been computed using ISAAC. It 
consists of 16 terms. An approximate expression consisting of three terms is given by 



Vm K f _ ^2 9m 15 Ag m A G L \ 

8 ^ V 9m K 2gm ^ 2 g m G L ) 



(8.293) 



Only two of these terms contain only one single mismatch term. The third term and the other 
13 terms terms that have been neglected contain two or more mismatch terms. The term that 
contains A Gl also contains A g m . This means that, if no mismatches between the two transistors 
are present, then a mismatch between the two resistors does not yield a second harmonic. This 
no longer holds when the output conductance of the two transistors is taken into account. 

Further it is seen that HD 2 is determined by mismatches on g m and on K 2gm . In our example] 
these mismatches are correlated, since they both originate from a mismatch in the threshold] 
voltage. Since A g m and AIf 2flm have an opposite sign, the terms with A g. m and A K 2gm add. Oni 
the other hand, the sign of the third term is not fixed with respect to the first two terms, since 
the third term is due to mismatches on the load resistance as well, which are uncorrelated wit! 
respect to the Vr mismatches. 

It is interesting to compare the absolute values of the three terms of HD 2 in equation (8.293){ 
With our numerical example we find that the term 3 A g m /g m is about nine times larger than th« 
term A K 2(Jm / K 2gm . The third term is in turn 4.5 times smaller than the term in A K 2gm / K 2g ^. 
Finally, if the sign of the third term is taken such that it has the same sign as the first two term$| 
then we find for HD 2 



HD 2 = 6.77x10 “ 3 V 



in 



(8.294) 



This yields an intercept point IP 2 h of 147V. This is nearly two orders of magnitude larger thari 
for the third-order intercept point IP 3h which is not determined by mismatches. 

Finally, it can be remarked that the first two terms in equation (8.293) are identical to thq 
dominant terms of HD 2 of a bipolar differential pair. 



8.6 Emitter follower 

Figure 8.47 depicts an emitter follower. The output of this circuit is at the emitter of transisto^ 
Qi. Since an emitter follower is a circuit with local negative feedback, it is expected that th^ 
distortion will be suppressed by the loop gain of this feedback. I 

We will analyze the second and third harmonic distortion of the emitter follower starting froni 
the nonlinear circuit of Figure 8.48. This circuit contains two nonlinearities: the base current abS 
the collector current. Both currents are a function of the base-emitter voltage. 
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Figure 8,47: An emitter follower. 



B c 




8.6.1 First-order response 

The first-order response is found by linearizing the circuit of Figure 8.48. This yields the circuit 
of Figure 8.49. 

The output of interest in this circuit is the response 7 e>1)0 at the emitter of the transistor. Using 
simple network analysis we find 



t/ 9m H" Qtt 

' / e,l,0 = ; 

9m + 9n + G e 



(8.295) 



It is seen that, when G E — 0, then V e ^ = V in . This situation corresponds to the case where 
Re corresponds to an ideal current source. In practice, G E is always larger than zero due to the 
presence of the output conductance of the transistor which has been neglected in this analysis. 

For further computations we will need the first-order response of the base-emitter voltage. 
The reason is that the nonlinear base current and the nonlinear collector current are both con- 
trolled by the base-emitter voltage. Hence, the first-order response V beAi0 will determine the 
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B C 




nonlinear current sources that correspond to the nonlinearity of the collector and the base cur| 
rent. 



For 14 ^ 1,0 we find, using equation (8.295) 

9rn + 



1,0 — Vir 



9m + 9ir + Ge 



* Vin = 



G E 



9rn + 9* + Ge 






(8.296 



When G e is zero, then it is seen that V^.i, 0 is zero as well. This corresponds to an infinite loci 
gain of the internal feedback of the emitter follower. 

8.6.2 Second-order response 

For the computation of the second-order response, the linearized circuit is excited by two nc 
linear current sources of order two, one corresponding to the base current nonlinearity and oi 
corresponding to the collector current nonlinearity. This situation is depicted in Figure 8.50. 



b c 




Figure 8.50: Linearized equivalent of the circuit of Figure 8.48 excited with the nonlinear curr^Sk 
sources of order two . 
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The two current sources appear to be in parallel. Hence they can be combined to one single 
source iNL 2 tot ■ Using Table 5.5 we find 

% NL2tot — 2 * *£>e,l,0 (8.297) 

Using equation (8.296) we obtain 



i NL2t0t - 5 ( Kig m + K 2gw ) 



G\ 



E 



(pm + Ptt + G E ) 



- . y? 

2 v m 



(8.298) 



The second harmonic at the output, which is the node voltage at the emitter, is found using 
simple network analysis in the circuit of Figure 8.50. One finds 



^,2,0 = 



2 NL2tot 



9m + Ptt + Ge 

Substituting the value of im J 2 tot from equation (8.298), V ei2 ,o becomes 



(8.299) 



,, _HK2 9m +K 2 jG% 

v e,2,o — : — — * 



^ {9m + 9n + GeY 



(8.300) 



The second harmonic distortion is found by dividing V ej2 ,o by V^o- Doing so, we obtain after 
some rearrangements 



HD 2 



1 (K^+K^) 

^ (pm “h px) (1 + (pm + 9tt)Re) 



•Vin 



(8.301) 



For a realistic transistor beta, say 40 or more, K 2gir is negligible compared to K 2gm , and the same 
holds for ( in versus g m . Then HD 2 reduces to 



HD 2 « 



i K 

Z 9m 

^ (1 + Pm ^#) 2 



V, 



(8.302) 



The factor g m RE is the loop gain of the local feedback of the emitter follower [Gray 93]. Hence 
we see that the second harmonic distortion is divided by the square of the loop gain, as we found 
in Section 4.8. 

The second harmonic distortion is seen to be a factor 1 /(p m ^£;) 2 smaller than the second 
harmonic distortion of a one transistor amplifier. For this circuit we found a second-order in- 
tercept point IP 2 i l of 103 mV. Assume now that the collector current through Q x is 1mA and 
Re = IkQ. Then g m RE is 38.76, and so we find IP 2h « 155V. 

For further computations we will need the second-order response of the base-emitter voltage. 
The base is fixed to the external voltage source. Since this is assumed to be a pure sinusoidal 
signal without harmonics, there are no harmonics at the base of Q x . Hence 



He, 2,0 — V 6j2 ,0 “ V 6j2 ,0 = 0 - V ej2 ,0 = “V ej2 ,0 

K )2) o is given in equation (8.300). 



(8.303) 
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8.6.3 Third-order response 

For the computation of the third harmonic, the linearized circuit of Figure 8.49 is excited with 
nonlinear current sources of order three. The situation is identical to what is shown in Fig- 
ure 8.50, except that the index “2” of the nonlinear current sources must be replaced by “3”. 
From Table 5.7 we find that the sum of the nonlinear current sources that correspond to the base 
current nonlinearity and to the collector current nonlinearity, is given by 



iNLStot - (#2 9m + K 2gtr ) Vie, 1,0 He, 2,0 + - (#3 9m + K 3gn ) He, 1,0 
The third-order response at the emitter is found in the same way as for order two: 

T r ^ NL3tot 

V e,3,Q — ; . ^ 

9m “1“ 9tt H - G E 

Using equations (8.296), (8.300), (8.303) and (8.304) we find 



(8.304] 



(8.305] 



H,3,0 - 



G% 



4 ( g m + 9n + GeY 



( K hm + K h») (dm + 9 , r + G e ) - 2 + K-ig^y 



■ V- 

v tn 

(8.3« 

■ri 



The third harmonic distortion is found by dividing V e ^,o by K,i,o- This yields 
HD* = 



G\ ■ V? n 



4(#m + 9n) (9m + 9tt + Ge) 



( K 3g m + K hn) (dm + </* + Ge) - 2 (K 2gm + A' 2 9ii ) 

(8.3 



Clearly, HD 3 consists of two terms with an opposite sign. One can compute that the two tei 
compensate each other for g m RE ~ 0.5. Compared to the results of Section 4. 8. 3. 2, obtainll 
for a one-transistor amplifier with emitter degeneration, it is seen that HD 3 becomes zero for 
same value of the loop gain. 

Assume now that f3 is large and that g m RE 1. Then the two terms inside the squa 
brackets of equation (8.307) reduce to (K 3gm g m — 2 ). Using the simple expressions f 
Kv gm and K$ (Jm given in equations (3.14) and (3.15), we find for HD :i 



1 



HD$( large loop gain) w — 



1 



V 2 

r 'J -ri 



12 (gM 3 V t 2 



(8.3a 



The third-order intercept for harmonic distortion is found from equation (8.308) by settil 
HD 3 equal to one and solving for l This yields 



IP 3h = 2y/3V t (g m R E ) 3 ' 2 (8. 

For a collector current of 1mA and R E = we find gmR E — 38.76 such that IP$ h = 21 i 
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Figure 8.51: A source follower. 



8.7 Source follower 

Figure 8.51 shows a source follower. Compared to the bipolar case in the previous section, the 
MOS transistor here is loaded with an ideal current source. Nevertheless, the gain of the source 
follower is not one, as we would expect from the bipolar case. Indeed, we will see that due to 
the bulk effect the small-signal gain is lower than one. Since this bulk effect is nonlinear, it will 
influence the harmonic distortion at the source node. 

For the computation of the harmonic distortion with the method of Section 5.3, we start from 
the circuit of Figure 8.52, that is AC equivalent to the source follower of Figure 8.5 1 . 

G D 



^ d — j 'Usb) 




Figure 8.52 : AC-equivalent circuit of the source follower of Figure 8.51. 



In the circuit of Figure 8.52 the drain current is represented as a nonlinear function of the 
gate-source and the source-bulk voltage. The dependence on the drain-source voltage has been 
omitted. This means that we will neglect the output conductance of the transistor. 
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8.7.1 First-order response 

The linearized equivalent of the nonlinear circuit of Figure 8.52 is shown in Figure 8.53. It is 





Figure 8.53: Linearized equivalent circuit of Figure 8.52. 



seen that the current generator • v sb is controlled by the voltage over its own terminals. Hence 
it can be regarded as a resistor with a value 1 /g mh . From the linearized circuit we easily compute 
the first-order response at the source node: 



Vi.1,0 - 



9m 

9m “t“ 9 mb 



Vi 



m 



(8.310); 



If we compare this response to the output of the emitter follower from Figure 8.47 where g v 
transistor Q x is made equal to zero, then it is seen that g mb plays the same role as the conductanc 
Ge at the emitter of Qi. Since g m b > 0 we find from equation (8.310) that V S(1( o < V* n . 

The first-order response of the gate-source voltage is given by 



Fgs, 1,0 — Vin ^5,1,0 — 



9 mb 



9m "1“ 9 mb 



■ Vir. 



(8.311) 



This response will be used for the calculation of the higher-order responses. 



8.7.2 Second-order response 



For the computation of the second harmonic the linearized circuit is excited with nonlinear cufi 
rent sources of order two. Since in Figure 8.52 the drain current has been modeled as a twfli 
dimensional nonlinearity, there are several nonlinear second-order current sources in parallel 
between the drain and the source. We have combined them into one single source i^LBtot withj 
three components. These correspond to the coefficients K 2grn , K 2 Qrnb and K 2g , respectively; 

The component that is proportional to K 2gm is given by (see Table 5.5) 



i NL2g m 



K 2 



9m 



* V 2 
V,i,o 



^ 2 9m 9 mb . rr2 

2 {g m + gmb) 2 




2 
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G , B 

1 



Figure 8.54: Linearized equivalent circuit of Figure 8.52 excited with a nonlinear current source 
of order two . 



The component that is proportional to K 2Qmb does not flow from the drain to the source but from 
the source to the drain. This is due to the convention we made about the derivatives of the drain 
current and its derivatives with respect to v S b . In Sections 3.2.5 and 7.2 it was stated that g rnb 
and the nonlinearity coefficients K 2gmb and K 3gmb are proportional to the derivatives of the drain 
current with respect to v S b, multiplied with -1. This yields a positive value for g mb . As a result, 
the current g m bV S b flows from source to drain. Similarly, the orientation of the nonlinear current 
sources of order two and three that correspond to K 2gmb and K 3(Jmb , is from source to drain. 
Hence, using Table 5.5, the component of i NL2 tot that is proportional to K 2gmb is given by 



K, 



- % ** L **mb = 



9mb T/2 



2 2(g m + g mb )* ' 






.2 

'9mb 



V ■ 

¥ fi 



in 



Finally, the component that is proportional to K 2g kg b is found from Table 5.5 to be 

• _ K2 gr„kg mi v v K2 gr,Ag„, 0mgmb 1/2 

9mk9mb 2 9S,1 ’° S,1, ° 2 (g m +g mb ) 2 in 

The second-order response is found using simple network analysis in Figure 8.54: 

T/ 'i'NLStot 

V s , 2,0 — ; 

9 m i 9 mb 

Substituting the different components of %NL 2 tot into equation (8.315) yields 



Vs , 2,0 = 



vl 



T Qmb)^ 

The second harmonic distortion is found as the ratio of V^ >2 ,o and V 3 i Q : 

Firi jy- 2 tv- 2 7v- 

2 {gm+9mb) 2 gm ' ^ 9mb “ " W 9m + K ^ 9nh 9m9m* 



HDo = 



(8.313) 



(8.314) 



(8.315) 



{^■2 gin 9mb K 2gjnb g m + ^ g . m&cgTnb gmgmbj (8.316) 



(8.317) 
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The second-order intercept point IP 2h for harmonic distortion can be found by setting HD 2 equal 
to one and solving for V in . Doing so for the transistor with the parameters of the left column in 
Table 8.4 we find IP 2 k = 61V. This is a smaller value than we found in the example of the 
emitter follower in Section 8.6.2. This can be explained partially by the smaller value of the loop 
gain of the internal feedback, which is (g m /g mb ), compared to the value g m R E for an emitter 
follower. 

It is interesting to compare the values of the different terms of HD 2 in equation (8.3 17). With 
the numerical values of the left column of Table 8.4 the value of the term with K 2n is 0.0442 • V n 
the term with K 2q . equals 0.0583 • V in and the term with K 2 e is -0.0861 ■ V in . Hence, the 
term with K 2gm is the smallest term. This means that in this example the nonlinearity of the bulk 
effect plays a larger role than the nonlinearity of the drain current dependence on vqs- Further il| 
is seen that the three nonlinearities partially compensate since they do not all have the same sign J 

Assume now that K 2gmb and K 2 & & are zero. In this case, HD 2 is given by the first term 
in the right-hand side of equation (& 9 .3ljy 



HD? = 



K 






2 3> 



t 9 mb 



4 “ gmb)^gm 



Vi, 



(8.318) 



Now we have a similar expression as for HD 2 at the output of an emitter follower (see equa 
tion (8.302)). Indeed, the transconductance g mb in the source follower plays the same role as 
conductance G E = 1/Re in the emitter follower of Figure 8.47. Finally, it must be remark 
that HD 2 given in equation (8.318) is larger than HD 2 from equation (8.317), where the nc 
linearity of the bulk effect has been taken into account. Indeed, with equation (8.318) we 
lP 2 h = 22.6V. This is due to the fact that there is no compensating effect anymore from 
nonlinearity coefficients K 2gmb and K 2g ^ b . 



Inclusion of the output conductance The expression for HD 2 of equation (8.317) can 
extended to include the output conductance and its nonlinearity. Indeed, the linearized output! 
conductance g Q appears to be in parallel with g mb in the source follower circuit. Hence g 0 call 
simply be added to g mb . 

Further, the nonlinear current sources of order two that arise from the output conductan|j 
nonlinearity all flow from the drain to the source. The nonlinear current source that is prof 
tional to K 2(Jo is determined by V^o- Since in the source follower circuit V d = V b , we 
that V2 )1)0 = Km,o* Hence, the contribution of K 2go can simply be added to the contribute! 
of K‘ 2 grnb - However, the two contributions have an opposite sign due to the convention we ma 
about the orientation of the nonlinear current source that corresponds to K 2gmb . For the nonlin 
current sources that correspond to the coefficients K 2g & and K 2 & a similar reasoning < 
be made. Finally we obtain for the second harmonic distortion incfucling the output conductanc 
nonlinearity 



HDo = 



14 



2 {gm 4 ~ gmb 4 ~ go)^gm 



' (^ 9 ™ (Smb + 9of + ( K 2go - K 2gmb - K 2 g mbUg ^j gh 4 



+ K2 g m ic9o) 9m ( 9mb + 9 °n ^ 8,3 I 
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Nonlinear emitter degeneration Assume now that K 2 gmb differs from zero while K 2 & is 
zero. In this case K 2gm and K 2gmb can correspond to two independent second-order nonlineanties 
that do not arise from a Taylor series expansion of a multi-dimensional nonlinearity. In this way, 
the coefficient K 2gmb can be identified with a nonlinear conductance between the source node of 
the transistor and ground, while K 2grn models the nonlinear dependence of the transistor current 
on its controlling voltage v G s • This situation can be identified with the situation of a MOS source 
follower with the bulk connected to the source. Alternatively, this situation also corresponds to a 
bipolar emitter follower in which the base current is neglected and which is loaded at its emitter 
with a nonlinear conductance. If in equation (8.317) we replace g mb by a conductance G E and 
K 2gmb by Ki Ge , which is the second-order nonlinearity coefficient of the nonlinear conductance 
between the emitter and ground, then we find 

H ° 2 = 2(g m + G E ?g m ' G ' ,; “ ^ (8 ' 320) 

From this equation it is seen that HD 2 can be made zero if 



^ 2 9m __ j ~9m 

K 2Ge ~ \j g e 



(8.321) 



If this condition is met, then in reality HD 2 will not be zero due to other effects that have been 
neglected here, such as the base current. 

In the case of a MOS source follower that is degenerated with a nonlinear load conductance 
described by coefficients G E and K 2 , the conductance G E simply adds to q mb and K 2n to 



8.7.3 Third-order response 

For the computation of the third harmonic the linearized circuit of Figure 8.53 is excited with 
nonlinear current sources of order three. The situation is identical to what is shown in Figure 8.54 
except that the second-order nonlinear current source i^LUot must be replaced by a third-order 
one, which we denote by iNL 3 tot> This current source consists of the components caused by the 



> ^2 gmb ’ ^3 0 «./, > ^ 



K* 



and K% 



nonlinearity coefficients K 2a , ... . , „ 

c - . - . , ^ m . b 3mb ' 9m&Qmb ™6 

Similarly to what we found in the previous section for the second-order response, the third- 
order response is given by 



t r ^ NL3tot 

^,3,0 = ; 

9m T 9 mb 

and HD 3 is given by 



(8.322) 



HD 3 



K,3,0 _ i NL3tot 
9m^in 



(8.323) 



The value of iNLstot can be found using Table 5.7. The resulting expression is quite lengthy. The 
different terms of the numerator of HD 3 are shown in Figure 8.55 together with their numerical 
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Figure 8.55: The different contributions to the numerator of HD 3 at the output of the source 
follower of Figure 8.51. , 



value obtained for the parameters of the middle column in Table 8.4. The denominator of 
is given by 




•s, 

4 g m {g m + 9mb ) 4 (8-324 

i 

It is seen from Figure 8.55 that the total value is much smaller in absolute value than thf 
largest term due to the compensating effect of the different terms. An easy interpretation is n oi 
possible here. A numerical evaluation of the different terms yields a third-order intercept point 
IP 3h of 24.3V. 

In order to include the output conductance and its nonlinearity into the expression of HD 3 
the same approach can be followed as for order two. 

Next, we can again consider some special cases as we did for order two. Assume first that thd 
bulk effect is linear, such that K 2gmb = = 0 and K 3gmb = b = 

0. In this case, the numerator of HD 3 given in Figure 8.55 together with the denominator 4 | 
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equation (8,324) reduce to 



HD 3 



2-^2 g m 9mb 3" ^3gm 9 mb ( 9m + 9mb) 

4 iOm, 4 " Qmb ) 9m 




(8.325) 



Now we have again the same expression as for the third harmonic distortion of an emitter follower 
(see equation (8.307)) except that the base current is not considered here. Indeed, g mb plays the 
same role as the emitter degeneration conductance G E = I/Re of Figure 8.47. 

Next, we consider the case where all nonlinearity coefficients that correspond to cross- 
derivatives of the drain current with respect to v GS and v S b are all zero. In this case the bulk 
transconductance reduces to a nonlinear conductance between the source node of the transistor 
and ground, while K 2gm and K$ gm model the nonlinear dependence of the transistor current on 
its controlling voltage v GS . This situation can be identified with the situation of a MOS source 
follower with the bulk connected to the source. Alternatively, this situation also corresponds to a 
bipolar emitter follower in which the base current is neglected and which is loaded at its emitter 
with a nonlinear conductance. If we replace g mb , K 2gmb and K 3gmb by the coefficients G Ey K 2c 
and K:i Ge , that describe a nonlinear conductance, then we find from the terms in Figure 8.55 



HD* = 



^3 GE 9m {9m + G E ) + ^2g m 9mG E ( Qm ~ G E ) 



'G E ' 



(8.326) 



+2 R l GE gl - 2 Kl gm G% + K Zgm G% (g m + G E ) 



[4(ffm + G J! ) 4 flm] (8.327) 



Again, we can derive conditions for the nonlinearity coefficients of the load conductance such 
that HD$ is zero. These conditions could be combined with the condition given in equation (8.321), 
such that both HD 2 and HD$ are zero for an emitter follower with a nonlinear load. 



8.8 Cascode transistor 

In this section we check whether a cascode transistor causes distortion when it is driven by a 
current. Ideally, a cascode transistor simply passes the input current to the load at its drain (MOS 
transistor) or collector (bipolar transistor) without any loss and without distortion. In fact, a 
cascode transistor acts as a common-base (bipolar) or a common-gate (MOS) stage. The study 
of such stage that is driven by a voltage is postponed to the next section. 

8.8.1 Bipolar cascode 

With a bipolar cascode transistor some nonlinear distortion will arise even when it is driven by 
an ideal current source, as shown in Figure 8.56. The reason is that a part of the current flows to 
the ground through tv. In addition, r n is nonlinear. 

We will now compute an expression for the second and third harmonic distortion of the 
current through the resistance R L . Hereby we will neglect capacitors, ohmic resistors as well as 
the output conductance of the transistor. 
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Figure 8.56: A bipolar cascode transistor driven by a current source . 



The nonlinear circuit which is equivalent to the cascode stage of Figure 8.56 is shown ill 
Figure 8.57. This circuit takes into account two nonlinearities, namely the base current and thq| 

B C r l 




Figure 8.57: AC-equivalent circuit of the cascode stage of Figure 8.56. 
collector current, which are both functions of the base-emitter voltage. 

8.8. 1.1 First-order response 

First, we compute the fundamental of the current through R L . To this end, the circuit of Figj 
ure 8.57 is linearized. This yields the circuit of Figure 8.58. 
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Figure 8.58: Linearized equivalent of the cascode stage of Figure 8.58. 



In this circuit we easily find the voltage at the emitter of Qi : 

h 



^, 1,0 ~ 



l m 



9m *b 9tt 

Since the base is grounded, the base-emitter voltage is found to be 

Jin. 



He, 1,0 = 0 - H,1,0 = 



9m + 9t\ 



The current through R L is then given by 



hut, l, 0 — ~9m He, 1,0 — 



9m 



9m "b 9n 



fir 



(8.328) 



(8.329) 



(8.330) 



8,8. 1.2 Second-order response 

[n order to find the second-order component I ou t, 2 , o of the current through R L , the linearized 
fircuit is excited with the nonlinear current sources of order two, as shown in Figure 8.59. One 



B C R 




E 



7 igure 8.59: Linearized equivalent of the cascode stage of Figure 8.57 excited with nonlinear 
■urrent sources of order two. 

lonlinear current source originates from the nonlinearity of the base current, the other one from 
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the nonlinearity of the collector current. The second-order response at the emitter is found from 
Figure 8.59: 



K,2,0 - 



The nonlinear current sources are given by 

k 2 



% NL2g m ~ 2 



Qm 



iNL2g m + iNLIgy 
9m "b p7r 

k 2 



. v z — 

v be, 1,0 — 



9m 



/ 2 

in 



l NL2 97T ~ 



K,„_ _K^ ? 

■ * be, 1,0 — 






2 (pm ~b p7r)“ 



2 (Pm + 9 k ) 2 



Then we find for V e , 2 ,o 



Ve,2,0 ~ 



_ K hm + 



I 2 

m 



and for V be , 2 ,o 



He, 2,0 — “H,2,0 — 



2 (pm ~b P7r) 3 

K 2 9 m + ^2^ f 



(pm "b Ptt)* 



(8.331) 

(8.332) 

(8.333) 

(8.334) 

(8.335) 



From Figure 8.59 we see that the second harmonic I ou t, 2,0 of the output current is the sum of 
the current of the generator g m • He, 2,0 and the current of the nonlinear current source of order 
two that corresponds to the collector current nonlinearity: { 

hut, 2,0 = i NL2g m + pm He, 2,0 (8.336^ 

Using equations (8.332) and (8.335) we find after some algebra ') 



l 



out, 2,0 



1 2 
in 



2(Pm "b Ptt)^ 



Ptt ^2<^Pm) 



(8.337) 

,4 



The second harmonic distortion is found by dividing I ou t, 2 ,o by hut, i,o- This yields ^ 

HD > = O ^ (***.»- - K ^9m) (8-338) 

2pm (pm “b Ptt) j 

This second harmonic distortion is seen to consist of two components of opposite sign: on^ 
contribution comes from the collector current nonlinearity, the other from the base current non-$ 
linearity. The two contributions cancel if v 



^ (8.339) 

This occurs when the two nonlinearities track, which is the case if the transistor beta is constant. 
In reality the beta is current dependent such that the two nonlinearities do not track. With the 
data from Table 8.2 equation (8.338) yields a second-order intercept point IP 2h of 1.32U. j 
Assume now that tv (or g v ) is linear. Then we see from equation (8.338) that distortion still 
occurs. The presence of a linear rv is similar to the presence of a finite linear output resistanc| 
of the input current source. 
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8.8.1.3 Third-order response 



For the computation of the third-order response, the linearized circuit of Figure 8.58 is excited 
with nonlinear current sources of order three. The calculation of this response is left to the reader. 
The third-order harmonic distortion that results from this calculation is given by 



HD* = 



I 2 

m 



^9m{9m #7r) 4 



I^3g rn 9Tr{9m T Qn) H-3g ir 9m{9m T Q-k) 2Kr 



9m 



fjx 



+2K 2gw gm T ( 9m 9 tt) 



(8.340) 



When the nonlinearities of the base current and the collector current track then 



9m __ ^2 g m __ ^3 g m __ Q 

9, “ ' 



In this case, equation (8.340) reduces to 



(8.341) 



HD* = 



II 



w + b‘ 1 



^3g m 9m 



’Pf + 1' 

, ft . 



+ 2K l 



^3g m 9m 



9m 0 r -2 9m 

~ 2K ^Tf 



'/3f + 1' 
. ft . 



ft 



_ 9 t/2 9m 



O If 2 9m 

2 *» 0 F 



= 0 



(8.342) 



In reality, the nonlinearities do not track completely. As a result, a small third harmonic occurs. 
With the data from Table 8.2, equation (8.340) yields a third-order intercept point IP 3h of 0.62 1 7 . 



8.8.2 MOS cascode 

Figure 8.60 depicts a MOS cascode transistor that is driven by a current source. The AC- 
equivalent circuit is shown in Figure 8.61. From this figure it is seen that the current through 
Rl must be identical to the input current, since the input current cannot flow to somewhere else. 
As a result, no distortion will be produced. Of course, this is an idealization. In reality, the 
current source has an output conductance that is not zero. As a result, nonlinear distortion will 
arise. 



8.9 Common-gate and common-base transistor 

Figure 8.62 depicts a common-gate MOS transistor that is driven by a voltage source. The 
gain of this stage is about the same as the gain of a common-source stage [Gray 93, Lak 94]. 
The difference with a common-source stage is that bulk effect plays a role here. Now we will 
investigate whether this common-gate stage produces more or less distortion at its output than a 
common-source stage. 
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R, 




‘in 



Figure 8.60: A MOS cascode transistor driven by a current source. 




Figure 8.61: AC-equivalent circuit of the cascode stage of Figure 8.60. 



In parallel with the analysis of a MOS common-gate stage we will also analyze a bipolar^ 
common-base stage, that is depicted in Figure 8.63. The distortion formulas for a common-basej 
stage will be derived from the results obtained for a MOS common-gate stage by omitting al¥| 
coefficients that model the bulk effect. In the resulting expressions the effect of the base current ! 
of the bipolar transistor will of course be neglected. jj 

In order to compute the different harmonics of a common-gate stage we start from the circuit 
of Figure 8.64 that is the AC-equivalent of the circuit from Figure 8.62. This circuit contains!: 
one single nonlinearity, namely the drain current. This current is modeled here as a function! 
of two voltages, namely the gate-source and the source-bulk voltage. The dependence on tbi 
drain-source voltage has been omitted in this analysis. The output that is considered here is tl^j 
current through the load resistance R h . 
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Figure 8.62: A MOS common-gate transistor excited with a voltage source . 




Figure 8.63: A bipolar common-base transistor excited with a voltage source. 



8.9.1 First-order response 

The fundamental component I ou t,i,o of the output current is computed with the network of Fig- 
ure 8.65, which is the linearized equivalent of the circuit of Figure 8.64. 

Using simple network analysis, the output current I outy i,o is found to be 

fout,l,0 — {dm T" gmb)Vin (8.343) 

In the computations of the higher-order responses we will need the response at the source 
node, since the source-bulk and the gate-source voltages control the drain current nonlinearity. It 
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Figure 8.64: AC-equivalent circuit of the common-gate stage of Figure 8.62. 



G D r l 




Figure 8.65: Linearized equivalent of the circuit of Figure 8.64. 



is seen in Figure 8.65 that the source voltage is simply equal to the input voltage. 



8.9.2 Second-order response 



For the computation of the second-order response the external excitation is removed. Instead* 
the nonlinear current sources of order two are applied. This yields the situation of Figure 8.66. 
There are three nonlinear current sources of order two: 



- a source determined by K 2gm . This models the dependence of the drain current on vq$ 

only. The orientation of this source is from the drain to the source. ri 

- a source determined by K 2 9mb . This models the dependence of the drain current on VsB 
only. The orientation of this source is from the source to the drain. 

i 

- a source determined by K 2g b . This models the dependence of the drain current of| 
both v G s and v s b ■ The orientation of this source is from the drain to the source. 
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Figure 8.66: Linearized equivalent of the circuit of Figure 8.64 excited with the nonlinear current 
source of order two. 



In the circuit of Figure 8.66 these three sources have been lumped into one single source t^L 2 tot- 
The transconductances g m and g mb do not play a role in the circuit of Figure 8.66. The reason 
is that their AC controlling voltage is zero. Indeed, the gate and the bulk are at AC ground, while 
the source is fixed to the input voltage, which is assumed to be purely sinusoidal. As a result, 
no harmonics occur at the source node. Consequently, all controlling voltages in the linearized 
circuit that is excited by the nonlinear current sources of order two, are zero. 

The nonlinear current source i^L 2 tot is given by the sum of its three composing sources: 

iNLStot = iNL2g m ~ iNL2 9mb + ^NL2 gmilgmb (8.344) 



Using Table 5.5 we find for these sources 



tNLBtot ~ 



_k h 



-V 2 

V ffs,l,0 



K, 



9mb 1/2 

■y 



k 2 . 
+ 2 



55 , 1 , 0 ^ 6 , 1,0 



(8.345) 



Since V gsA $ = ~V in and V sbxQ = V in we find 

iNLBtot = 2 (^ 2 9m ^2 9mb ~ * V in (8.346) 

In Figure 8.66 it is seen that the current ijvLstot is also the output current: 

hut, 2,0 — i'NLztot (8.347) 

The second harmonic distortion is found as the ratio of the second- and first-order component of 
the output current: 



HDo = 



Vin 

*F gmb ) 



K„ - 



K- 



- K- 



2 9mb 2 gm&g m b 



(8.348) 



We now compare this expression to the expression of HD 2 for a common-source amplifier. 
If in equation (8.348) we put ^ 2 9rnh and K 2g & g b equal to zero then we obtain the same 
expression as for a common-source amplifier. For the common-gate transistor, extra terms occur 




406 



Weakly nonlinear behavior of basic analog building blocks 



due to the bulk effect. Usually the nonlinearity coefficients and K 2 f are negative (see 
for example Table 8.4). On the other hand, the coefficient K 2gm differs for the common-source 
and the common-gate configuration, due to the presence of the bulk effect in the latter case. 

In order to make a fair comparison between a common-source and a common-gate stage, 
we evaluate HD 2 of the two topologies by comparing two transistors with the same value of 
{Vgs~ Vr) • For the common-gate transistor the bulk effect is present of course. For the common- 
source transistor no bulk effect is present, but the gate-source voltage has been adjusted such that 
{Vos — Vt) is the same as for the common-gate transistor. We already made such comparison in 
Section 8.5.2 using Table 8.4. With the data of this table we find for the common-gate transistor, 
using equation (8.348), a second-order intercept point IP 2h for harmonic distortion of l.OOU. 
For the common-source transistor we find an intercept point of 1.31V, which is higher. Hence, 
the common-source stage is more linear than the common-gate configuration. 

Consider now the case of a bipolar common-base amplifier. Making g mby K 2grnh and K 2g ^ 
zero in equation (8.348) yields 



HD 2 = K' 2gm • X -f (8.349) 

which is exactly the same as for a common-emitter amplifier. Here, of course, we neglected the 
base current. 



8.9.3 Third-order response 

The third-order response is found by applying the nonlinear current sources of order three and 
finding the resulting output current. The nonlinear current sources of order three all appear in 
parallel. Their sum is given by 



^NL3tot ~ i NL3 gm ~ 



*9mb ' 

The nonlinear current source iNL$ gm is found from Table 5.7 



(8.350) 



K. 



iNL3g m - — J — + K 2g m Vgs,2,oVg Stlfi 



( 8 . 



The second term of this current source is zero, since the second-order response V gs , 2 ,o ' s zer0i 
Hence ;T 



K. 



lNL3 gm ~ 



t/3 



(8.352) 



Similarly we find 



K, 



lNL3 9mb ~ 



9mb T/3 

y 9V 



(8.353 



4 
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and 



lNL3 gm&9 mb 




(8.354) 



The third-order component I ouU 3 ,o of the output current is equal to i N Lstot . Combining the above 
results, we find the third harmonic distortion of the output current: 



Again we can compare this expression to the third harmonic distortion of a common-source 
amplifier. With the two transistors of Table 8.4 we find a third-order intercept point IP 3h of 
3.52V for the common-gate stage and a value of 4.4V for the common-source stage. Hence the 
common-source stage is again more linear. 

From equation (8.355) one can easily derive HD 3 for a common-base stage: 



In this section we analyze the distortion generated in a simple current mirror. Since the analysis 
of bipolar and a MOS current mirrors is very similar, we discuss them in one section. 

A bipolar and a MOS current mirror are shown in Figure 8.67 and Figure 8.68, respectively. 
A MOS current mirror has already been discussed qualitatively in Section 4.7.3 as an example 
of pre- and post-distortion. 

We will first derive a DC transfer characteristic of a current mirror for a simple bipolar tran- 
sistor model and find that the current mirror does not produce distortion when the simple tran- 
sistor model holds and the two transistors of the current mirror match. The same is true when an 
elementary MOS transistor model is used. 

Next, we will derive a symbolic expression for the second and third harmonic distortion in 
terms of nonlinearity coefficients and as a function of frequency. This expression will allow us 
to study the influence of capacitors and the influence of mismatches on distortion. 

8.10.1 DC transfer characteristic for a bipolar current mirror 

The operation of the bipolar current mirror of Figure 8.67 is as follows: the input current ifN 
is transformed into a voltage by the diode-connected transistor Qia- This voltage controls the 
collector current of transistor Q\b- This collector current is also the output current. 




(8.355) 




(8.356) 



which is exactly the same value as for a common-emitter stage. 
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Figure 8.67: A bipolar current mirror. 




Figure 8.68: A MOS current mirror. 



The current-to-voltage conversion by Q XA is nonlinear. If Q lA is modeled only with its col- 
lector current without Early effect, then under low-injection conditions the base-emitter voltage; 
of transistor Q\ A is given by , 

v BE 1A = V t ln(j^) (8. 357J* 

in which Is lA is the saturation current of transistor Q\ A . The collector current of transistor Qiq, 
also the output current i OUT * It is given by 



V BE 1A \ 

Vt ) 




iour — ic 1B — Is lB exp 



( 8 . 
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Using equation (8.357) we find 



iour — ic lB 



Is 



IB 



Is 






\A 



(8.359) 



The ratio of the saturation currents depends on the ratio of the emitter areas of the two transistors. 

Equation (8359) shows that the relationship between the output current and the input current 
is linear such that no distortion occurs. This is an example of pre- and post-distortion: the non- 
linearity of the current- to- voltage conversion by transistor Q iA is compensated by the nonlinear 
relationship between the base-emitter voltage and the collector current of transistor Q 1B . As a 
result, we have 



HD 2 = 0 IM 2 ~ 0 (8360) 

HD 3 = 0 /Ms = 0 (8361) 

This is also true if a more complicated dependence of the collector current on the base-emitter 
voltage is considered. Further, the same conclusions hold for the MOS current mirror of Fig- 
ure 8.68 when two transistors match and when only the dependence of the drain current on the 
gate-source voltage is taken into account. 

The above analysis is only approximate. The influence of the base current, the output conduc- 
tance, the ohmic resistors and the capacitors has been neglected. In Section 8.10.3 we will study 
the influence on distortion of the base current and the capacitor C n of the two transistors Q lA 
and Q lB . Before studying this, we will first analyze the influence of mismatches and capacitors 
in a MOS current mirror, which yields simpler expressions than its bipolar counterpart. 

8.10.2 Distortion in a MOS current mirror 

Using the calculation method of Section 5.3, we will derive a closed-form expression for the 
second and third harmonic of the output current of the MOS current mirror of Figure 8.68. Af- 
terwards, we will evaluate the results numerically in Section 8.10.2.4. The starting point for the 
computations is the nonlinear circuit of Figure 8.69 which is the AC-equivalent circuit of the one 
shown in Figure 8.68. In this equivalent circuit we take into account the nonlinear dependence 





Figure 8.69: AC-equivalent circuit of the MOS current mirror of Figure 8.68 . 

of the drain current on the gate-source voltage of each transistor. The output conductance of the 
transistors is neglected. Further, the gate-source capacitance of each transistor has been taken 
into account. Finally, the transistors do not necessarily match. 
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8.10.2.1 First-order response 

The response of the linearized circuit is computed first. This circuit is shown in Figure 8.70. In 



1 2 




Figure 8.70: Linearized equivalent of the circuit of Figure 8.69. 



this circuit we easily find the first-order response at node 1 : 



Vu,o = 



L in 



9mlA + sCg S TOT 



(8.362) 



in which C gsT Q T is the sum of the two gate-source capacitors. 

The fundamental of the output current is given by the product of the transconductance of 
transistor M\b with its gate-source voltage: 

I out, l>0 ~ QmlBV\,\,0 — ' Un (8.363) / 

9mlA + SUgsTOT ■; 

8.10.2.2 Second-order response 

For the computation of the second-order response, the linearized circuit of Figure 8.70 is excited 
with the nonlinear current sources of order two that correspond to the drain current nonlinearity 
of the two transistors. This situation is shown in Figure 8.71. 




Figure 8.71: Linearized equivalent of the circuit of Figure 8.69 excited with nonlinear current 
sources of order two. ' 



The value of the nonlinear current sources is found using Table 5.5: 



1NL2 



9 m \A 



Ko 

— 2 9mlA J/2 
2 
Ko 

__~9mlB_i/2 



V 2 



lNL2 9ml B ~ 



(8.364 
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The second-order response Vl )2 ,o at node 1 is seen to be 



^ 1 , 2,0 ~ 



l NL2 



9mlA 



9 ml A + 2 sCg S TOT 



(8.366) 



Notice that the transfer function from the nonlinear current source to node i has been evaluated 
at 2s instead of s. 

Using equation (8.364) we find for Vi j2) o 



Vl,2,0 — 



K> 



2 9mlA 



1 \ 



in 



(9ml A + sCg S TOT) 2 (9ml A + ^ s C 9S tot) 



(8.367) 



The second harmonic of the output current is the sum of the nonlinear current source that 
corresponds to K 2gmlB and the current from the current generator gminVias)'- 



hut; 2,0 ~ ^NL2 9miB + 3mlB ^1,2,0 (8.368) 

Using equations (8.365) and (8.367) and dividing the second-order response by the first-order 
one, we find for the second harmonic distortion 



HD 9 = 



l in 



%gmlB (9mlA + sC gsTOT ) 

It is seen that HD 2 at low frequencies is zero if 






9mlB 



9ml A 



9mlA+ 2 sCgsTOT , 



(8.369) 



^ 2 9mi8 _ 9mlB 
^ 2 9miA SmlA 



(8.370) 



This condition is satisfied if the two transistors M XA and M XB are identical. Assume that the 
two transistors match perfectly but they have a different gate width. This occurs for example 
when one has to obtain a current gain higher than one. According to the model equation (7. 121), 
condition (8.370) is satisfied since the current is linear with respect to W. However, this is not 
exact: effects such as the narrow-width effect (see Section 7.9) destroy this linear relationship. 
As a result, condition (8.370) is not satisfied. 

Assume now that there is a mismatch in the threshold voltages of Mi a and M XB . In Sec- 
tion 8.5.3 it was found that the relative variation on g m due to the threshold voltage variation is 
different from the relative variation on K 2gm . As a result, distortion will occur. 

Finally, consider the influence of the gate-source capacitors. It is seen from equation (8.369) 
that distortion increases as the frequency of the AC input current increases. At high frequencies, 
a considerable amount of the input current flows into the linear gate-source capacitors. The 
presence of these linear capacitors disturbs the pre-distortion mechanism. It should be noted dim 
the distortion at high frequencies caused by the gate-source capacitors is also present when the 
transistors M XA and M XB match perfectly. 

The second harmonic distortion given by equation (8.369) wiM be evaluated numerically in 
Section 8.10.2.4. 

The presence of a linear output conductance of the input current source also disturbs the pre- 
distortion mechanism just as the gate-source capacitors. The effect of this output conductance can 
be modeled starting from equation (8.369) by replacing sC 9sT ot with this output conductance. 
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8.10.2.3 Third-order response 



For the computation of the third-order response, the nonlinear current sources of order three are 
applied to the linear circuit. This yields a similar situation as for order two, which is shown in 
Figure 8.71. The third-order nonlinear current sources are given by 







k 3 



9 ml B 



4 



'"U.O + K 2 g m iA 

V Lo + K 2g mlB 



V’l.i.oV'i.a.o 

Vi,i,oVi,2,o 



(8.371) 

(8.372) 



The third-order response Vi, 3i0 at node 1 is found in a way similar to the computation for order 
two: 



Vl.,3,0 — 



^NL3, 



'9mlA 



9mlA + 3 sCg S TOT 



(8.373) 



The third harmonic of the output current is the sum of the current from the current generator 
tfmifiVi 3 n and the nonlinear current source „ : 

9 mlB 



After some algebra we find 



lout, 3,0 — L3g mlB +5mlB^l,3,0 



(8.374) 



HD 3 = 



I 2 

m 



2 9mlB {9ml A + sC 9S tot) 
' 9 ml A ( 




9mlB 



-&Sq 



K 2q 



9mlA + 3 sCg S TOT ' 9mlA 
9mlB 



9mlA + 2 sC gs TOT 



■ 9 ml B 



9mlA + ^SCgsTOT 



K, 



'9m 1 A 



(8.375) 



From this expression similar conclusions can be drawn as for order two. This expression is 
evaluated numerically in the next section. 

From equation (8.375) we see that HD 3 at low frequencies is zero if 



_ 9mlB and — 

1 a 9 ml A 1 A 9m 1 A 



(8.376) 

■ H,' 



This is satisfied when the transistors M iA and M 1B are identical. 



8.10.2.4 Numerical example 

For the MOS current mirror of Figure 8.69 we now evaluate the second- and third-order inter- 
cept points IP 2 h and IP 3h as a function of frequency and in the presence of a mismatch of the 
threshold voltage between the two transistors M iA and M\ B • The intercept points are derived { 
from equations (8.369) and (8.375). The dimensions of the two transistors are W = 80yum an4| 
L = 0.7 jim. The bias voltages are V G s — 1.25V and V S b = 0V. The threshold voltage o|( 
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Mia 


Mib 


io 


0.865mA 


0.899myl 


9m 


3.37mA/V 


3A3mA/V 


*2*. 


3MmA/V 2 


3mmA/V 2 




— 0.618mA/I/ 3 


-0.624mA/V 3 


C 9 s 


21//' 


21 JF 



Table 8.5: Numerical values for the drain current and its derivatives for the transistors M XA and 
Mib in the MOS current mirror of Figure 8.68. 

transistor M XA is 750 mV, which is the nominal value. In this way we find V G s - Vf = 0.51/. 
The threshold voltage of transistor M lB has been taken equal to 740ml/. The drain current and 
its derivatives have been computed based upon the model equation (7.121). The results are given 
in Table 8.5. 

The second- and third-order intercept points IP 2h and IP 3h are plotted as a function of fre- 
quency in Figure 8.72. The two intercept points decrease as the frequency increases, which 
means that the distortion increases with increasing frequency. At low frequencies, the limitation 
of the intercept point is caused by mismatches, whereas the main limitation at high frequencies 
is caused by the presence of the gate-source capacitors. 



8.10.3 Distortion in a bipolar current mirror 

In a bipolar current mirror four extra nonlinearities are present compared to the MOS current 
mirror of Figure 8.69, namely the two base currents and the two nonlinear capacitors CV. In the 
same way as above one can compute the harmonics of the output current. The numerator of HD 2 
is given by 



numerator of HD 2 = \~gmi A K 2grnlB + g mlB K 2 



l 9m\A 



{g-nlA + 9*lB)K 2gmlB + (JmlBK 2gwlB 

(8.377) 



+ g m iBK 2gwlA + 2s ( g m i B K 2CiriB +9miBK 2c ^ A - {C^ A + C wlB )K 2gmiB ^ 

and the denominator is given by 

denominator of HD 2 =|2 g mlB (, g mlA + g TlA + girlB + s(CV M + C nlB )) 

* (gmlA + gwlA + 9nlB + 2s(C,ri A + C^Ib)) 



(8.378) 
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frequency (Hz) 



Figure 8.72: Second- and third-order intercept points IP 2h and IP 3h as a function of frequency 
for the MOS current mirror of Figure 8.68 with a mismatch between transistors M XA and M XB . 

Assume now that the two transistors Q XA and Q XB match perfectly. In this case, the numerator 
of HD<z reduces to 

numerator of HD 2 = (-2 g„K 2gm + 2g m K 2g J + 4 s(g m K 2c ^ - C„K 2gm ) (8.379) 

in which we dropped the subscripts “1A” and “IB” for convenience. It is seen that even with 
perfect matching HD 2 can differ from zero. However, if we assume that the nonlinearities of the 
base current, collector current and C n track, then it is easy to see that HD 2 becomes zero. In this 
case, the presence of the base current nonlinearity and the nonlinear C* do not disturb the pre- 
distortion operation. In practice, the nonlinearities will not track perfectly, such that a nonzero 
second harmonic distortion results. For the third harmonic distortion similar conclusions can be 

i 

drawn. 



8.11 Bipolar double-balanced mixer 

A double-balanced mixer is often used in receivers and transmitters. The Gilbert multiplier wit 
pre-distortion of Figure 4.21 can be used as a double-balanced mixer. A complete schematic o| 
a bipolar double-balanced Gilbert mixer is shown in Figure 8.73. 

Both in receive and transmit applications a mixer performs a frequency translation: in 
receiver a high-frequency signal is mixed with the signal of a local oscillator resulting in a lo\ 
frequency signal and in a transmitter a low-frequency signal is translated to a high-frequency one 
This translation can be performed by a weakly nonlinear mixer that makes use of a second-orde 
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nonlinearity that generates from two input signals a second-order intermodulation product at the 
sum and at the difference frequency. Depending on the application, either the signal at the sum 
or the difference frequency is of interest. In this section, we analyze the conversion gain of the 
double-balanced mixer of Figure 8.73 for both receive and transmit applications. 




Figure 8. 73: A bipolar double -balanced Gilbert mixer 

The conversion gain is a second-order intermodulation product. According to Table 5.5, this 
intermodulation product is given by 

Output at | ui ±u 2 = V LO V in K*i TFu(wi) TF 2 l (w 2 ) TFufa ± u 2 ) (8.380) 

i 

in which V LO is the amplitude of the local oscillator. The sum is taken over all basic nonlinearities 
in the circuit. In this expression it has been assumed for simplicity that all nonlinearities are one- 
dimensional conductances or transconductances. Other types of basic nonlinearities can be added 
similarly. The functions TFu(ui\) and TF 2 i(u 2 ) are the transfer functions from the input and 
the local oscillator port respectively, to the voltage that determines the nonlinearity. The transfer 
function TF$(w 1 ± ui 2 ) describes the transfer from the nonlinear current source of order two to 
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the output needs to be calculated. If the input amplitude V in is set to 1 V for reference, then the 
conversion gain K is found from equation (8.380): 

K = Vlo K 2 . TF u (lox) TF 2 i (co 2 ) TF 3i (uji ± uj 2 ) (8.381) 



Applying this formula 1 to the double-balanced mixer of Figure 8.73, one finds that the conversion 
gain is primarily determined by the transconductance nonlinearity of the four transistors of the 
mixer core (enclosed in the shaded area in Figure 8.73). This is true both for transmit applications 
(V in at low frequencies) and receive applications ( V in at high frequencies), and it is true regardless 
of the input port at which the input signal is applied (V inl and V in2 in Figure 8.73). This means 
that in the sum of equation (8.381), only four terms are significant, namely the ones that corre- 
spond to K 2gm of the mixer core transistors. Since the transistors in the mixer core ideally match, 
these terms are identical, except for their sign. Now the three transfer functions TF i, TF 2 and 
TFz can be analyzed in detail. In Figure 8.74 these transfer functions are shown as a function of 
frequency. Clearly, an overshoot occurs in the transfer functions TF i and TF 2 . This is due to 



TF1 TF2 TF3 





Figure 8.74: The transfer functions TF if TF 2 and TF 3 as a function of frequency. 



the inductive behavior of the common-base transistors with a base resistance [Gray 93, Lak 94]i 
When two high-frequency inputs at cji (= 27 t/i) and c o 2 (=27 r/ 2 ) are applied to the circuit used| 
as a downconverter, then the transfer function TF 3 must be evaluated at low frequencies, since| 
\ui — lo 2 \ is small. In this case, the overshoots of TFi and TF 2 result in an overshoot in thfj 
conversion gain at the difference frequency, which is shown in Figure 8.75a. When the mixer 
used as an upconverter, then the output of interest is at high frequencies. The conversion gain a| 
the sum frequency uji + lo 2 is shown in Figure 8.75b. It is seen that no overshoot occurs since thjl 
transfer function TF 3 now must be evaluated at high frequencies, where its response is not flU 
anymore. 



'Basic nonlinearities other than one-dimensional (trans)conductances have been taken into account as well. 
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Figure 8.75: Conversion gain at the difference frequency (a) and at the sum frequency (b) of 
the double-balanced mixer as a function of the two input frequencies. The value is scaled to an 
amplitude of IV for both the signal input and the local oscillator input. 



8.12 CMOS Miller-compensated operational amplifier 

In this example we analyze the second harmonic at the output of the CMOS two-stage Miller- 
compensated operational amplifier of Figure 5.11 up to its gain-bandwidth product (GBW). 
The amplifier is put in the inverting feedback configuration of Figure 4.30. It is assumed that the 
transistors M XA and M YB match, just as M 2 a and M 2 b. Small-signal parameters and nonlinearity 
coefficients of such matching transistors are represented with one symbol. For example, g oX 
represents the output conductance of both M XA and Mi#. 
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The amplifier has a gain-bandwidth of 100 kHz, the load capacitance C L is 10 pF, the load 
resistance Rl in addition to the load formed by the feedback resistors is 100M2 and the compen- 
sation capacitance equals 1 pF. 

The second harmonic distortion HD 2 has sixteen contributions. These are first calculated as 
a function of the fundamental frequency with ISAAC using the method explained in Section 5.3. 
The most important contributions to HD 2 are shown in Figure 8.76. The other contributions are 
below —70 dB. 




frequency (Hz) 



total 






' 9 m 2 



l 9m\ 



Figure 8. 76: The most important contributions to the second harmonic distortion of the out- 
put voltage of the CMOS two-stage Miller-compensated opamp of Figure 5.11 in the feedback 
configuration of Figure 4.30. 



It is seen that HD 2 starts to increase from 1 kHz (« 0.01 GBW) with 20 dB per decade, 
and from about 50 kHz (« GBW / 2) with a steeper slope. Beyond the gain-bandwidth HD 2 
decreases rapidly. This behavior is also seen in measurements, as shown in Figure 8.77. Foj 
the third harmonic distortion, a similar increase with frequency is seen, but with a steeper slof 
Differences in absolute value between the computed and measured distortion levels are mainlj 
due to the poor modeling of the output conductance with the available SPICE level 2 models. 

Clearly, only one nonlinearity dominates for frequencies below the gain-bandwidth prodr 
GBW (100 kHz), namely the second-order nonlinearity coefficient K 2gm of transistor M 3 . 
can be explained by the fact that the largest contributions to the nonlinear distortion at the out 
of an amplifier originate from the circuit elements close to, or at the output, where signal swinj| 
are large. 

An expression for HD 2 can be computed by considering the contribution of K 2(Jm3 only, 
is first computed in open loop. It is given by 



contribution of K 2gm3 = iNL2a„, ' TF 



*9m3 



l NLB 



9 m3 



tout 



(2u>i) 



(8.383 
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Figure 8.77: Measured second and third harmonic distortion on the CMOS two-stage Miller- 
compensated opamp of Figure 5.11 in the feedback configuration of Figure 4.30. 



From Table 5.5 the value of ^NLSg 3 is found: 



K, 



Z ^m3 = 



9m3 t /-2 

9 V gs3,l,0 



(8.383) 



in which V^ s3jl)0 is the fundamental response of the gate-source voltage of Af 3 . At frequencies 
well below GBW this is easily found to be 



9 mi (gL + ju i {Cl + Cc )) y 
9ol + 9o2 + j^iCc ( 9m3 / 9l) 



(8.384) 



in which g L is the sum of 1 /R L and the output conductances of M 3 and M 4 . 

The nonlinear current source of order two that corresponds to K 2a „ flows from the drain of 
to its source. The transfer function from this source to the output of the amplifier, which is 
the drain of M 3 , is given by 



TF i NL 2 9m?> -+out (2tui) 



9o! + g 0 2 + 2jaJ L (7c 

9l [9oi + 9o2 + 2 ju)i {g 7T a/ 9 l)) 



(8.385) 



In order to know the second harmonic in closed loop, the second harmonic in open loop needs 
to be divided by [(1 + T(jui)) 2 (1 4- T(2ju)\))f T being the loop gain as explained in Sec- 
tion 4.8. The second harmonic distortion is obtained by dividing the second harmonic by the 
fundamental response. Doing so, the poles in equations (8.384) and (8.385) are canceled, and 
HD 2 is computed with the above method as 



HD 2 



1 T/ (Ri + R 2 ) R 2 \(9l + 3 &i(Cl -F Cc)) 2 (^oi + 9o 2 + 2 ju)\C c )\ T ^ 

2 in 7?2 " 73 

Z ^1 9 ml 9 m3 



(8.386) 



It is seen that HD 2 increases with 20 dB per decade from the frequency (g ol + g 0 2)/{4irC c )- For 
the given design this frequency is computed to be 2.3 kHz. At the frequency ^l/( 27 t(C' l + C c ), 
which equals 31 kHz here, the increase is with 60 dB per decade. 
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Figure 8. 78: Principle schematic of a single-MOS-transistor mixer used as an upconverter. Th ^ 
transistor is biased in the triode region with v DS — 0V. 

8.13 CMOS upconverter 

In Section 7.4. 1.1 we already explained the principle of a single-MOS-transistor mixer. The| 
MOS transistor is biased in the triode region with vds = 0V\ The inputs to the mixing transistor! 
are a voltage applied between the gate and the bulk, and a differential signal applied betweenj 
source and drain. When the two input signals are sinusoidal, then the output of interest is the 
component in the drain current at the sum or difference frequency of the two input frequencies. 

We will now analyze the single-transistor mixer which behaves in a weakly nonlinear way. 
Hereby we will use the MOS models of Section 7.7. We will concentrate on an upconverter. This 
means that a high-frequency local oscillator signal at t o L o is mixed with a low-frequency signal] 
at a frequency u B b and the output of interest is at the frequency uj L q + uj B b or diuio — 

A principle schematic is shown in Figure 8.78. The high-frequency local oscillator signal 
applied between the gate and the bulk. It is given by 



Vgb = VLo(t) = A l0 sin (u L ot) 

The baseband signal is applied between drain and source. It is given by 

v<is — = Aqb sin (u) BB t) 



(8.381 



(8.3* 



Equivalently, we can say that half of the baseband signal is applied between source and bulk, 
the other half between drain and bulk: 

Vdb ~\Abb sin (uiBBt) 
v sb = - \A bb sin 
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Several realizations of this principle have been reported [King 97, Borre 97]. The upconverter 
described in [King 97] will be analyzed more in detail in this section. It is shown in Figure 8.79. 
This is a 1 GHz upconversion mixer realized in the same CMOS technology that has been used 
in Chapter 7 for the computations of nonlinearity coefficients. The most important SPICE level 2 
and 3 model parameters of this technology are shown in Table 7.1. 




Figure 8 . 79: Schematic of a 1 GHz CMOS upconversion mixer [ King 97], based upon the prin- 
ciple schematic of Figure 8 . 78. 

The operation of the circuit of Figure 8.79 is as follows: the local oscillator signal is applied 
at the INI input and the differential baseband signal at the IN2+ and the IN2-) input. The 
source followers M 2 and M 3 copy the signal at their gate to their source. In this way the differ- 
ential baseband signal is applied at the drain and source terminals of the mixing transistor M\ 
which operates in the triode region with v DS = OV. As mentioned above, the output of interest 
is the component at the sum frequency of the AC drain current of M x . This current is fed into the 
current buffer that consists of the transistors M 3 , M 5 and M 7 and similarly into the buffer con- 
sisting of the transistors M 2 , Af 4 and M 6 . These current buffers transfer the current to the output. 
By connecting a resistive load between OUT+ and OUT- the output current is transformed 
into a differential output voltage. 

The current buffers used in this circuit only have n-MOS transistors in their signal path. In 
this way, they can operate up to very high frequencies, in first order up to half of the cutoff 
frequency. In addition, the internal feedback of the current buffers lowers the input impedance, 
which is desirable for a current buffer. The input voltage range for the baseband signal at IN2 is 
extended by biasing the drains of the cascode transistors M 2 and M 3 at a higher voltage. This is 
achieved with a high ohmic resistor R LS and a current source that controls the current through 
and thus the voltage across the resistor. The maximum input voltage range is extended by the 
voltage drop across the resistor. A capacitor C L s assures the feedback at high frequencies and 
forms a capacitive divider with the gate capacitance of M 4 and M 6 . 

In the circuit of Figure 8.79 the baseband signal that is present in the output current of the 
mixing transistor M x is also copied to the output. This unwanted signal is suppressed by an active 
coil circuit at the output. The active coil circuit consists of the transistors M xo , M 12 and M 14 . The 
differential pair and the feedback assure that the output voltage (at the drain of transistor M 10 ) is 
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kept at Vref- When a low-frequency current signal is applied at the drain of Mi 0 then the shunt 
feedback limits the voltage swing at the drain of Mi 0 such that a low impedance is obtained at 
that node. However, a higher frequencies the loop gain of this feedback drops through the effect 
of the capacitor C LF . Hence, the input impedance increases linearly with frequency like in a 
passive coil. 

The upconverter of Figure 8.79 has been processed and measured. The measured output 
spectrum is shown in Figure 8.80. The baseband signal is a 20 kHz differential sinusoidal voltage 




Figure 8.80: Measured output spectrum of the upconverter of Figure 8.79 . The baseband signal 
is a 20 kHz differential sinusoidal voltage with an amplitude of IV. The LO signal is a OdBm 
sinewave at 0 .8GHz. 

with an amplitude of IV". The LO signal is a 0 dBm sinewave at 0.8 GHz. 

The output spectrum is measured with an external balun (balanced-to-unbalanced RF tram 
former). The LO-feedthrough is at —30 dBc. This feedthrough would not occur in a perfecfl 
balanced circuit. Also, the drain current of the mixing transistor does not contain a comfj 
nent at uj lo , since at V DS = 0 V" the transconductance g m or g mg of M\ is zero. Hence ti 
LO-feedthrough is caused by imbalances and mismatches in the circuit at high frequencies. Sim 
ilarly, the response at u LO ±2 u B b is due to imbalances and mismatches only, as will be evidendj 
below. The largest parasitic component occurs at u LO ± 3 cobb- The magnitude of this compottlj 
will now be explained by making use of the MOS model of equation (7.105) that has been u$| 
in Section 7.7.4 to derive expressions for nonlinearity coefficients. 

In order to find the values of the different spectral components of Figure 8.80 we limit t| 
analysis to the mixing transistor only. Then we can use the simplified circuit of Figure S.% 
This circuit is so simple that we do not explicitly need the method of Section 5.3 to compute m 
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different intermodulation products of interest. Instead, we can limit ourselves to an analysis of a 
power series expansion of the drain current as a function of the different terminal voltages. We 
will express the current as a function of voltages referred to the bulk. In Chapter 7 such series 
expansions have been given up to order three. In this case, however, we will need fourth-order 
terms as well in order to explain the value of the spectral component at u) L0 ± 3c o BB , The power 
series expansion is a function of the AC values of the terminal voltages of the mixing transistor. 
The AC voltage v gb corresponds to the LO input signal (see equation (8.387)) while v db and v sb 
are proportional to the baseband signal (see equations (8.389) and (8.390)): 

hi = 9mg * Vgb + K 2 9mg ‘ V gb + K Zg mg ' V gb + (Jmd ‘ Vdb + K 2gmd ' v\ b + AT 3 w * vj b 
-gms-Vsb ~ K 2 gms -V 2 sb - K igma ■ V% 

+ - v *’ v * + K *2 9ms b 9m , •'>*■'>* + K s 9Mm , 

+ K2 9 m ^9m/ V ^ Vdb + K h 9mg b 9md -hb-Vdb + Kz 9mgh2gmd -v^-vi 
+ K2 9 m >^- V ^ Vdb + K h gm ^g md <- Vd b + K \ mi k2 9md 

+ Ki 9m 9 lkg m ,kg md ' v 9b' v sb-V db (8 391) 

“ K *g m . ' V fb + K % m ,icg md 'hb' v db + K 4 2 g ms k2g md ' v sb' v db 
+ K4 g m ,&3 9md ' Vsb ' V db + K *g md V db + ^ 4 g mg k 3g m , ' V tb' v gb 
+ ^ 4 2g mg k2g m , ' V sb' v gb + K4 3g mg kg ms ' V sb"Vgb + g m , " v tjb 
+ K %^g md ' Vdb ’ V gb + K4 2g m9 lc2g md ‘ V db^gb + K4 g mgk 3 9md 
+ Ki gmgbgmsb2g md ' V 9 b ' Vs b' v d b + K *g mg k2g m ,kg md ' V 9 b ' V ib‘ v db 
+ Ki 2 g mg kg m ,kg md ' v gb' v -ib- v db 

In Figure 8.80 we only see spectral components of the form oj LO ±mjjB B with n = 0, 1, 2, 3, 

Other spectral components fall outside the frequency band of interest. The responses seen in 
Figure 8.80 are linear with respect to the LO signal. Hence, we can limit ourselves to an analysis 
of the terms that are linear in v gb in the power series expansion of equation (8.39 1 ). 

First-order term The first-order term in equation (8.391) that is proportional to v gb is given by 

first-order term = g mg • v gb (8.392) 

From Table 7.9 we find that g mg is zero for Vos = OV. This means that the drain current does not 
contain a component at co LO ■ The component at u LO seen in Figure 8.80 is due to an imbalance 
in the circuit at high frequencies, such that the LO-signal feeds through to the output. 

Second-order terms The second-order terms in equation (8.391) that are proportional to v gb 
are given by 

second-order terms = -v gb .v sb + (8.393) 
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At V DS — OU the source and the drain terminal play an identical role. In Section 7.4.2 it has 
been pointed out that in this case the derivatives of i D with respect to v DB are opposite to the 
derivatives with respect to v$b - This has been shown only for a large transistor without taking 
into account effects such as mobility reduction and velocity saturation. However, even with the 
inclusion of these effects the derivatives are still opposite for v BB ~ vsb- Since v sb = — v ( i b it is 
clear that the two terms in the right-hand side of equation (8.393) are identical. Equation (8.393) 
then becomes 



second-order terms = 2 K 2g hg d ■ v gb -v dh (8.394) 

Substituting now the expressions for v gb and v db , equations (8.387) and (8.389), and using some 
trigonometry (see Appendix A) yields the amplitude of the drain current components at the sum 
and the difference frequency: 

|drain current component at (lo lo ± wbb)\ — - * A lo * A bb * &2 n , (8.395) 

An approximate expression for K 2g hg * can be obtained from Table 7.9. Hereby, it has been 
checked that the accuracy is maintained on this expression, which is used here at different bias 
conditions than the ones at which the approximation has been made in Table 7.9. Using this 
expression we obtain 

1 W l [ 

| drain current component at {co LO ± u> BB )\ = - • A L0 • A BB ■ /j, 0 C' ot — ■ - — — (8.396) ! 

Z L 1 + Ujp 

In order to find the conversion gain, equation (8.395) must be multiplied with the loss of the 
source followers, the loss of the current buffers and with the load resistance at the output of the 
complete circuit. It is seen that the only design parameter with which the value of the conversion 
gain can be controlled, is the ratio W/L. Further it is seen that the conversion gain is degraded 
by mobility reduction. 



Third-order terms The third-order terms in equation (8.391) that are proportional propor- 
tional to v gb are given by 



third-order terms = K 3 s „ 



■v g yv 2 sb + K 3gmAd -v gb -vi + K 3gm>bg 



' V ^' V sb' v M 

(8.397| 



According to Table 7.3, the first two nonlinearity coefficients in this equation are proportional 
the following derivatives: 



and 



K, 






ms 



1 

2 dv GB dv 2 SB 



= 1 

3 g mg k2g md 2 dvc B dv 2 DB 



(8.39| 



(8.390 
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For v DB = v SB these derivatives are opposite. Hence, K 3 = K 3 at vnc = OV 

' 9mg&‘Zg 7nd 

The third nonlinearity coefficient in equation (8.397) is given by 



k 3 



9mc/fog ms &9md 



d 3 ip 

dvQBdVsBdVDB 



(8.400) 



which is zero at vps = OV 2 . 

As a result, the third-order component in the drain current that is proportional to v gb is zero. 
The component observed in the measurement result of Figure 8.80 is due to imbalances and 
feedthrough at high frequencies. 



Fourth-order terms The fourth-order terms in equation (8.391) that are proportional to v yb are 
given by 

fourth-order terms =A r 4 ■v 3 h -v ab ^-K 4 „ -vl-v„ h 

^gmg&igms sb u db u gb 

+ K4 !l,n S tU<lm,k2 9md - v 9l>' v >b- v dt + Ki g m9 k2g ms kg md ' V 9 » ' V lb' v db (8.401) 

The fourth-order coefficients are proportional to the following derivatives: 



K 4 
K 4 



d 4 i D 



9m,k3g m , 31 dvaBdv\ B 

1 dHo 



K. 



HmgkHmd 3 1 () V G [j d'l/jj B 

1 dH D 



2g md 2 ! dvoBdvssdvj 



DB 



Ka 



1 



dH 



D 



Vi 9 m3 k 2 9ms kg md 2 ! dv GB dv 2 SB dv DB 

Using the symmetry of source and drain at v DS = OF we find that 

d 4 io d 4 io 

dv GB dv 3 DB 
dHp 

dv G Bdv 2 SB dv DB 



(8.402) 

(8.403) 

(8.404) 

(8.405) 



dv GB dv 3 SB 

d 4 i D 



dv GB dv SB dv 2 r 



DB 



(8.406) 

(8.407) 



Further we have v sb = -v dh . Hence we can combine the four terms in equation (8.401) to one 
single term: 



fourth-order terms = KiV gb v 






(8.408) 



2 This is not clear from the expression of K z gmgkgmSagmd in Table 7.9: the approximate expression in this Table 

has been derived for a value of vos different from zero. 
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in which the coefficient K 4 is given by 



K a = 



2 d^ij) 

3! dvcBdvlg + dv GB dv S Bdv 2 DB 



(8.409) 



The AC voltages v gb and v sb are sinusoidal voltages, given by the equations (8.387) and (8.390), 
respectively. Using trigonometry (see Appendix A) we find the response at (uj lo ±3uj bb ) from 
equation (8.408): 



[drain current component at (cj lo ± 3cj bb )| = A h0 ■ A BB 3 



Ka 

64 



(8.410) 



Using the routines described in Section 3.5 an approximation for the coefficient K 4 has been 
computed. With these routines it is seen that the largest term of K 4 is 62 times larger than the 
second largest term. Hence we can approximate K 4 by this one term: 



K 4 « 



-toC'u 



W 2 

Tl*E*(1+8U) 



(8.411) 



with given by equation (7.68). The error on K 4 that is made by taking into account the largest 
term only is 2.8%. 

The factor L 2 E% arises from taking the derivative of the function hot , defined in equa- 
tion (7.104), which describes velocity saturation. This means that the fourth-order response; 
is almost completely determined by the variation of the drain current due to velocity saturation. 
Indeed, when the instantaneous drain current becomes high during operation, then the velocity 
of the carriers may saturate. 

It is not a surprise that velocity saturation is by far the dominant factor that determines the 
fourth-order response. This response is proportional to derivatives in which three times a deriva- 
tive with respect to vsb (or v BB ) has been taken, as seen in equation (8.409). In Figure 7.18 a 
strong influence of velocity saturation was already noticed on K :igo , which is proportional to the 
third-order derivative of the drain current with respect to the drain-source voltage. 

The ratio of the fourth-order response at (lo B o ± 3u;g#) and the second-order response caj| 
be found by combining equations (8.396), (8.410) and (8.41 1). This yields 



drain current component at ( cj lo ± 3c o BB ) 



drain current component at ( uj lo ±u BB ) 



3m 

16 L 2 E 2 



(8.41* 



We will now evaluate this ratio for the mixer transistor in the circuit of Figure 8.79. 
mixer transistor has a gate length of 0.7^m. The critical field is given by 



E r = 



V sat 
fteff 



( 8.411 



From the data of the0.7//m process of Table 7.1 we know that /x 0 is 0.047m 2 /(U.s). Themobil 
reduction factor is 0.146 in this case. With these data we find that the effective mobility fit 
is 0.041ra 2 /(U.s) and E c = 2.439MU/m. When the input amplitude A BB equals IV as in 
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measurements of Figure 8.80 we find that the ratio given in equation (8.412) is -33 dB, which is 
only 3 dB different from the measured ratio. 

The ratio between the fourth-order signal and the wanted signal of equation (8.412) can also 
be derived in another more intuitive way, using the knowledge that velocity saturation is the 
dominant effect that determines the fourth-order response. The drain current in the triode region 
is given by equation (7.92), which is repeated here for convenience: 



i D = large{v GB ,v DB , v SB ) * mobred(v GB , v DB) v SB ) ■ hot(v GB , v DBl v SB ) (8.414) 



with the functions large , mobred and hot given in equations (7.90), (7.73) and (7.104), respec- 
tively. The function hot can be approximated as follows: 



hot ( v gb ,v db ,v sb ) 




(8.415) 



Using this approximation in the drain current expression and neglecting the § powers in the 
function large, we can rewrite the drain current as 



i D 



T _ i ( V D B ~ VS B 

~~ 2 \ LEr 



, w 

l - 2 \ LE, J 1 + e/p 

( V GB ~ Vf B ~ ~ -f Usb) (VDB “ USfi) 



\ (VDB - v Sb) (vi)B + Vsb) 

(8.4 



6) 



The baseband signal is applied over the drain and source terminals with V DS = 0V, and the 
local oscillator signal is applied at the gate. The AC drain current has two components that are 
proportional to v gb \ 



hil — /J'Q C ox 



Vgb'Ods 



^ d2 



to C' --T-- 




VgbVds 

i + of„ 



(8.417) 



(8.418) 



For the computation of the wanted signal, velocity saturation is a higher-order effect, such that 
the wanted signal is derived from in. The value of the fourth-order signal, on the other hand, can 
be found from i d2 . Substituting the values of v gb and v ds given in equations (8.387) and (8.388) 
into i dl and i d2 , respectively, and using some trigonometry, one will find that the ratio of the 
fourth-order signal and the wanted second-order signal is as given in equation (8.412). 



8.14 Summary 

In this chapter we have studied the weakly nonlinear behavior of several basic MOS and bipolar 
circuits. To this purpose we have interpreted expressions that have been generated using the 
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calculation method of Section 5.3. This method is implemented in the symbolic network analysis 
program ISAAC that has been used throughout this chapter. 

In the calculations we have taken into account effects that are difficult to take into account 
with hand calculations using Taylor series, such as frequency dependence of the nonlinear be- 
havior, mismatches and the presence of parasitic circuit elements that make the derivation of a 
closed-form expression for the input-output characteristic of a circuit impossible. 

A practical circuit usually contains many basic nonlinearities that give a contribution to the 
second or third harmonic at the circuit output. In order to obtain interpretable results, we have 
used several times the following procedure explained in Section 5.4.2. 1: first the dominant con- 
tributions are determined, next an expression is generated for the dominant contributions. 

In the example circuits in this chapter distortion is often suppressed with the techniques that 
have been studied in general in Chapter 4: pre-distortion, suppression of even harmonics by 
balanced operation, suppression of nonlinear behavior by linear feedback, .... In practice these 
principles are less effective due to parasitic effects such as mismatches or nonlinearities in the 
feedback path. These effects have also been considered in the example circuits. 

It is seen throughout the examples in this chapter that the conversion of a voltage to a current 
is more difficult to realize in a linear way than a current- to-current conversion or a voltage- to- 
voltage conversion. For the latter two conversions pre- and post-distortion techniques can be 
used, as illustrated with the current mirrors. 



Chapter 9 



Measurements of basic nonlinearities of 
transistors 



9.1 Introduction 

In the absence of reliable transistor models and/or an accurate parameter extraction, one could 
consider to measure nonlinearity coefficients. This chapter concentrates on how higher-order 
derivatives of the transistor current can be measured accurately. The measurement results could 
be used in device parameter extraction. Only measurements on a bipolar transistor are presented 
in this chapter. The principles can be applied to MOS transistors as well. 

The idea behind the measurements, explained in Section 9.2, is that harmonics and intermod- 
ulation products are measured that are determined by only one nonlinearity coefficient of one 
basic nonlinearity of the transistor. In this way, the value of this coefficient can be extracted 
from the measured harmonic or intermodulation product using expressions (2. 1 3), (2. 14), (2.29) 
and (2.30). 

With the measurement method, values have been obtained for the nine different coefficients 
that describe the nonlinear dependence of the collector current on the base-emitter and the 
collector-emitter voltage (see Section 6.2). Realistic values have been obtained as well for the 
nonlinearity of the Early resistance, which is not modeled in most circuit simulators that are used 
nowadays. 

The assumption that one measured harmonic or intermodulation product is determined by 
only one coefficient is only valid at low frequencies and when the internal ohmic resistances of 
the transistor are negligible. When this is not the case, then a harmonic or intermodulation prod- 
uct is determined by more than one coefficient and maybe by more than one basic nonlinearity. In 
order to obtain values for the nonlinear coefficients in this case, more than one harmonic or inter- 
modulation product must be measured and the measurement results must be combined. However, 
the measurements reported in this chapter are performed on a large transistor at low frequencies, 
such that a coefficient can be determined from one single harmonic or intermodulation product. 
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9.2 Principle of the measurements 

The idea behind the measurements is to obtain a value for a nonlinearity coefficient with one mea- 
sured harmonic or intermodulation product, instead of having to combine several measurement 
results out of which several coefficients can be extracted. If with this idea good measurement re- 
sults can be obtained, then the measurement setup that is used for the measurements can be used 
as well in cases where it is not possible to extract one coefficient from every measured harmonic 
or intermodulation product. 

The equations that model the drain current of a MOS transistor or the collector current of a 
bipolar transistor both express the current as a function of one or more voltages. The derivatives 
of the current with respect to one voltage can be measured when the appropriate AC voltages are 
applied. For example, when an AC voltage at low frequencies is applied between the gate and the 
source of a properly biased MOS transistor while the drain-source voltage and the bulk-source 
voltage are kept co istant, then the AC drain current is only dependent on the applied AC voltage 
between gate and source. In other words, if the AC voltage between gate and source is given by 

Vin 1 = Vinl COs(Wit) (9.1) 

and the AC drain current only depends on the gate-source voltage: 

H = 9m‘ v gs + g m ' v gs "F ^3 g m ' V gs + • • ■ (9.2) 



9m Vinl cos(o;i t) (9.3)1 

K^^fcos^t) (9.4$ 

^cosC&Jit) (9.5$ 

It is seen that a spectral analysis of the drain current yields the coefficients g m , K 2gm and Kz gm i 
The same principle can be used to determine the coefficients g 0 , K 2gn , Kz 9o , 9mb, K 2 9mb aiU| 
K$ g b for a MOS transistor. For a bipolar transistor, the application of this procedure to th| 
collector current yields the coefficients g m , K 2grn , K$ gm , g ot K 2go and K 2go . j 

More accurate results can be obtained if at the input port under consideration two sine wavl 
at different frequencies are applied. Indeed, from Chapter 2 we know that the second-orcM 
intermodulation products are two times higher than the second harmonic of one of the two sii 
waves, while the third-order intermodulation products are three times higher. This is especial 
useful when the harmonics have amplitudes which come out only slightly above the noise flooi 
For the determination of coefficients that arise from cross-derivatives, two signals are applfii 
simultaneously at two different input ports. If two excitations 1 

Vinl = Vinl cos(cJit) and v in2 = V in2 cos(uj 2 t) (9J 

are applied, then the harmonics of cui and co 2 will be proportional to nonlinearity coefficients ttf 
are proportional to derivatives with respect to one voltage, while the intermodulation produJ 



then the first three harmonics are found to be 

fundamental = 

2nd harmonic = 
3rd harmonic = 
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are proportional to the coefficients that are determined by cross-derivatives. Hereby care must 
be taken that the two frequencies u ) i and u) 2 are not harmonically related. 

As an example, assume that v in i from equation (9.6) is applied between the base and emitter 
of a properly biased bipolar transistor, while v in2 is applied between the collector and the emitter. 
In this case, the amplitude of the second-order intermodulation product at the frequency \ui ±cj 2 | 
is given by 



V ml V ln2 K 2gmkgo (9.7) 

The amplitudes of the third-order intermodulation products are given by 

atl^iwah \vLV M K iigmbgo (9.8) 

at 1 2^> ± wxl : J (9.9) 

This principle can be used to determine all coefficients that are determined by derivatives with 
respect to two voltages. It can be extended to coefficients that are determined by derivatives with 
respect to three independent voltages such as the coefficient K 3g & g ^ g of a MOS transistor. 



9.3 Practical applications 

It is now investigated how the principle explained in the previous section can be applied in 
practice to determine the nonlinear coefficients of bipolar and MOS transistors by measurements 
of harmonics and intermodulation products. 

A measurement setup for the determination of the nonlinearities of the drain current of a MOS 
transistor is shown in Figure 9. 1 . Transistor M x is the device under test. Up to three independent 
AC voltages can be applied: v inU v in2 and v in3 . The AC sources are buffered with operational 
amplifiers (OAR OA2 and OA3> respectively). The AC sources are connected in series with DC 
voltage sources that provide the correct bias for Mi . When less than three excitations are applied, 
then the input of every inactive buffer is shorted to AC ground. The drain current is measured by 
the voltage drop over resistance R L by means of an instrumentation amplifier IA1. The shunt- 
shunt feedback configuration with R L ensures a low impedance at the drain of transistor Mi . In 
this way, the AC voltage at the drain does not change significantly due to the applied signals at 
the gate or the bulk. 

The measurement must be performed at low frequencies, such that no parasitic capacitance 
plays a role. Also, the loop gain of the opamps in unity-gain configuration must be sufficiently 
high at the signal frequencies, such that the impedance seen at the output of every buffer is very 
small. 

A similar principle can be used for the measurement of the nonlinearities of a bipolar transis- 
tor. The measurement setup is shown in Figure 9.2. The device under test, transistor Q x , cannot 
be biased in the same way as the MOS transistor from Figure 9. 1 : because of the exponential 
relationship between the base-emitter voltage and the collector current, a slight change of a volt- 
age applied between base and emitter, for example due to an external disturbance, may cause 
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Figure 9.1: Measurement setup for the determination of the nonlinearities of the drain current 
of a MOS transistor. |j 



a significant change of the collector current. Instead, a base current is inserted into the bipola 
transistor under test using an external DC current source. The capacitor C\ decouples the 
voltage at the base of Q\ from the AC excitation v in \. 

For both a MOS and a bipolar transistor the above measurement setup can be used to deter| 
mine immediately the nonlinear coefficients as explained in Section 9.2, if the internal ohmi^ 
resistances of the transistor can be neglected. However, if, for example, measurements 
performed on a bipolar transistor with a significant base resistance, then this base resistant 
influences the measured harmonics 1 . In the presence of ohmic resistances the formulas (9*| 
through (9.9) are not correct anymore. Instead, the different measured harmonics and intermc 
ulation products can depend on several nonlinearity coefficients as well as on several small-sigj: 
parameters. In that case, the different nonlinearity coefficients should be determined by combij 
ing measured values of different harmonics or intermodulation products. These values can 
identified with symbolic expressions for the measured harmonics and intermodulation produc 
These expressions can be derived with the method described in Chapter 5. In this way, o| 
obtains a set of equations with several unknown nonlinearity coefficients. The solution of 
set then gives the values of the required nonlinearity coefficients. In Section 9.4 measuremel 



'This is also the case if a series resistance is inserted between the DC current source and the base of the transis 
to measure the nonlinearity of the base current. 
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Figure 9.2: Measurement setup for the determination of the nonlinearities of the collector current 
of a bipolar transistor. 



are presented on large transistors in which the ohmic resistances are negligible, such that the 
principle of Section 9.2 can be used. 

A final remark must be made about the temperature of the device under test. When nonlinear 
coefficients are measured over a wide range of the bias current, varying from very low' to very 
high, then precautions must be taken to keep the temperature in the device constant. Else, the 
temperature dependence of the different coefficients is measured together with the coefficients 
themselves. The measurements that are reported in Section 9.4 are performed over a small range 
of bias currents such that the temperature is nearly constant. This will be illustrated with the 
measurement results in the next section. 



9.4 Measurement results 

Measurements of harmonics and intermodulation products have been performed on a large bipo- 
lar transistor with an emitter area of 2 pm by 50 0pm. Due to this large emitter area the ohmic 
base, emitter and collector resistances can be neglected. 
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The measurement setup is the one shown in Figure 9.2. The load resistor R L is a metal 
film resistor. Its value depends on the signal levels that are measured. It is bridged by a small 
capacitor in order to compensate for a pole at the negative input of the buffer. For the operational 
amplifiers the OP27 [AD 88] is used. The instrumentation amplifier is the AD 524 from Analog 
Devices [AD 88]. The output of the instrumentation amplifier is fed into the dynamic signal 
analyzer HP3562A which measures the harmonics and the intermodulation products. This signal 
analyzer also has a voltage source with a total harmonic distortion of —60 dB at IV below 10 kHz. 
This source is used as one of the two AC sources in the measurement setup. The other AC source 
comes from the distortion analyzer HP 339 A which has a total harmonic distortion of —100 dB 
at IV below 10 kHz, The amplitudes of the sine waves are determined by the requirement that the 
harmonics and intermodulation products of interest should have an amplitude that is higher than 
the noise floor. The measurement setup has been checked first with metal film resistors instead 
of a transistor. Then the highest signal levels that are used in the measurements have been 
applied. With these conditions no harmonics and intermodulation products have been detected 
with the dynamic signal analyzer. For each signal level that is used, it has been checked whether 
the amplitude of a harmonic or intermodulation product changes in the same way as predicted 
in Section 9.2. This means that if the signal level at one of the two input ports is increased 
with 1 dB, then the harmonic or intermodulation product that is proportional to the nth power 
(n = 1, 2 or 3) of the input amplitude, should increase with n dB. If this were not the case then 
this means that a harmonic or intermodulation product of order n is also determined by nonlinear 
behavior of order higher than n and the applied signal level must be lowered. The frequencies 
that are used for the two excitations are 985 Hz and 875 Hz. jj 

The bipolar transistor has been biased in its forward active region far from the high-injectiori 
region: the forward knee current [Lak 94] is about 0.1A. Also, temperature changes only slightll 
in this region, as will be confirmed by measurements. a 

With the above measurement conditions the different derivatives of the collector current ca| 
be computed from the measured harmonics and intermodulation products. The results are pre^ 
sented in the next sections. 



9,4.1 Derivatives of ic with respect to vbe 

Far from the high-injection region and at a constant temperature, the simple exponential law f| 
the collector current as a function of the base-emitter voltage is valid. In this case, it has 
shown in Section 3.2 that 



9m 



9m 



2K‘ 



2 9n 



K 2a 

- ^m_ _ y t 



3 K, 






Since V t = kT/q, the measurement of i Ci g m , H 2grn and K 3gm can give an idea of the aver 
temperature in the device. The value of Ic has been obtained with DC measurements, the valMs| 
for g m , K 2q and K 3 have been extracted from harmonics in the collector current. 1 



purpose, a sinusoidal excitation v in i (see Figure 9.2) is applied with a frequency of 985 Hz 
an amplitude of 7m V. The source v lu2 is not used in this measurement. The fundamer 
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component of the collector current is proportional to the transconductance g m , while the second 
and the third harmonic are proportional to K 2gm and K 3gm , respectively. 

The ratios of equation (9. 10) as they are deduced from the measurement results are shown in 
Figure 9.3. In the range of the v BE values depicted in Figure 9.3, the collector current changes 
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Figure 9.3: Ratios of subsequent derivatives of i c with respect to v B e as extracted from mea- 
surements. The solid lines correspond to v CE = 2.W, the dashed lines to v CE = 4.5V. 



from 20 pA to 2 5/^4. It is seen that the different ratios match very well to the predicted value of 
equation (9.10). Also, it can be concluded that the temperature does not change significantly over 
the range of values for v B e and vce ■ This also holds for a wider range of vqe values: measure- 
ments from 2pA to 50 p A yield results with a comparable accuracy. Hence, it can be concluded 
that the results indicate that with the measurement technique harmonics up to order three can 
be measured accurately. Next, some interesting results from measurements of intermodulation 
products are discussed. 
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9.4.2 The nonlinearity of the Early resistance 



In circuit simulators a bipolar transistor is most often modeled with a constant Early volt- 
age [Lak94, Hspi96]. This means that derivatives of the collector current obtained by dif- 
ferentiating more than once with respect to the collector-emitter voltage, are zero. Consequently, 
coefficients such as K 2go , K 3go and K 3 are zero. However, this is not correct. In many 

applications this error does not cause significant deviations between simulations and measure- 
ments. However, in [Opt 89] it is shown that for ultra-low distortion applications the performance 
of some circuits is limited by the nonlinearity of the CMRR, which is partially determined by the 
nonlinearity of the Early resistance. 

For the measurement of the coefficients K 2 and K 3 the voltage source v rnA in Figure 9.2 
has been removed and put in series with v in2 . The amplitude of both sources has been made 
identical. The second- and third-order intermodulation products yield values for K 2go and K 3 
respectively. Instead of computing K 2go and K Zgo from intermodulation products, they could 
have been obtained as well from harmonics, in a similar way as K 2gm and K 3gm have been 
obtained in the previous section. However, in this case the amplitudes of the harmonics are 
quite close to the noise floor, such that the accuracy on the values obtained from intermodulation 
products instead of harmonics is significantly higher. 

The set of values for K 3fJo that have been measured over the range of v CE values, have been 
integrated numerically over this range. Since 
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it is clear that 
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In this equation, K 2go is evaluated at a value v CE 2 , which is the collector-emitter voltage at a value 
inside the range of v C e that is used in the measurements. The value K 2go (v CE \ ) is the measured 
value at the smallest of the values for v CE (in this case 2.5F). Hence, a numerical integration 
of the measurement results for K 3 can yield a value for K 2 . This integral together with thd 



measured value of K 2go is shown in Figure 9.4 for a v BE value of 0.637F, that corresponds tdf 
a collector current of about 50// A. It is seen that a good agreement is obtained between the twe 
values. This is an extra confirmation for the quality of the measurements. 

Figure 9.5 shows the measured value for g a compared to the value obtained by the numerics 
integration of the measured data for K 2go , as well as the measured value for %c compared to thij 
value obtained by the numerical integration of the measured data for g Q . Both plots have bee! 
produced for a v BE value of 0.637F, that corresponds to a collector current of about 50// A T! 
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Figure 9.4: Measured value for K 2go ( circles ) and the value ofK 2go obtained by integration from 
K 3(Jo (solid line). 




2.5 3.0 3.5 4.0 4.5 

VCE (V) 




Figure 9.5: Left: measured value for g 0 (circles) compared to the value obtained by the numerical 
integration of the measured data for K 2go (solid line). Right: measured value for i c (circles) 
compared to the value obtained by the numerical integration of the measured data for g 0 (solid 
line ). 



collector current has been measured at DC. It is seen that in both cases a good agreement is 
obtained. 

It must be remarked that at low frequencies there is more than one intermodulation product 
from which K 2go and K 3go can be extracted. For example, K 2go can be extracted from the second- 
order intermodulation product at the frequency which is the sum of the two applied frequencies, 
as well as at the difference frequency. This should give the same results. In practice, deviations 
of 1.5% have been measured. 

Finally, it should be noticed that the measurement of higher-order derivatives, followed by an 



438 



Measurements of basic nonlinearities of transistors 



integration to obtain the lower-order derivatives, yields more accurate results than the measure- 
ment or modeling of lower-order derivatives followed by a numerical differentiation in order to 
obtain higher-order derivatives. 

9.4.3 Cross-derivatives of ic 

Finally, measurement results are presented for the cross-derivatives of i c , which are derivatives 
of ic with respect to both vqe and vce- These figures are obtained by measuring intermodulation 
products that are caused by sources applied at two different input ports, as depicted in Figure 9.2. 
The excitation v inl is a sine wave at = 27rx985/fc with an amplitude of 7 mV, while v in2 is a 
sine wave at u 2 = 2’Kx81'dHz with an amplitude of 300 mV. In this way, the following data can 
be obtained: 



response at \ui ± u 2 \ yields K 2 g (9.14) 

response at \2ui ± u 2 \ yields K$ 2Qin&ig (9.15) 

response at |cji ± 2lo 2 \ yields K$ s „ (9.16) 

9m^^9o 

Of course, from the harmonics of the collector current the coefficients g m , K 2gm , K - igm , g a , K 2go 
and K 3(Jo can be extracted. However, it is more accurate to measure these coefficients by applying 
two sources in series at the same input port, as performed in Section 9.4.2. 

Just as in the previous section, the quality of the measurements can be controlled by compar- 
ing a measured lower-order value to the integral of a higher-order derivative. For example, an 
integration of K 2g over the range of vce values yields g m as a function of v C e-> which can 
be compared to measured values of g m . This comparison is shown in Figure 9.6. Again a good 
agreement is found between the directly measured data and the integrated data. 




Figure 9.6: Measured value for g rn (circles) and the value of g m obtained by integration frod 
(solid line). 



9.5 Summary 
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9.5 Summary 

In this chapter a principle has been presented for the measurement of the first-, second- and third- 
order coefficients that characterize basic nonlinearities of the drain current or collector current of 
a MOS or bipolar transistor. The idea is to measure harmonics or intermodulation products that 
only depend on one or just a few coefficients. This is a much more accurate approach than the 
measurement or modeling of the current after which the derivatives of different order are obtained 
by a differentiation of the model equation or of the measured data for the current. The principle 
has been tested with measurements of the different coefficients that characterize the nonlinearity 
of the collector current of a large bipolar transistor. The quality of the measurements is good: 
this is shown by the close agreement between measured data of lower-order coefficients and the 
numerical integration of higher-order coefficients. Measurement results have been obtained for 
the nonlinearity of the Early resistance, which have not been reported previously. 

The measured data for the second- and third-order coefficients can be used in parameter 
extraction or device modeling for an accurate modeling of the higher-order nonlinearities of a 
transistor. 
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Appendix A 

Useful trigonometric relationships 



exp (±jx) = cos x do j sin x 



cos x — 



1 

2 



(exp(j'x) + exp(-jx)) 



sin x = 



i (exp (jx) - exp {-jx)) 

2 ; 



sin (x ± y) — sin x cos y ± cos x sin y 



cos (a; ±y) = cos a; cos y q= sin x sin y 



sin a; sin y = - (cos (a; - y) - cos (a; + vy) ) 

Li 



cos a; cos y = - (cos (a; + y) + cos (a; - y)) 



sin x cos y — - (sin(x + y) + sin (a: - y)) 

Li 



sin2x = 2 sin a; cos x 



Useful trigonometric relationships 
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cos2x = 2 cos 2 £ — 1 = 1—2 sin 2 x = cos 2 x - sin 2 y 



sin 2 x = ^ (1 — cos 2x) 



l 

cos 2 x = - (1 + cos 2x) 



siv?x = - (3 sin x — sinZx) 



cos 3 x = ^ (3 cos x + cos 3x) 



1 



svrrx = - (cos 4x — 4 cos 2x + 3) 
8 



cos 4 x = - (cos Ax 4- 4 cos 2x + 3) 
8 



Appendix B 

Basics of Volterra series 



B.l Introduction 

The goal of this appendix is to provide the basics of Volterra series in order to give a better un- 
derstanding of the material covered in Chapters 4 and 5. More details can be found in [Sche 80]. 



B.2 Volterra series representation of a system 

The Volterra series operation can be viewed as a generalization of the theory of linear, first-order 
systems to weakly nonlinear systems. A nonlinear system is considered as the combination of 
different operators of different order. 

The relationship between the input x(t) and the output y(t) of a nonlinear, time invariant 
system can, with certain restrictions, be expressed with the following series: 



y(t) = 



h\{r\)x{t - T\)d,T\ 



L 

p+oo p + oo 

+ 1 / h 2 (Ti,T 2 )x(t ~ n)x(t - T 2 )d,T l dT 2 

•/ -oo OO 
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+ / / h+T U T 2 ,T+x(t - n)x(t. - T 2 )x(t. ~ r : 3 )dr,rfr 2 dr 3 

J —OO 'f —OO •} —oo 
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(B.l) 



in which for n = 1,2,.. 



K(ti,T 2 , ■■■, 7 - re ) = 0 



for any t, < 0, 



7 si, 2 
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This series is called the Volterra series and the functions t 2 , . . . ,r n ) are called the 

Volterra kernels of the system. Another way of expressing equation (B. 1) is 

y{t) = H^xit)] + H 2 [x{t)\ + H s [x(t)} + . . . + H n [x(t)} + ... (B.3) 

in which 

/ *+oo r+oo 

• • • / h n (r u r 2 , . . . , r n )x(t - n)x(t - r 2 ) • • • x(t - T n )dndT 2 ...dr n 

- OO J — OO 

(B.4) 

In this representation the symbol H n , which represents an integral, is called an nth-order Volterra 
operator . A schematic representation of equation (B.3) is shown in Figure B.l. Clearly, a non- 




Figure B.l: Volterra series representation of a system. 

linear system is considered as the combination of different operators of different order. 

In the next sections, the individual terms H n are discussed using the concept of nth-order 
operators. The form in equation (B.4) of the Volterra kernel is used to calculate the response 
to sinusoidal excitations. In order to clarify the results, the second-order Volterra operator is 
considered before the generalization to the nth order. 

The derivations are limited to systems with one input port. The extension to multiple-input 
systems, however, is straightforward [Chua 79a, Chua 79b]. 

B.3 Second-order Volterra systems 

In this section the second-order Volterra operator, which has been qualitatively discussed in the 
previous section, is defined mathematically. The second-order operator gives rise to the second 
term in the Volterra series. It is shown how such an operator can be characterized by starting 
from the concept of a general second-order operator. Once the second-order Volterra operator is 
known, it can be used to study the response of the second-order system to a sinusoidal input. 



460 



Basics of Volterra series 



B.3.1 The second-order operator 

A linear operator has been defined as one for which the response to a linear combination of sig- 
nals is the same linear combination of the response to each input signal individually. Extending 
this concept to a second-order operator, one can define the latter as an operator for which the 
response to a linear combination of signals is a bilinear operation on the individual input signals. 
This means that, if the input is given by 



N 

x{t) = y ^cjXijt) 

i = 1 



(B.5) 



in which the coefficients c* are arbitrary complex constants, then the output as a result of the 
second-order operator is given by 



2/2 (t) 



T 2 [x(t)} 
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(B.6) 



The operator T 2 { - } is called a bilinear operator since T 2 {j;, y} is linear in x for a given y and 
also linear in y for a given x. Also, T 2 {x, x} — T 2 [.t]. The response of a second-order system 
to a linear combination of input signals thus involves the sum of product operations on the input 
signals taken two at a time. This is the mathematical representation of the intuitive interpretation 
of a second-order nonlinearity as discussed in Chapter 4: a second-order nonlinearity combines 
two signals at its input. These signals can be identical. 



B.3.2 The second-order Volterra operator 

The operator T 2 defined for second-order time-invariant systems is called a second-order Voltefty 
operator , and is denoted by H 2 - Such a Volterra operator performs a transformation from t|| 
input signal to the output signal. This transformation is characterized now. "f 

In order to obtain a general system characterization, a basic waveform must be chosen M 
which all input waveforms can be represented as the linear combination given in equation (B41 
A basic waveform to choose is obtained by observing that all waveforms of interest can be 
proximated by a staircase curve as shown in Figure B.2. Such a staircase curve can be ex P resa J 
as the sum of displaced rectangles. The waveform corresponding to one such rectangle can ^j 
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Figure B. 2: The staircase approximation x$(t) ofx(t). 



defined in terms of the function us(t), which is given by : 



u s (t) = 



^ for \t\ < i(5 



0 elsewhere 



(B.7) 



Note that for us(t) 

/ •+oo 

u s (t)dt = 1 (B.8) 

-OO 

Now the staircase approximation x s for x(t) y shown in Figure B.2, can be written as a sum: 

+oo 

Xd{t) = ^ $ x{i$) U 6 (t ~ kS) (B.9) 



This form resembles to the linear combination of equation (B.5). 

The staircase approximation to x(t) becomes better as 5 becomes smaller. In the limit, when 
5 approaches zero, then x 6 (t) goes to x(t). In order to calculate the response y 2 {t) to :/;(£), the 
response y s to x s will be first calculated. Then y 2 {t) is calculated from y 6 (t) by letting 6 go to 
zero. 

Using the second-order bilinear time-invariant operator H 2 , the output y$(t) of a second-order 
system excited by the staircase waveform is given by 



Vs(t) 



- H 2 [x s (t)] 
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(B.10) 
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Basics of Volterra series 



To each bilinear operation in equation (B.10) a time function corresponds, denoted as h 2 \ 

h 2 (t - iiS 7 1 - i 2 8, 3) = H 2 {u 5 (t - ii5),u s (t - i 2 8)} (B.ll) 

This time function is a function only of the distance in time between the two pulses and of 5 , the 
pulse width. The position of the pulses only determines the position of the time function on the 
time axis, since the system under consideration is time-invariant. In terms of equation (B.ll), 
the response ys{t) can be written as: 

+oo -|-oo 

ys{t) = E E Sx(iiS)Sx(i 2 5)h 2 (t — i\8 7 t — i 2 S, 6) (B.12) 

ii= — oo i-z =— oo 

When 5 goes to zero, then y§(t) approaches y 2 (t), and the double summation can be rewritten as 
a double integral: 



/ + oo r + oo 

/ x(a l )x(a 2 )h 2 (t - a u t - a 2 )dcr l da 2 (B.13) 

-OO J -OO 

In this equation, the time function h 2 (-) is given by 

h 2 (t — &i,t — cr 2 ) = \im h 2 (t — a u t — a 2i 6) 

S-+ o 

= U 2 {u 0 (t - a^.uoit - a 2 )} (B.14) 

in which the function « 0 (0 * s the unit impulse, which is the limit of us(t) as 5 approaches zero. 

Equation (B.13) gives the functional representation of the second-order Volterra kernel. It 
is seen to be a two-dimensional convolution, which can be even better recognized by putting 
Tl —t~o\ and r 2 = t — <j 2 \ 



y 2 (t) = H 2 [x(t)} 

f+OO /*+ oo 



/ +oo r+oo 

/ h 2 (T\,T 2 )x(t — Ti)x(t — T 2 )d,TidT 2 

-00 J “OO 



(B. 15) 

•'I 

i 

The function h 2 {Ti,r 2 ) is called the second-order Volterra kernel of the Volterra operator H 2 i 
In [Sche 80] it is shown that the second-order Volterra kernel can be considered as the respoi 
of a new second-order system derived from the original one, to a set of two impulses, appli€ 
at a different time. This corresponds to the interpretation of the first term of the Volterra 
which is a convolution of the input with the linear system’s impulse response. 

The output of the second-order system is thus a two-dimensional convolution of the input wit 
the second-order Volterra kernel. This Volterra kernel is independent of the input signal. Henc 
the two-dimensional convolution integral allows to compute the output of a second-order systej 
to any kind of input signal. In this work, the input is mostly a sinusoid or a sum of sinusoids, * 
the convolution integral can also be used to find the output as a result of a Gaussian input 
represents white noise [Bedr 71, Rud 78, Sche 80] or any other input [Sche 80]. 
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B.3.3 Second-order kernel symmetrization 

A second-order kernel is symmetric if h 2 (r u r 2 ) = h 2 {r 2) n). In many analyses with Volterra 
operators, operations have to be performed that involve a reordering of the r’s in the kernel 
h 2 (ri, t 2 ) . The analyses are greatly simplified if only symmetric kernels need to be considered, 
for then the specific order of r’s is not important. Fortunately a procedure exists by which any 
asymmetric kernel can be symmetrized so that it is possible to consider only symmetric kernels 
without any loss of generality. Suppose that an asymmetric form /^(ri, r 2 ) is known. Then the 
symmetric form h 2 (r\,T 2 ) is given by 

h‘2{T U T 2 ) = ^[hl{T U T 2 ) + hlir^Ti)} (B.16) 

Moreover, this symmetric form is unique [Sche 80]. 



B.4 The second-order kernel transform 

Apart from a time-domain description, Volterra kernels can also be represented in the frequency 
domain. This is an extension of a transfer function for linear systems. Just as for these systems, 
a Laplace and a Fourier transform can be defined. 



B.4.1 The two-dimensional Fourier and Laplace transform 

The two-dimensional Fourier transform is obtained by taking the Fourier transform of a function 
of two variables J 2 (t u t 2 ). In order to avoid convergence problems in the subsequent integrals, 
it is required that 

r*+00 /* + 0O 

r 2 < oo (B.17) 



/ ~rOO y' + OO 

/ \f2(n,T 2 )\dT l (lT 2 

■oo •! — oo 



Suppose that r 2 is held constant in f 2 {ri,r 2 ), then the (one-dimensional) Fourier transform , 
with respect to t\ is given by 

r*+oo 

(B.18) 



/ *+oo 

f(r uT 2 )e~ 3Uin dT 1 

-OO 



When in this intermediate function the variable co i is kept constant, then the one-dimensional 
Fourier transform of Ffjuji, r 2 ) is given by 

/ -Too p+oo 

/ /2(Ti,T' 2 )e _; ' (u ' 1T1+ “' iT2) (ir 1 dr2 (B. 19) 

oo J — oo 

The function F 2 (ju) L ,juj 2 ) is called the two-dimensional Fourier transform of the function 
h( r \,T 2 ). The two-dimensional inverse transform of F 2 {juj i,ju) 2 ) can be obtained in a simi- 
lar manner which yields 

^ p -Too p+oo 

( 2 tt ]^ J j F 2 Uu 1 Ju 2 )e :,{u,1T1+u ’ 2T2 '>(kj l (ko2 






(B.20) 
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The equations (B. 19) and (B.20) establish the two-dimensional Fourier transform pair / 2 (n , r 2 ) 
and F 2 (jcu u juj 2 ). 

An interesting property which can be proven easily is that 

-ju 2 ) = H^(ju u jw 2 ) (B.21) 

If the kernel h 2 is symmetric, then the Fourier transform is symmetric as well: 

H 2 (ju u jw 2 ) = H 2 (ju 2 , juji) (B.22) 

Similarly to the Fourier transform, the two-dimensional Laplace transform of a kernel f 2 (n , r 2 ) 
is defined as 

/ +oo /‘+oo 

/ h{T\,T 2 )e~ {aiTl+S2T ^dT- i dT2 (B.23) 

-OO J —OO 

in which Si = a x + joj\ and s 2 = o 2 + joj 2 . The Fourier transform can be derived from the 
Laplace transform by letting u x — o 2 m 0. This requires that the Fourier transform of / 2 (n, t 2 ) 
exists so that the region of absolute convergence for F 2 (s i, s 2 ) includes the u x and the cu 2 axes. 



B.4.2 Sinusoidal response of a second-order Volterra system 

Assume that a second-order system is excited by a sinusoidal input 

x(t) = A r cos w x t (B.24) 

With x a (t) — (Ar/2) exp (juj x t) and x b (t) — (A x /2) exp (—ju x t) the input can be rewritten as 

x(t) = x a (t) +x b (t) (B.25) 



, The response of the second-order system to this input is given by 



V 2 (t) = H 2 [ Xa (t)} + H 2 [x h (t)} + H 2 {x a (t),x b (t)} + H 2 {x b (t),x a (t)} (B.26) 

Since the kernel corresponding to H 2 can be considered symmetric, one could let H 2 {x a (t), x b (t)} 
~ H 2 {x b (t),x a (t)} but this is not necessary for the derivations here. The first term of equa- 
tion (B.26) is now written in terms of the second-order Volterra kernel using the two-dimensional , 
convolution: ; 



H 2 [x a (t)\ = 



/ ■+oo /*+oo 

/ h 2 {n,T 2 )x a (t - Ti )x a (t - r 2 )rfr 1 dr 2 

-Oft, J — OO 

A2 /*+ oo /*+ oo 

I / h 2 (r 1 ,r 2 )e J ^ x{t ~ Tl) e JU:r{t ~ T2 hiT l dT2 

^ J — oo J — oo 



A 2 

X c i 2 ut x t 



Al 



— oo J — oo 

+oo /*+ oo 



h 2 {r l ,x z )e JUJxTl e 3UJxT2 dr x dr 2 



t — oo • J ' — oo 
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The second term of equation (B.26) can be calculated similarly, which yields 






The third term of equation (B.26) is given by 



H 2 {x a (t),x b (t)} = 



+oo /*+ oo 



/ / h 2 (T u T 2 )x a (t - Ti)x b (t ~ T 2 )dT 1 d,T 2 

•f—OO j —OO 
a 2 r+ OO r+oo 

^ J — oo J — oo 
a 2 /*+oo r+oo 

T / / / l2 (r 1 ,r 2 )e-^ T ‘e+^^rfr 1 dr 2 

^ */ — OO 2 — oo 



v4 2 

—j^x) 



(B.28) 



(B.29) 



and similarly for the fourth term. 



H 2 {ar 6 (t), *«(*)} = ^H 2 (-ju x ,ju x ) (B.30) 

Adding the four terms of equation (B.26) yields the output y(t) 




The first two terms are complex conjugates of each other and so are the last two ones. This 
reduces the output to the final result 

y 2 (t) = 2 (^) 2 R e(Jy 2 (ja>,, juge' 2 *') 

+2 ^ ; ^n) ^ {H 2 {jio x , —juj x )) (B.32) 

Equation (B.32) shows that the response of a second-order system to a sinusoidal input is a DC 
term and a sinusoid at the double frequency. 

If the second-order kernel is symmetric, which can be assumed without any loss of generality, 
then IL 2 (ju) xl —jco x ) turns out to be a real number, since the interchange of the arguments does 
not change the value and at the same time yields the complex conjugate. 

Note that if only a complex exponential input is applied, then the output is given by the first 
term only of equation (B.31). 
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B.4.3 Response of a second-order system to a sum of two sinusoids 



We now calculate the response of the second-order system to the following input: 



x(t) = A x cos u j x t + A y cos cjyt 



A 



A, 



x ju x t _|_ i±y_ e 3u v t _j_ 



-e J ^ H - e ~ JWX ' r + — 

2 2 2 

= X a (t) + x b (t) + x c (t) + x d (t) 



Ay 

2 



The second-order kernel is assumed to be symmetric. In that case the response is 

2/2 (t) = H 2 [ar(i)] = H 2 [x a (t) + x b (t) + x c (t) + x d (t,)\ 

= H 2 [x a (i)] + H 2 [ii,(2)] + H 2 [:r c (/)] + H 2 [x d (i)] 
+2K 2 {x a (t),x b (t)} + 2H 2 {x a (2),:r,.(i)} 

+2H 2 {x a (t),x d {t)} + 2H 2 {x b (t), x c (t)} 

+2H 2 {xf,(i),z d (/)} + 2H 2 {x c (t.),x d (t)} 



(B.33) 



(B.34) 



The expression of the response in terms of the second-order nonlinear transfer function can be 
computed similarly to the previous section. The result is 



2/2 (*) = ^Re (H 2 {ju x , jujei 2 "* 1 ) + Rc (H 2 (juj x , -ju x )) 

+^Re ( H 2 (juj y ,ju} y )e^ t ) 4- ^Re (H 2 (jw y , -ju: v )) 

+A x A y lte (H 2 {juj x , ju y )eJ {u * +L, “ )L ) 

+A x A y Re (ff 2 (jw„ -jvy)* (B.35) 

The first four terms in equation (B.35) correspond to the ones obtained when one single sinusoid 
is applied. The last two terms are intermodulation products. 



B.5 Higher-order Volterra systems 

'$■ 

The theory presented in the previous section for the second order can be extended to the pth 
order. The derivations again start from a general p-linear operator. j 

B.5.1 The pth-order operator 

Before a generalization to order p , the third-order operator is discussed first. This operato$ff 
denoted as T 3 is defined as one for which the response to a linear combination of signals is 
trilinear operation on the individual input signals. This means that, if the input is again a lineail 
combination of signals given by 

N 

x(t) = ^2c i x i {t) (B.36]j 

i = 1 
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then the output as a result of the third-order operator T 3 is given by 



2 / 3(0 = 



t 3 [z(0] 

N 



V.cMt) 

_ i — 1 

N N N 

EEEt 3 {cjj Xi 1 (£) , C{ 2 Xi 2 (f ) , c^ :i Xi :i (i) } 

11=1 12=1 *3=1 

N N N 

£££«.«■* T, { 



(B.37) 



* 1=1 *2 = 1 *3 = 1 



The operator T 3 {-} is called a trilinear operator since T 3 {x, ij} is linear with respect to each 
argument when the other two are held constant. Also, T 3 {.t, x, x} = T 3 [x]. The response of a 
second-order system to a linear combination of input signals thus involves the sum of product 
operations on the input signals taken three at a time. 

In a similar manner, a p~linear operator , T p can be defined. The response y p of that operator 
to the input given by equation (B.36) is 



Vp(t) = 



TpM*)] 

N 



= T 



£ CiXi{t.) 

_ *= 1 

N N 

' ■ ' y ^ TpjCijXij , C lp X lv {t)} 

= l i P — 1 

N N 

~ /*£ ' ' ' c *i ' ' ‘ (t)j . . . , x lp (t)} 



(B.38) 



*i=l ip — 1 



The p-linear operator T p is linear with respect to every argument when all the others are kept 
constant. Also, if £'1 = x 2 = • • ■ = x p = x then T p {x, ... , x} = T p [x]. 



B.5.2 The pth-order Volterra operator 

The operator T p defined for a pth-order time-invariant system is called a pth-order Volterra op- 
erator, and is denoted by H p . The functional representation of this operator can be found in 
a similar fashion as for the second-order case. First the response is computed of the /ith-order 
system to a staircase approximation of the input x(t) given in equation (B.9). When the width of 
the pulses in this approximation goes to zero then the response approaches the real output y p (t). 
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which is found to be 



y p (t) = H p [a;(i)] 

/ +oo r+oo 

■ h p (T U T 2 , ... , T p )x(t - Ti)x(t - T 2 ) ■ • • x(t - T p )dTid.T 2 . . . 

■00 j — OO 



dr p 

(B.39) 



This is also the pth term of the Volterra series representation of a general nonlinear system. The 
function h p (ri, r 2 , . . . , r p ) is called the p th-order Volterra kernel of the Volterra operator H p . 
The output of a pth-order system is a p-dimensional convolution of the input with the Volterra 
kernel of order p . 

For a third-order system, the output given in equation (B.39) reduces to 



y 3 (t) - H 3 [z(*)] 

r *+oo r+oo r+oo 



I 



h 3 (Tl,T 2 ,T3)x(t 



— OO •/ “OO J — OO 



Ti)x(t - r 2 )x(t - T i )dT]d,T2dTz (B.40) 



B.5.3 pth-order kernel symmetrization 

In section B.3.3 it was pointed out that the second-order Volterra kernel of a second-order sys- 
tem can be considered to be symmetric without any loss of generality. Also, if an asymmetric 
form is known, then the symmetric form can be easily found. These results can be extended to 
order p. Suppose that an asymmetric form /i*(r l5 ... , r p ) is known. Then the symmetric form 
h p (r u ... , r p ) is given by 

h p (r u ... ,t p ) = ^ Yl h*(T U ... ,t p ) (B.41) 

all possible 
rearrangements 
Of Ti , . . . T p 

Note that for p — 2 this equation reduces to equation (B. 16). 

Since a symmetrization is always possible, it is assumed in the rest of this appendix as well as. 
in the calculations with Volterra kernels in other chapters that the Volterra kernels are symmetric. 



B.5.4 The p-dimensional Laplace and Fourier transforms 



This section generalizes the results from Section B.4. 1 for functions of p variables, f p (ti , . . . , T p )j 
for which $ 





, r p )\dri • ■ ■ dr p < oo 
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The multidimensional Laplace transform F p (s i, . . . , s p ) is obtained by repeatedly taking the 
Laplace transform with respect to one variable. In this way, one obtains 

/ •+oo /-+0O 

■ ■ fp{T 1, ■ ■ ■ , r p )e _( - 5lTl+ ■ S2T ’' ) rfr 1 • • • dr p (B.43) 

-OO J — OO 



in which s t = Oi + joji for i = 1 . . . p. The multidimensional Fourier transform is defined 
similarly by making all cr* equal to zero in equation (B.43). 

Similar to the second-order operator, the response of a pth-order operator to a sinusoidal 
signal or a sum of sinusoids can be computed. For example, the response of a third- and fourth- 
order operator to a sinusoidal excitation A x cos (u x t) is given by 

2/3 (i) = H 3 [A x cos cv x t] 

= ^ Re ( i?3 {ju } x , j u x ,jui x ) e j3u ' 1 f ) 

3^4 3 

= (B.44) 

and 



y*(t) = 



[-4.t cos uj T t\ 

A 4 

-^Re(H A (jw x , j ui x , juj ,. , j u) x )e >* u ' ' ) 
A 4 

•y Re{H'i(ju x ,ju x ,:ju x , -ju> x )e>™) 
?>A 4 

— R.e ( H 4 (juj xi juj x , — j to ;r , —y uj x ) ) 



4 



(B.45) 



Appendix C 

Derivation of the method for the direct 
computation of nonlinear responses 



In this appendix a method is derived to compute harmonics and intermodulation products without 
making use of Volterra series. The method computes responses to at most two sinusoidal input 
signals that are applied simultaneously and possibly at different input ports. Assuming that the 
frequency of the two input sinusoids is uq and w 2 , respectively, then a node voltage in the circuit 
under consideration consists of components at frequencies | ± mui ± where m and n are 
positive integers. The complex amplitude or phasor of such component is written as Vi,± my ± n 
where % corresponds to the numbering of the nodes in the circuit. Below it is explained how such 
phasor is computed. 

C.l Setup of basic equations 

The network shown in Figure C. 1 contains linear circuit elements among which the capacitor C 
and nonlinear circuit elements among which a nonlinear transconductance. The derivation given 
here will focus only on that transconductance. For the other basic nonlinearities that have been 
defined in Section 3,2, the derivations are completely similar. The network is excited by two dif- 
ferent current sources i inX and i in2 , applied at two different ports. For voltage source excitations, 
the derivation is similar. 

The nonlinear transconductance is controlled by the voltage difference between nodes i and 
j. The nonlinear relationship between the controlled current i x and the controlling voltage is 
given by: 

h =f(vi(t) - Vj(t)) 

=!)m (v,{t) - Vj(t)) + K 2 g m ( Vi(t ) - Vj(t )) 2 + K 3fJm (Vi(t) - Vj(t))* + . . . (C.l) 

The sinusoidal excitations are given by: 

i inl (t) =Re = \l m ie**‘ + (C.2) 
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and 

WO =\hn2e^ + \r in2 e^ 2t (C.3) 

Under steady-state conditions, the AC-part of every node voltage v x (t) can be regarded as 
being composed of a sum of harmonics and intermodulation products: 

+oo +OO 1 +oo +oo 

v x (t) = Y, E Re = 2 E E V x ^ n e^ M)i (C.4) 

m=0 n— 0 m =~ oo n— — oo 

in which V x , m , n is the phasor of the voltage at node x at the frequency mu)i + nu> 2 and V x rn n = 

V* 

r x, — m,—n 

Applying Kirchoff ’s current law in the given network yields on the different nodes: 





T T* 

1 c jw x t | 1 inl c ~juj 1 t — Q 

2 2 






(C.5) 


©■ 


T J* 

| c ju>it j I inl c - : junt _q 

2 2 






(C.6) 


©. 


| m2 | 2 in2 c ~jw 2 t __ q 

2 2 






(C.7) 


(n^ . 


T < f * 

> _ m2 c W* _j_ i in2 c ~juJ2t ^ _ Q 

2 2 






(C.8) 




^ / +oo +oo 


+oo 


+ oo \ 




® ■ 


■ . + - 2 <)rn I £ - 

\m=— oo n=— oo 


E 

m=— oo 


V V- ej(mu>i+nu 2 )t 

/ ^ *'j,ro,n c ' 

n— — oo / 


1 
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/ +00 +00 



+OG +OO 



- 1 - I/O, I V'' V V „j(mun+nu 2 )t _ ST' ST' T - 

+ 4 2 <?m L L Z^ Z^ 

\m— — oo 7 i=— oo 771 =— oo ? 7 = — oo 

/ +oo +oo +oo +oo 

+ 5^ ro E E w*-**-'* - E E w 



,j(rnu,'i +nu) 2 yt 



\m— — oo n= — c 



m = — oo 7 i= — oo 



+ ... = o 



(C.9) 



., / +oo +oo +oo +oo s 

£ E E E Vj^ (,nu,+nui)t 

\m— — oo n= — oo rri — — oo ri= — oo ,, 

^ / +oo +oc 4-oo 4-oo \ ^ 

“ 4 '2 (Jn ( E E ^ V' V 4(""l+^)< 



122)4 -EE w* 



m= — oo ti= — oo 
/ 4-oo +oo 



m— — oo n — ~ oo 
4-oo 4-oo 



1 / TW TW 

_/<+ I V 1 / ^(mcJi 4 -riw 2 )i _ N© 1 / J(mwi+nw 2 )f 

8 'V/m \ Z^ Z^ Z^ 2^ V J.™." 6 



+ ... = 0 



.+ ••• + ©( E E ^.'‘ eJ(mwi+,, “ 2)t - E E ^w« j( ™ ,+ " W2)t 



\m— — oo n— — 



4-oo *foo 



m— — oo n= — oo 



4-oo 4-oo 



(C.10) 



+ ... = 0 



t) --- +c j t [ E E vu-^ ,B “ ,+,,W2)1 - E E V w j(raw,+ " W2) '' 



o/7i= — oo n~ — oo 



+ 00 +oo 



Til— — OO 71.— — OO 



+oo +oo 



(C.11) 



+771 = — OO 71— — OO 



771= — OO 71= — OO 



+ ... = () 



(C.12) 



The equations for nodes p and q contain terms with second and third powers. Expansion of these 
powers yields for the equation of node p : 



+oo +oo 



/ +oo +oo 

• E E E E ^ £ - ,<mu ’ ,+ ” W2) ' 

\rn,— — oo n= — oo 

+oo +oo +oo +oo 

E E E E (Vt,m a ,n a Vi,r 

a— — oo 7l„. = — OO nib — — OO rib — — OO 

,T/. T/ „ OT/. T/. ^ Jiima+rnbjux+^ia+n,,)^^ 

~ v hrri H ,n a v 3, m b ,n h & v i,m a ,n a v 3,m b ,n b J c 



+ I I<2 fJ,n 



m=— 00 71= — 00 



;,mf ; ,77f, 






+ OO +OO +OO +OO +OO +OO 

E E E E E E (Vi "^7 ,777/, , 77./, ^ 7 , 



77lc 



^ 777 ^, = — OO 77 a = — OO mb= — OO 77 /, = — OO 77 tc = — oo ri c = — OO 

,77a ,7l(, ^ J ,777 c ,77c 



3 ^ / 7;,T77, a ,71 a ^,777/,, 71/, ^j'jTTlc ,71 c H - 3 V+ m „ . n „ ^7'. 7717. .77;, ^7'. I 



T /. T/. T/ \ J((rna+rn b +rn c )wi+(n a +n b +n c )uj- 2 )t \ , _n 1 3) 

v 3,Tn a , n a V 3, m b ,n b V 3, m c , n c J ^ J — V 
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A similar expansion of the powers can be performed in the equation for node q . 

It is seen that these higher-order powers cause effects of order higher than one. For example, 
in the expansion of the second power, a term of order k is caused by a combination of the indices 

rn a , m b , n a , n b for which 



After a complete expansion of the powers in the Kirchoff equations, one obtains a set of equations 
that consist of nothing else but sums of complex exponentials of the form exp(j/u^) , each 
multiplied with a complex coefficient. These equations must be valid for any value of the time 
variable t. This is only possible when the coefficients of every complex exponential are equal 
in both sides of every Kirchoff equation. This equality is now specified for every frequency of 
interest. 

Before doing so, an important simplifying assumption is made. It is presumed that a harmonic 
or an intermodulation product of a certain order k is only determined by the combination of 
responses of order lower than k. For example, the contributions of order three, five, ... to the 
response at 04 are neglected. The error introduced by these neglections is small in low-distortion 
applications. 



C.2 First-order responses 

The first complex powers to be considered are exp(±jw 1 i) and expfiju^f). The retrieval of the 
coefficients of exp( + ;w l f) from the Kirchoff current equations (C.5) through (C.12) yields: 



m, a | + |m/,| 4- \n a \ + |n 6 | = k 



(C. 14) 




(C.17) 



(C.18) 



(C.15) 



(C.16) 



+ - 7 K-i n (higher-order terms) 

4 urn ’ 



+ g^ 3 p m (higher -order terms) 



+ ... = 0 




(C.19) 
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— -i^ 2 g m (higher-order terms) 



— -K 3 g^ (higher-order terms) 



+ ... = 0 


(C.20) 


(J) • ■ ■ + ( 14 ,i,o - 14 ,i,o) + • ■ ■ = 0 


(C.21) 


(T) -►*-- + 2 ^ 1 ^ (14,1,0 - 14,1,0) + * • - = 0 


(C. 22 ) 



When the terms of order higher than one are neglected, then the equations (C.15) through 
(C.22) reduce to the network equations in the frequency domain of the linearized equivalent 
of the given circuit, excited by a current source i in i — /; nl exp(ju?ii). From these equations 
one finds the complex amplitudes 14,1 , 0 * The circuit that corresponds to the equations (C.15) 
through (C.22) is depicted in Figure C.2. 




Figure C.2: The linearized equivalent of the network of Figure CJ used to find the first-order 
responses to i m i. 

A similar procedure for the coefficients of exp(— ju\f) again yields a set of linear equations. 
These correspond now to the network equations of the linearized circuit, excited by a current 
source i in \ — J * n \ exp(— juiit). From these equations the responses 14-1,0 are computed. One 
will find, of course, that 14 ,-i,o is the complex conjugate of 14 ,i,o- 

In a similar way, the coefficients of exp(±juj 2 t) in the Kirchoff equations yield a set of linear 
equations from which the complex amplitudes 14 ,o,±i are found. These represent the response of 
the linearized circuit to the current source i in2 — Im exp(±ju 2 t). 



C.3 Second-order responses 

The retrieval of coefficients of exp(±j/'aj 1 f) and exp(±juj 2 t) resulted in the knowledge of the 
phasors at the frequencies ±u)\ and =L ui 2 . These results are now used for the calculation of\ 
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second-order harmonics and intermodulation products. 

Suppose that the response at the sum or difference frequency uj x ± u 2 must be known. This 
second-order response can be found by taking the coefficients of exp(joji ± uj 2 ) in the expanded 
Kirchoff equations (C.5) through (C.12). This yields: 





. = 0 


(C.23) 




. = 0 


(C.24) 




. = 0 


(C.25) 




. = 0 


(C.26) 




• + 2 gm W’ 1 ’* 1 “ i) 





+ 4 K2 9m T- + V ji0i± iVj,i t Q 

~2V it i,o^j,o,±i - 2K,o, ± 1 ^ 1,0 + higher-order terms) 

+ ~K Sn (higher-order terms) + . . . 

8 J/m 7 

+ • • • = 0 (C.27) 

-> • • • - -g m (V t ,i,±i - V),i,±i) 

— (^i,l,0^i,0,±l + Ho.ilttO + ^,1,0 + V j,0,± I Vj,l,0 

-2V r ! , 1 , 0 V^ > o,±i - 2V r j l o,±iV^ i i i o + higher-order terms) 

— -K 3n (higher-order terms) — . . . 

8 -Vm 7 

+ . . ■ = 0 (C.28) 

s ~ > + 2^ Ul (©4,±i — K,i,±i) + ■ • • = 0 (C.29) 

t) -> ■ ■ - + \] ©i ± uj 2 )C {V tx±1 - V©, ±1 ) + ... - 0 (C.30) 

Neglecting the higher-order terms and introducing the auxiliary variable iNL 2 gm 

i NL2g rn = ^2g m (V Ml0 - Vj^o) (V©,±1 - Vj j0 ,±l) (C.31) 



one obtains 




(C.32) 

(C.33) 

(C.34) 
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©-■ 


. = 0 




(C.35) 


©- 


■ + fjm (Kl,±i ~ Vi',l,±l) + * 


■ - -'i-NL2, JW 


(C.3 6) 




- — 9m (Vj, 1,±1 “ ^i,l,±l) + • 


■ ■ = +©L2 9m 


(C.37) 


©-■ 


■ + 2^° Jl ~ 


H- 

+ 

II 

O 


(C.38) 




• + 2^ UJl ^ “ 


+ ... — 0 


(C.39) 



Comparing these equations with the equations (C. 1 5) through (C.22), it is clear that the equations 
above correspond to the same linear network, with the unknown node voltages now being 
instead of and the frequency being u)\ ± u ; 2 . Also, the external excitations are removed. 

Instead a new excitation ^NL 2 (Jm is applied. This is a fictitious current source, applied in parallel 
with the transconductance g m , which is the linearized equivalent of the nonlinear transconduc- 
tance. The orientation of the source is from the positive node of the nonlinearity to the negative 
one. The circuit that corresponds to the equations (C.32) through (C.39) is depicted in Figure C.3. 




Figure C.3: The linearized equivalent of the network of Figure C.l excited by iNL 2 9m to find the 
responses at uo i ± uj 2 . 

The value of the current source is determined by the second-order nonlinearity coefficient of 
the nonlinearity under consideration and by the first-order response of its controlling voltage(s) 
due to the excitations % in \ and i in2 , respectively. 

When a circuit contains other nonlinearities than the transconductance we considered, then 
additional current sources need to be considered, one for every nonlinearity. Their value depends 
upon the kind of basic nonlinearity. Table 5.5 lists the value of the current source for the different 
basic nonlinearities defined in Section 3.2. 

The complex amplitudes of voltages v x in the circuit at frequency — oji u> 2 , denoted as 
r,. | ; i , are computed from a set of equations which is generated by taking the coefficient 
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of exp(j(— tJi =f a; 2 )£) in the Kirchoff equations. When this set is solved, one will find that 

K,— 1,^1 — Kc,i,±i* 

Other second-order responses are determined in a similar fashion: by considering the coeffi- 
cients of the corresponding complex exponential, a set of equations is found that corresponds to 
the linearized equivalent of the circuit of Figure C. 1 excited by nonlinear current sources. The 
values of the sources that have to be applied for the computation of the harmonic at 2a; j, are 
given in the rightmost column of Table 5.5. 

C.4 Higher-order responses 

For the computation of responses of order three, the same procedure leads to the solution of 
the same linearized network that is excited now with nonlinear current sources of order three. 
Their value depends upon first- and second-order responses for the controlling voltages as well 
as on the second- and third-order nonlinearity coefficients. For example, the expressions for 
the nonlinear current sources for the computation of the third-order intermodulation product at 
2cj 1 ±uj 2 and the third harmonic of cj 2 are given in Table 5.6 and 5.7, respectively. 



Appendix D 

Nonlinearity coefficients for the description 
of the Early effect 



In this appendix, it is shown how the derivatives of the collector current of a bipolar transistor in 
its forward active operating region with respect to the collector-emitter voltage can be obtained. 
First, the derivatives with respect to v B c will be computed. Form these values, the derivatives 
with respect to vet can be obtained easily. 

According to the Gummel-Poon model [Getr 76, Anto 88], the collector current in the for- 
ward active region can be written as 



in which Q B is the majority base charge and Q B o is the majority base charge at v BC = OV. 

For the derivation of the dependence on v C e* low injection is considered here. Under low- 
injection conditions and neglecting the ’’late effect”, which is the Early effect under reverse 
operation, Q B is given by 



in which Q c is the charge due to the acceptor atoms in the base (for an npn transistor) which is 
uncovered as the collector-base depletion region retreats from its invasion into the neutral base 
region. Hence Q c is a function of v BC only and the collector current can be written as the product 
of a function of v BE only and a function of v BC only: 




(D.I) 



Qb — Qbo 4- Qc 



(D.2) 



IsQboK^be) 



— Is Qbo f ( vbe ) o(vbc) 



(D.3) 



Qbo + Qc{vbc) 



with 




(DA) 



(D.5) 
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The first-order derivative of the collector current with respect to v B c is given by 

die is QbqK^be) dQc^Bc) 



dvBc ( Qbq + Qc{vbc)) 



-2 



dv 



BC 



(D.6) 



The derivative of the charge Qc{vbc ) with respect to v B c is nothing else but the junction capac- 
itance C^(v B c)y such that the derivative of the collector current becomes 



di 



c 



is QbqS{^be) 



dv B c {Qbq + Qc{v B c)) 

If Vbc ~ 0 then this derivative becomes 



z^C^vbc) 



(D.7) 



di 



c 



dv BC 



v BC =ov 



is f{^BE)C^{ 0 ) 
Qbq 



(D.8) 



since Q c { 0) = 0. The ratio Qbo/C^O) is defined as the Early voltage Vaf : 



V AF = 



Qbq Qbq 



C,{ 0) c 



(D.9) 



j c 



in which Cj c is a shorthand notation for £7^(0). 

Using the Early voltage, the derivative of the collector current at V BC = OV now becomes 



di 



a 



dv BC 



v BC =ov 



is J( v be) 
Vaf 



(D.10) 



The numerator in the right-hand side is the collector current in absence of the Early effect. In 
the currently used SPICE models, the value of the derivative of the collector current with respect 
to vbc for values of vbc other than zero, is taken equal to the value for v B c = 0V\ as given in 
equation (D. 10). This is not correct, as shown for example with the measurements presented in 
Chapter 9. Also, a constant value of the first derivative implies that all higher-order derivatives 
are zero, which is an oversimplification. A more accurate expression for the derivatives of the 
collector current with respect to v B c is now derived. 

As stated above, the junction capacitance C^Vbc) is given by 



Cfi(v B c) — 



dQc( v Bc) 



dv 



BC 



(D.ll) 



from which Qc(v B c) is found to be 

rvBc 

Qc{vbc ) = / CAv)dv 

Jo 

Using equation (3. 107) we obtain 

(V 3C - v BC y m ’ c+l V™’ c 



(D.12) 



Qc(vbc) = 



V 



JC 



mjc — 1 



mjc — 1 



(D. 13) 
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Using this expression, a more accurate expression for di c /dv B c is obtained: 

di c 



dv 



BC 



IsfivBE ) V AF ( mjc - l ) 2 (V jc - v BC ) m]c V™ jc 



(D. 14) 



^ (Vic ~ v B c) mic ) ■ (mjc - 1) + U^ +1 - V^vbc ~ V jc (V JC - v BC )^ 



The higher-order derivatives can now be derived from equation (D.14). 

For the computation of cross -derivatives of i c with respect to both v BC and v BE , the collector 
current is considered as a product of a function of v BE and v BC , as formulated in equation (D.3). 
Then one finds for the derivatives of the collector current of order one to three 

d n i ( 7 



rh} 71 

UV BE 



IsQbq 



d n i c 

di 



— IsQbq 



BC 



d 2 i 



a 



dv BB dv B c 
d'H c 

dv BE dv 2 BC 

&i c 

dv 2 BE dv BC 



— IsQbo 



— IsQbo 



— IsQbq 



d n f{v BE ) 

d.Vg E 


' g( v Bc) 


(rz = 1,2,3) 


(D.15) 


d n g(v BC ) 

dv BC 


■ f(v BE ) 


(rz = 1,2,3) 


(D.16) 


df ( vbe ) 


dg(v BC ) 




(D.17) 


dVBE 


VBC 




df(v BE ) 


d 2 g(v B c) 




(D.18) 


dv B E 


V BC 




d 2 .f(v B E) 

d y g E 


dg(v B c) 

VBC 




(D.19) 



In the model described in Chapter 3, the Early effect is modeled by making the 
current dependent on v CE instead of v BC - Then derivatives with respect to v CE can be 
from derivatives with respect to v BC by making the substitution 

vbc — v be ~ vce 

The derivative of the collector current with respect to v CE is then found to be 

di c die dv BC 

dv CE dv BC dv ( 



->CE 



Using equation (D.21), this can be rewritten as 

die 

dvcE 



die 



BC 



(D.20) 

collector 

obtained 



(D.21) 



(D.22) 



(D.23) 
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For the second-order derivative we find 

d 2 i c _ d 2 i c 

dl’CE dv BC 



(D.24) 



and so on. 

Finally, it should be noted that with the substitution v BC = vbe — vce> the function g of 
equation (D.3) now becomes a function of both v BE and vce- Flowever, when the derivatives 
of the collector current are computed, the derivatives of g with respect to v BE are neglected 
compared to the derivatives of / with respect to v be- in other words, the dependence of the 
Early effect on v B e is neglected compared to the exponential relationship between v BE and the 
collector current without the Early effect. The error made with this assumption is negligible. 



Appendix E 



Relation between source-referred and 
bulk-referred nonlinearity coefficients of a 
MOS transistor 



In Chapter 7, the drain current of a MOS transistor has been expressed both in terms of voltages 
referred to the source and in terms of voltages to the bulk. With the first reference system, the 
voltages that determine the drain current i D are vqs* v ds and v S b- This reference system is the 
most widely used. On the other hand, when voltages are referred to the bulk, then the drain 
current model clearly shows the symmetry of source and drain. With this reference system the 
drain current is expressed in terms of the voltages vqb^db and v$b * Of course, both reference 
systems are equivalent. However, the nonlinearity coefficients in the first reference system are 
proportional to derivatives with respect to vgs , v ds and vsb , whereas in the other reference 
system the nonlinearity coefficients are proportional to derivatives with respect to v G b, v db 
and vsb- The nonlinearity coefficients for both reference systems are defined in Table 7.2 and 
Table 7.3, respectively. In this appendix the relationship between the two sets of nonlinearity 
coefficients is considered. 

To this purpose, the voltages of the source reference system are first expressed in terms of the 
voltages of the bulk reference system: 



The voltage v S b is used in both reference systems. 

Assume now that we have the drain current equation in terms of source-referred voltages: 



vds — vdb — vsb 



vsb — vsb 



vgs = vgb — vsb 



(E.l) 

(E.2) 

(E.3) 



= 1-d{vgS,Vds,Vsb) 



(E.4) 



We now compute the derivative of i D with respect to v G b- 

di D dip dv G s 



(E.5) 



dv GB dv GS dv GB 
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The derivative in the left-hand side is the coefficient g mg , as seen in Table 7.3. The first derivative 
in the right-hand side is g m . The second derivative is computed from equation (E.l). Clearly, 
this derivative is equal to one. Hence we find 



Qmg 9m (E.6) 

Consider now the second-order derivative with respect to v GB . From equation (E.5) we find 

d 2 ip _ d 2 i D * / dvps \ 2 dip d 2 v G s _ 

dv GB dv GS \ dvQB ) dv GS dv% B 

From equation (E.l) we know that the relationship between v G s and v GB is linear. Hence the 
second derivative of v G s with respect to v GB is zero, such that the second term in the right-hand 
side of equation (E.7) is zero. Consequently, we find 





d 2 i D 


d 2 i D 


(E.8) 




dv GB 


i 

cnO 

II 


and hence 


^ 2 9mg 


II 


(E.9) 


Similarly we find 






(E. 10) 



We now consider the derivatives with respect to v DB and to v DS . In the same way as above 
we easily find 



9md — 9o 


(E.l 1) 


K ^9mi = K 'ho 


(E. 12) 


K 3g m d = ^ 3 9o 


(E. 13) 



Next the derivatives with respect to v SB are considered. To this purpose we write the first 
derivative of the drain current ip{v GS , v DSl v SB ) with respect to v SB in terms of the derivative of 
the drain current expressed as a function of v GB , v DB and v SB - 

dip( v G s, Kps, v sb ) _ dip(v GB , v DB , vsb ) 9v GB dipjvGB, vdb, vsb) 0v db 
dvsB dv GB dv SB dv DB dv SB 

. di D {vGB^DB^SB) a . 

+ 8 ^ (E14 » 

The left-hand side of this equation is nothing else but —g m b. The partial derivatives of the drain 
current in the right-hand side are found from Table 7.3. Using equations (E.l) and (E.2), we find 

3vgb __ dvpB 
dv SB dv SB 



(E. 15) 
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transistor 



Substituting this information into equation (E.14) yields 



9mb 9mg 9md T 9 ms (E.16) 

We now consider the second derivative of i D with respect to v S b> From equation (E.14) we find 

d‘ 2 1'p(vGS, V DS, Vsb) _ d 2 ip{VGB,VDB, V SB ) f dv GB \ 2 
d y SB d' v GB \dv SB ) 

d 2 ip(vGBi v dbj vsb) dv G B dv DB 

d y GB dvpB dvs B dvs H 

+ 9 2 ip{v G B, vdb,vsb) _ dv GS d 2 i D (v GB ,vp B , Vsb) f dv DB \ 2 

OvobOvsb dvss ^ V DB \ Q' l) S B ) 

_l_ d 2l p( v GB, vdb>vsb) dvp B dv G B 

dv D B dv G b dv$ b dvs b 

9 2 ip(v G B, vdb,vsb) t dv DB d 2 i D (y aB , VDB, Vsb) 
dvp B dvsB dv S B d‘ u sB 

+ ^o( v GB,VPB, y SB) _ dv GB + d 2 t D (v a B,VDB,V$B) d'Upp 

dvsB^CB dv SB OvsbOvpb dv SB 

(E.17) 

Using equations (E.l) through (E.3) together with the definitions of the nonlinearity coefficients 
listed in Table 7.3 we find 



^ 2 9mg ^ 2 ()my &9md 

^ 2 9mylkfJm3 ^ 2( Jmd ^ 2 (j„ ls h(J, n d ^ 2 7 m 

Similarly we find for the third-order nonlinearity coefficient K-* 

J .7 mb 



(E.l 8) 
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K, 
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9 rnd^^9 nrs 



(E.l 9) 



Finally we consider the cross -derivatives. Nonlinearity coefficients that are proportional to 
cross-derivatives with respect to v GB and v DB only, are identical to nonlinearity coefficients that 
are proportional to cross-derivatives with respect to v GS and v DS only. In other words: 



k 2 b 

9mgo^9md 


=k 2 s 

gm&zgo 


(E.20) 


K , 

1 9mg^9md 


=K* 

9m^^9o 


(E.21) 


Kz 

2gmg fog-md 


=K* 

C i‘9m &£/o 


(E.22) 
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For nonlinearity coefficients corresponding to cross-derivatives that contain at least one differen- 
tiation with respect to v S b , relationships are found similar to the ones given in equations (E.18) 
and (E.19). For example, for K 2g Ug b we find 

= 2K ^0 + + + 2K ^ m a + 2K \ ndkgma - 

(E.23) 
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Derivatives of the drain current with an 
implicit saturation voltage 



If the drain current of a MOS transistor in the triode region is modeled with an explicit expres- 
sion as a function of the terminal voltages v G s » v D s and v S b , then it depends on the form of 
this expression whether an explicit expression of v D sat can be obtained. If no such explicit ex- 
pression can be obtained, then no explicit expression of the drain current in the saturation region 
can be obtained as a function of the terminal voltages. Nevertheless, in such situation it is still 
possible to obtain closed-form expressions for the derivatives of the drain current with respect to 
the terminal voltages. In this appendix it will be shown how expressions for these derivatives can 
be obtained. 

The expressions of the derivatives will contain v G s* vsb and v D sat * Since vdsat is not 
known explicitly, only implicitly, an exact closed-form expression for the derivatives in which 
vdsat is substituted by its exact expression, cannot be obtained. If such expression is required, 
then one can approximate v DS at by an explicit expression for v DS at from a simpler model for 
which an analytic expression for v D sat can be obtained. The accuracy can be very good. 

In this appendix expressions for the derivatives of the drain current are computed with a drain 
current model that only takes into account mobility reduction and a depletion layer with a width 
that varies in the direction of the channel. For the inclusion of effects such as velocity saturation 
the same approach can be used. 

The equation for the drain current of a MOS transistor in the triode region is given in equa- 
tion (7.71). This equation can be written in the form 



\ 



i D = mobrediyosi v DSi v sb) * large{v GSi v D s,v S B ) 



(F.l) 



in which the function large is given by 




(F.2) 
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The function mobred is defined by equation (7.73) and is repeated here for convenience: 

mobred (v GS , v ds , vsb) = v (F.3) 

t r J p 

where / M is a function of wgs, aa d as given by equation (7.69). 

If channel -length modulation is neglected, then the expression of the drain current in satura- 
tion can be found from equation (F.l) by substituting v DS with v DS at ' 

Idsat = mobred(y G s , v DS at, vsb) • large(v G s<v DS AT, v S b) (F.4) 

Before proceeding to the determination of the derivatives, we determine vdsat- 



F.l Determination of vdsat 

The value of v D sat is determined from the drain current expression in the triode region, using 
equation (7.48). Using equation (F.4) we obtain 

dmobred , . , dlarge n 

— large + mobred * — — : — — 0 (F.5) 

ovqs ovds 

This equation can only be solved analytically for very simple models of mobred and large. For 
the model of equations (F.2) and (F.3) this is not possible. Hence equation (F.5) must be solved 
by iteration. 

For the computations in the following sections equation (F.5) is written in a more compact 
form: 



F{vdsat{vgs, v sb)> v gs, v sb ) — 0 



(F.6) 



in which F is the left-hand side of equation (F.5). 



F.2 First-order derivatives 



Assume we want to compute the first-order derivative of the drain current with respect to v G s- 
Differentiation of equation (F.4) with respect to vgs yields 



dips AT 

dvcs 



dmobred 



dv GS 

+ mobred 



large + 



dmobred dv 



D S AT 



dlarge 

dv G s 



dv DS AT 



+ mobred • 



dVGS 
dlarge 



large 

dv D sAT 



dv 



DSAT 



dv G s 



(F.7) 



in which the arguments of large and mobred have been omitted for clarity. 
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It is seen that the derivative of the current contains the derivative of v DSAT with respect to 
vgs- This derivative must be determined starting from equation (F.6). Differentiation of F with 
respect to v G s yields 



dF Qvdsat dF 

dvpSAT &Vgs dvos 



(F.8) 



in which the arguments of F are omitted for clarity. 

From equation (F.8) one obtains the first-order derivative of vdsat with respect to vgs- 

dvpsAT _ dF i dF 
dvcs dv G s i dvpsAT 



Explicit expressions for the derivatives in the right-hand side can be obtained from the expression 
of F. Hence, an explicit expression for dvpsAT /dv GS can be determined. The expression ob- 
tained in this way can now be substituted into equation (F.7). In this way, all necessary elements 
are available to find an explicit expression for dipsAr/dvas in terms of v G s\ vsb and v D sat* 



F.3 Higher-order derivatives 



Higher-order derivatives of the drain current with respect to one of the terminal voltages will 
contain higher-order derivatives of v DSAT with respect to the terminal voltages. These can be 
easily obtained by a differentiation of the first derivatives of vdsat- For example, the second- 
order derivative of v DS at with respect to v G s can be obtained from a further differentiation of 
equation (F.8) with respect to vas- 



iPF fOvosArV + dF Pvpsxr + + & F 

dv nsAT V dv GS ) dv D sAT dv 2 as dv 2 as dv GS dv DS AT 



Ovdsat 

dvas 



= 0 (F. 10) 



from which the second-order derivative is found: 

<) 2 F _ d^F ( dvjjsAr\ 2 d 2 F Ovdsat 

d 2 v DS at _ dv 2 GS dv 2 DSAT \ dv GS ) dv G sdv DSAT dv GS 

dv 2 GS ~ dF 

dvpSAT 



(F.ll) 



The quantities in the right-hand side are known or they can be easily determined when the ex- 
pression of F is known. 

Other derivatives, for instance derivatives with respect to v S b or cross-derivatives, can be 
obtained in a similar way. 

The above derivations can be extended easily when velocity saturation is taken into account. 
In that case, the drain current can be written as a product of three functions that depend on the 
terminal voltages, as discussed in Section 7.7.2: 



id = rnobred {v G s, v D s , v S b) • hot ( v GS} v DS , v S b) * large (v GS , v DS , vsb) 



(F. 12) 
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When for instance the derivative of the current with respect to v GS is to be known, then, again, this 
product of three functions can be differentiated with respect to v Gs . The resulting expression will 
again contain derivatives of v DSA t with respect to v GS . The latter derivatives can be evaluated 
as given in equations (F.9) and (F.l 1), now of course with a function F that takes into account 
velocity saturation. 



Appendix G 



Derivation of the MOS drain current in the 
presence of velocity saturation 



In this appendix expressions for the drain current in the triode regime are determined using 
different models of velocity saturation, which are repeated here for convenience. The model of 
equation (7.86) is given by 

v — 

with E c being the critical electric field: 

E c 

The model of equation (7.87) is given by 



i^effEx 



^sat 



(G.l) 



(G.2) 



v 



fteff E x 
E x 



1 + 



E r 



E x ^ E c 



— ^ sat i 



E x > E c 



(G.3) 



where E c is now given by 



E r = 



2v 



sat 






(G.4) 



The more accurate model of the velocity-field relationship for electrons is given by (see also 
equation (7.84)) 

f^effE x 



V = 



■*(t: 



n-i 1 jn 



(G.5) 



with n = 2 for electrons and E c again given by equation (G.2). 
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G.l Derivation of the drain current with the simple velocity- 
field models 



We begin by a derivation of the drain current with the most simple models, equations (G.l) 
and (G.3). For both of these models, the derivation of the drain current in the triode region is the 
same. 

The starting point is the expression of the current in terms of the velocity v(x) at point x in 
the channel (0 < x < L), given in equation (7.14): 



id = id(x) = W (-Q/(x)) v(x) (G.6) 

where v(x) is the velocity of carriers at point x and Q ( } is the charge per unit area of the inversion 
layer. This charge is given by equation (7.20). For the sake of simplicity in this derivation, the 
charge of the depletion layer is assumed to vary linearly along the channel, as given in equa- 
tion (7.45). In this case, Q'j reduces to 

Q'i = -C'ox (' u gb ~ Vfb - <j> — vcb ~ 7 V ^ + v sb ~ (a - 1) (v C b ~ vsb)^J (G.7) 

This velocity can be related to the lateral field E x {x) at position x, according to the model of 
equation (G.l) or (G.3): 



/Vi — 

1 j E x (x 

+ ~F~ 



with E c given by equation (G.2) or (G.4) depending on the model that is used, 
equation (G.8) into equation (G.6) and solving for E x (x) yields 



(G.8) 



Substituting 



E,{x) = Tjr r r - Jf .. —r^ (G.9) 

W f-leff ( Q/O'e)) ^d/ E c 

The electric field is the gradient along the channel of the voltage difference between point x in 
the channel and the bulk: 



Hence, we obtain 



E x {x) = 



dv C B 

dx 



(G.10) 



i D dx = ( Wfi eff (-Qj(x)) - id/Ec) dv CB (G.l 1) 

Integrating equation (G.ll) from x = 0 to x = L and vqb — v sb to vcb = v^b an d using 
equation (G.7) yields the final expression for the current in terms of voltages referred to the 
source 



W Ve ff C f ox [(y GS ~ V T ) v DS - \ gvl s \ 

L 14- Vds/ ( LE C ) 



(G.12) 



When performing the integration, was assumed to be independent of the position in the 
channel. This also implies that mobility reduction due to the vertical field and velocity saturation 
are assumed to be independent. 
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G.2 Derivation of the drain current with the more accurate 
velocity-field model 

First the same approach will be followed as in the previous section. This will lead to an implicit 
expression for the drain current which cannot be solved analytically. In order to obtain an analytic 
expression, a simplified approach will be followed in Section G.2. 2. 



G.2.1 The rigorous approach 



According to the approach followed in Section G. 1, the current can be expressed as a function of 
the lateral electric field, using equations (G.5) and (G.6). This yields 



— 



W (-Q',{x)) n eff E x (x) 



1 + 



’ E x (xY 

E, 



(G.13) 



2 

Squaring this expression and solving for (E x (x)) , one obtains 



(ErXx )) 2 = 












(G. 14) 



or, using equation (G.10) 

dvcn 

dx 






'WW^xW^g ~ f 2 



(G.15) 



From this equation the current can be obtained by integrating from x = 0 to x = L and v C b = 

V S B tO VcB ~ V DB • 



i o dx = 



-vdb 



' vsb 



- f 2 dv CH 



(G.16) 



If the charge of the depletion layer is assumed to vary linearly along the channel, then the integral 
in the right-hand side of equation (G. 16) is of the form 

V ax 2 + hx + c dx 

This integral can be computed analytically, leading to a complicated expression that contains the 
terminal voltages of the transistor and io as well. Hence equation (G.16) reduces to 

i D — G (v GB , v DB , vsb^d) 




(G.17) 
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This is an implicit equation in i D , which must be solved iteratively. However, the number of 
iterations can be kept very low if the start value for i D in the iteration is the drain current com- 
puted with the expression of the drain current that has been derived with the simpler models for 
velocity saturation. 

The next problem to be solved is the determination of the nonlinearity coefficients with the 
model for the current. As explained in Chapter 3, these are proportional to the derivatives of the 
current with respect to the terminal voltages of the transistor. In order to determine the derivatives 
of the current, the two sides of equation (G. 17) are derived with respect to the voltage of interest. 
Assume we want to know the derivative of the current with respect to v GB ■ Differentiating both 
sides of equation (G.17) with respect to v GB yields 



dip _ dG dG dip 

dv GB dv GB dip dv GB 



Solving for di D /dv GB yields 



dip 

dv GB 



dG 

dv GB 

i-£ 

dtp 



(G.18) 



(G. 19) 



From this equation the higher order derivatives can be obtained by further differentiation. 

If in equation (G.16) the more accurate expression for Q\(x) is substituted, then an elliptical 
integral is obtained which in general cannot be computed analytically. 

As a conclusion, it can be stated that the approach followed in this section leads to an accurate 
solution which, however, is difficult to use. In the next section, an approximate approach will be 
presented which only introduces small errors. 



G.2.2 Approximate approach 

An approximate closed- form expression for the current can be obtained starting from equa- 
tion (G. 13), which is rewritten in the following form 

ID ]P + ^2 (^) dx = W (- 0 / (*)) A I'effdVCB (G.20) 

Integrating both sides of this equation from x = 0 (v G b = vsb) to x = L (v CB ~ vdb) yields 

1 f (h) \ 2 f v DB 

x+ * = y Wi-VW^docB (G.21) 




Consider now the left-hand side of this equation. This contains dv CB /dx, which is the electric 
field at point x in the channel. According to the mean- value theorem, there exists a mean value 
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of dv C B /dx, say E*, such that the left-hand side is given by 




(G.22) 



This approximation is also made in [Pat 90]. 

The right-hand side of equation (G.21) can be easily integrated using either the simplified or 
accurate expression for the inversion layer charge (equation (7.20) or (G.7)). 

Let’s now make a simplifying approach by stating that the mean value of the electric field 
E* is given by v DS /L. This assumption would mean that the electric field is constant along the 
channel. It is the same assumption that is made in the computation of the effective mobility (Sec- 
tion 7.6.2). With this assumption, which is most satisfactory at low v DS values the current now 
becomes 
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AC beta (BJT), 316 
AC conductance, 38 
AC resistance, 37 
admittance matrix, 120, 123, 162 
amplifier 

basic, see basic amplifier 
operational, see operational amplifier 
single-transistor 

BJT, viii, 1 19, 303-348, 383, 406, 407 
MOS, viii, 350-366, 383, 401, 405, 
407 

two-stage, 88 

balanced circuit, 10, 80 
barrier lowering, 278, 279 
base conductivity modulation, 181, 191, 199 
base current, 33, 188-190 
base pushout, 181, 191 
base resistance, 181, 190-196 
AC, 193 
DC, 193 

extrinsic, 55, 191-193,319 
intrinsic, 55, 191-195,319 
model of Chiu, 193, 195, 199 
power model, 192, 193, 199 
base-collector capacitance, 181, 187, 196, 333 
base-emitter capacitance, 181, 196, 325 
base- width modulation, 191 
basic amplifier, 93 
basic nonlinearities, 27, 29 

power series description, 29—47 
BJT transistor models, 180-199 
body-effect coefficient, 202, 212, 273, 275, 
276 

box doping profile, 273 
BSIM, see MOS model, BSIM 



BSIM3, see MOS model, BSIM3 
bulk-drain capacitance, 296 
bulk-source capacitance, 295 

capacitance 

nonlinear, 27, 29, 30, 38-39 
capacitor 

integrated, 52-55 
junction, 52 
capacitors 

in a bipolar transistor, 196 
in a MOS transistor, 292-296 
extrinsic, 293-294 
intrinsic, 294-296 
cascade connection 

of nonlinear circuits, vii, 85-88, 1 14 
cascode transistor, viii, 303, 397-401 
channel 

of a MOS transistor, 210 
channel-length modulation, 203, 226, 227, 
284-286 

factor, 202,213,226 
characteristic length, 280 
charge sharing, 278 
class-AB operation, 1 1 
CLM, see channel-length modulation 
CMNA, see nodal analysis, compacted mod- 
ified 

CMNA matrix, 121, 123-125, 128, 135, 139, 
141, 142, 144, 162, 370 
collector current, 32-33, 40-41, 182-188 
collector resistance, 181 
collector-substrate capacitance, 181, 196,333 
common-base-transistor, viii, 303, 401^107 
common-emitter amplifier, see amplifier, single- 
transistor, BJT 
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common-gate transistor, viii, 303, 401-407 
common-source amplifier, see amplifier, single- 
transistor, MOS 

compacted modified nodal analysis, see nodal 
analysis, compacted modified 
comparator, 11 
compression, 8, 10, 13, 76 
compression point, 13, 14, 20 
conductance 

nonlinear, 26, 29-34 
conversion 

between voltage-controlled and current- 
controlled description, 35 
conversion gain, 24, 146, 415, 424 
cross modulation, 24, 60, 79 
factor, 25 

amplitude modulation, 79 

phase modulation, 79 
crossover distortion, 6 
current crowding, 181, 191, 199 
current divider 

nonlinear capacitive, 118, 171-175 
current mirror, 91, 92, 303, 407—414 
BJT, viii, 407-409, 413-414 
MOS, viii, 408-413 
current source 
nonlinear 

of order three, see current source, non- 
linear, third-order 

of order two, see current source, non- 
linear, second-order 

nth-order, 134 

second-order, 122, 124, 132, 135, 143— 
145, 156 

third-order, 126, 127, 132, 133, 135- 
137, 147-149, 157 
cutoff frequency, 333 

DC conductance, 38 
DC resistance, 37 
DC shift, 8, 76 

DC transfer characteristic, 82, 153, 154, 304, 
367, 376, 407 



depletion layer, 210, 273 
charge, 212 
nonuniform, 217, 228 
linear approximation, 221-223, 229 
uniform, 212, 226 
describing function, 61 
desensitization, 22, 76 
DIBL, see drain-induced barrier lowering 
differential pair 

BJT, viii, 81-83, 137, 303, 366-375, 377, 
383,385 

MOS, viii, 303, 375-386 
diffusion capacitance, 39, 181, 197, 198 
direct calculation of nonlinear responses, 137— 
156, 177 
.DISTO, 164 
distortion, 4, 8 

harmonic, see harmonic distortion 
linear, 4 
nonlinear, 4, 8 
doping 

box profile, see box doping profile 
gaussian profile, see gaussian doping pro- 
file 

nonuniform, see nonuniform doping ef- 
fects 

downconversion, 23 
downconverter, 81, 84, 147 
drain current, 42-45, 203-292, 297-300 
drain-induced barrier lowering, 203, 278, 284» 
285, 287 

drift velocity, 210, 225, 245, 247, 253 
dynamic range, 13 

intermodulation-free, see intermodulatioli 
free dynamic range 

Early effect, 181, 182, 187, 310, 355 
nonlinear, 184, 199, 436, 478 
Early resistance, see Early effect 
Early voltage, 182, 187, 285-287, 289 
electric field 
critical, 247 
lateral, 210 
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longitudinal, see electric field, lateral 
normal, 23 1 

vertical, see electric field, normal 
emission coefficient, 182, 189, 306 
emitter crowding, see current crowding 
emitter degeneration, viii, 100-103, 390 
nonlinear, 395 

emitter follower, viii, 162, 177, 386-390, 392, 
394, 397 

emitter resistance, 181 
even-order 

distortion, 16 

suppression, see suppression, of even- 
order distortion 
expansion, 8, 13, 76 

feedback, 2, 93-1 14, 386, 428 
active, 1 14 

linear, vii, 97-103, 105 
nonlinear, vii, 113-114 
positive, 98 

with a large loop gain, 96-97 
feedback network, 93 
Fermi potential, 211 
flat-band voltage, 2 1 1 
forward transit time, 198 
Fourier transform 

multidimensional, 66, 469 
p-dimensional, 468 
two-dimensional, 463 
front-end 

analog, iv, v, 3, 22, 23, 177 
receiver, 3, 22, 23 
fundamental frequency, 8 

gain reduction factor (feedback), 94 
gate-bulk capacitance, 296 
gate-drain capacitance, 296 
gate-oxide thickness, 202, 212 
gate-source capacitance, 295, 409 
gaussian doping profile, 273, 278 
Gilbert multiplier, 84-85, 1 14, 414 
Gummel-Poon model, viii, 180, 181, 183, 
199, 304, 478 



harmonic, v 

second, 8, 76 
third, 8, 76 

harmonic balance method, 175-178 
harmonic distortion, 8, 77 
second-order, 8 
third-order, 8 
total, 14 

harmonic suppression, 240 
high injection, 182-184, 189, 190, 306, 321, 
324, 325 

hot function, 249, 250 
for BSIM model, 250 
merging with mobred , 250 
hot carriers, 245, 282 

image frequency, 4 
impact ionization, 281, 285 
intercept point 
input, 13 
output, 13 
second-order 
for harmonics, 13, 79 
for intermodulation products, 2 1 
third-order 
for harmonics, 13, 79 
for intermodulation products, 21 , 79 
intermodulation distortion, 18, 77 
second-order, 18 
third-order, 18 
intermodulation product, v 
second-order, 17, 76 
third-order, 17, 76 

intermodulation-free dynamic range, 22 
inverse system, 89, 114 
inversion layer, 210, 273 
charge, 210 
ion implantation, 273 

ISAAC, viii, 2, 1 18, 302, 334, 337, 374, 386, 
428 

junction capacitor, see capacitor, junction 
junction grading coefficient, 53 
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kernel transform 
nth-order, 65 
pth-order, 468 
second-order, 463 
knee current, 184, 321 
Kronecker product, 117, 137 
Krylov subspace method, 177 

Laplace transform 

multidimensional, 65, 469 
p-dimensional, 468 
two-dimensional, 463, 464 
large function, 249, 250 
forBSIM model, 250 
late effect, 478 
LDD, see lightly-doped drain 
level 1, see MOS model, level 1 
level 2, see MOS model, level 1 
level 3, see MOS model, level 1 
lightly-doped drain, 200, 280-282, 284, 287 
linear distortion, see distortion, linear 
loading effect 

of a nonlinear feedback network, 103— 
105 

low-distortion conditions, 1 1 

matching, 160, 373, 385, 414, 417 
memory 

circuit with, 10 

memoryless circuit, 10, 69, 70, 75, 77, 78, 
88, 90, 97, 98 

Miller 

compensation, 106, 159, 303, 312, 356, 
417 

effect, 336, 347 
factor, 335, 347 

mismatches, 154, 303, 367, 372, 375, 384, 
385,407,409,411,412, 422 
mixer, 23, 115, 137, 154 

double-balanced, viii, 80, 81, 303, 414 
single MOS transistor, 216, 420-427 
switching, 23 

weakly nonlinear, 23, 216, 414, 420 



MNA, see nodal analysis, modified 
MNA matrix, 121, 123, 125, 135, 139, 144, 
162, 370 

mobhot function, 256 
mobility, 245 

effective, 231-245, 249, 251 
model of Frohman-Bentchkowsky, 236 
model of Liang, 237 
reduction, 231-245, 257 
critical field, 202, 237 
surface, 202, 210, 21 1 
mobility reduction, 277 
coefficient, 202, 232 
mobred function, 234, 249, 250 
for BSIM model, 250 
merging with hot , 250 
moderate inversion operation, 201 
modified nodal analysis, see nodal analysis, 
modified 

modulation index, 24 
MOS model 

BSIM, 202, 221, 222, 226, 229, 237, 250, 
276, 300 

BSIM3, 203, 250, 280, 284, 287-289, 
355 

BSIM3 version 2, 289, 290, 292 
BSIM3 version 3, 289 
Frohman-Bentchkowsky, see MOS model 
level 2 

level 1, 200, 202, 203, 213, 223, 224, 
227, 229, 230, 244, 257, 258, 264,; 
269, 284, 300, 352, 354, 356, 376, 
382, 383 j 

level 2, 202, 203, 221, 223, 224, 226J 
228-230, 233, 236, 237, 279, 284,] 
300 \ 

level 3, 202, 203, 221-224, 226, 229| 
230, 235, 238, 241, 243, 279, 284jj 
300 | 

Shichman and Hodges, see MOS model| 
level 1 

MOS transistor models, 200-301 
multidimensional 
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Fourier transform, see Fourier transform, 
multidimensional 

Laplace transform, see Laplace transform, 
multidimensional 

multidimensional transconductance, see transcon- 
ductance, multidimensional 
multiple-input system, 117, 137, 179,459 

nodal analysis, 120 

compacted modified, 121 
modified, 121 
nonlinear 

capacitance, see capacitance, nonlinear 
conductance, see conductance, nonlin- 
ear 

transconductance, see transconductance, 
nonlinear 

transfer function, see transfer function, 
nonlinear 
nonlinear behavior 
second-order, 8 
strongly, v, 6, 1 1 
third-order, 8 
weakly, 1 1, 67 
nonlinearity coefficient, vii 
first-order, 31, 35, 38 
normalized, 32, 46, 51, 55, 182, 184, 

187, 196 

second-order, 32, 35, 38, 147, 215, 227, 
228, 239, 266, 269, 293, 299, 309, 
351,353 

third-order, 32, 35, 38, 215, 228, 266, 

270, 294, 299, 309, 351,353 
of a circuit 
higher-order, 9 
second-order, 9 
third-order, 9 
second-order, 31, 35, 38 
third-order, 31, 35, 38 

nonuniform doping effects, 203, 266, 273- 
278 

nonuniform substrate, see nonuniform dop- 
ing effects 



numerical integration, 175 
numerical verification 

of steady-state nonlinear behavior, 175 

odd-order 

distortion, 16 

suppression, see suppression, of odd- 
order distortion 
offset voltage, 374 
opamp, see operational amplifier 
operational amplifier, 4, 15, 105-113, 159, 
303,417-419,431,434 
fully-differential, 159, 160 
operator 

bilinear, 460, 461 
p-linear, 467 
second-order, 460 
trilinear, 467 

Volterra, see Volterra operator 
output conductance 

of a BJT, 186, 187,311 

of a MOS transistor, 215, 226, 283-292 

perturbation method, 117 
poly-gate depletion effect, 203 
post-distortion, vii, 88-92, 115, 318, 409 
pre-distortion, vii, 88-92, 1 15, 3 18, 409, 411, 
414, 428 

quasi-saturation, 180 
relative error 

signed, 223, 259, 269-272 
resistance 

base, see base resistance 
collector, see collector resistance 
emitter, see emitter resistance 
nonlinear, 26, 29, 30, 34-38 
of source and drain regions, 203 
source and drain, 280-283 
resistor 

integrated, 47-52 
diffused, 48-52 
implanted, 48-52 
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saturation current 

base-emitter leakage, 1 89 
saturation current (BJT), 33, 39, 182, 186, 
375, 408 

saturation region (MOS), 225 
saturation velocity, 202, 245 
saturation voltage (MOS), 225 
SC, see substrate current 
second-order signal, 10 
second-order system 
basic, 68 

sinusoidal response, 464, 466 
shooting method, 175, 176 
simplification 

after generation, 160 
before generation, 160 
during generation, 160 
slew rate, 6, 1 1 

source follower, viii, 391-397 
spreading resistance effect, 281 
spurious responses, 18 
square waveform, 14 
square-law model, 227 
strong inversion operation, 201 
strongly nonlinear behavior, see nonlinear be- 
havior, strongly 

substrate current, 203, 284, 285, 288 
subthreshold region, see weak inversion op- 
eration 
suppression 

of even-order distortion, vii, 2, 16, 80- 
85, 114, 428 

of odd-order distortion, vii, 2, 16, 80- 
85,114 

surface inversion potential, 202, 21 1 
surface mobility, 202 
surface potential, 297 
symbolic analysis, 117 
symbolic computation 

of nonlinear responses, 156-164 
symbolic network analysis, 158 
symmetrization of Volterra kernels, see Volterra 
kernel, symmetrization 



tensor, 117 
third-order signal, 10 
third-order system 
basic, 69 

sinusoidal response, 469 
threshold voltage, 202, 213, 273, 352, 385, 
411 

models for nonuniform substrates, 275 
piecewise model, 275 
roll-off, 278-280 

short and narrow devices, 278-280 
zero-bias gate-source extrapolated, 202 
tracking nonlinearities, 45^47, 167, 173, 175, 
190, 198, 317, 319, 327, 400, 401, 
414 

transcapacitance, 30 
nonlinear, 27 
transconductance 

multidimensional, 26, 29, 30 
nonlinear, 26, 29-34 
three-dimensional, 41-45 
two-dimensional, 39-41 
transfer function 
nonlinear, 65 
nth-order, 65, 66 
transistor models 

weakly nonlinear, 55 
transit time, 39, 198 
transresistance 

multidimensional, 26 
nonlinear, 26 
triangular waveform, 15 
triode region (MOS), 210 

upconversion, 23 

upconverter, 84, 146, 148, 416, 420 
CMOS, viii, 420^127 

VBIC95 model, 180 
velocity saturation, 245-272 
velocity-field model 

accurate model, see velocity-field modd 
model 1 
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model 1,247,251,256 
model 2, 247, 249, 252, 254-256 
model 3, 248, 249, 252, 255 
piecewise model, see velocity-field model, 
model 3 

velocity-field models, 247-248 
voltage coefficient, 47, 55, 187 
voltage divider 

nonlinear, 1 18, 164-171, 325, 332 
Volterra 

kernel, 60, 68, 459 
nth-order, 64 
calculation, 119-137 
even-order, 80 
odd-order, 80 
of a current, 132 
pth-order, 468 
second-order, 63, 462 
symmetric, 64, 66 
symmetrization, 463, 468 
operator, 62-63, 459 
first-order, 63 
nth -order, 64 
p-th order, 467 
second-order, 63, 460 
third-order, 63 

series, vi, vii, 1, 2, 7, 11, 20, 59-115, 
458,459 

weak inversion operation, 201, 203, 297 
weak inversion slope, 298 
weakly nonlinear 

mixer, see mixer, weakly nonlinear 
weakly nonlinear behavior, see nonlinear be- 
havior, weakly 
weakly nonlinear circuit, 1 1 



